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Explicit formulas are obtained for the polarization of {3 particles and the {3-y correlation 
for first-forbidden transitions of oriented nuclei. All five types of {3 interaction are con­
sidered, and nonconservation of parity is taken into account. Effects of the Coulomb field 
of the extended nucleus are included. Unoriented nuclei are treated as a special case. 

IN an earlier paper by one,of the writers1 general 
formulas were obtained for the angular and polari­
zation correlations of the particles from {3 decay 
transitions of any order of forbiddenness. Here 
we shall examine first-forbidden transitions in de­
tail, and shall give for this case explicit formulas 
suitable for practical calculations. Since the method 
of the calculation has been described in reference 1, 
we shall present at once the final expressions for 
the correlations. 

We take a right-handed system of coordinates 
with the z axis along the preferred direction of 
orientation of the nuclear spin j 0• We introduce 
the notations: p ( p, J., cp) is the momentum of the 
electron; k ( k, e, <I>) is the momentum of the y 
quantum; I is the multipole order of the y quan­
tum; j0, jh and h are the angular momenta of 
the nuclear levels for the {3-y transition 
jo(f3)h (Y)h; 1-LO• 1-Lto and 1-'2 are the z compo­
nents of the angular momenta of the nuclear levels; 
and t ( 1, x, w) is the polarization vector of the 
electron is the system of coordinates in which it 
is at rest. x and w are the polar angles of the 
vector t in the right-handed system of coordinates 
formed by the vectors 

(1) 

The probability of finding the electron with the po­
larization t and the momentum p from the first­
forbidden {3 decay of the oriented nucleus is given 
by the formula:* 

*The expression W(j0p() for the STP interactions and 
without inclusion of the effect of the finite dimensions of the 
nucleus has also been obtained by Berestetskii, Rudik, Ioffe, 
and Ter-Martirosyan. 2 We have learned that they have general­
ized their result, but have neglected in their calculations terms 
of the order ( pR) 2 and Vnu/; these can however, have an im­
portant effect for certain values of the nuclear matrix elements. 

W (JoP~) = 2; AfL' hg (Jo) W UtL' iog;joL), (2) 
fi',L<;;;L' 

(3) 
Ito 

I( gv--Aw = zw 2g + 1 P'~'(cos.&) 

(4) 
m 

Here L and L' = 0, 1, and 2; g = 0, 1, 2, 3, but 
with g :s 2j0; m = 0, 1, ... 9, with m = 0 for 
g = 0, m = 1, 2, 3 for g = 1, m = 4, 5, 6 for 
g = 2, and m = 7, 8, 9 for g = 3. Common factors 
have been omitted throughout. If the polarization of 
the electrons is not observed, we have 

AfL· = zfL· V2g + 1 Pg (cos.&). (5) 

For aligned nuclei (obtained, for example, by the 
method of Bleaney3 or Pound4 ) only even values of 
g are possible. For arbitrarily oriented nuclei 
(obtained, for example, by the Gorter-Rose meth­
od5) odd values of g are also possible. C~pc are 
Clebsch-Gordan coefficients, 6 W (abed; ef) are 
Racah functions, 7 and w (1-Lo) is the probability of 
a given value 1-Lo for the angular-momentum com­
ponent of the oriented nucleus. The values of z{u 
and y~L' are given in Appendix 1. The values 
of fm ( x, w, J.) are given in Appendix 5, and 
Pg (cos J.) is the Legendre polynomial. The values 
of jg(Jo) = j(ighg(j0 ) are given in reference 8. 

The angular {3-y correlation for first-forbidden 
transitions in oriented nuclei has the form 

. '1 '1 J LL' W (J0 , p, k) = LJ LJ zw Usg;hg (jo) BsF sgJ (p, k), (6) 
SJg L<;;;L' 

u~~~ = (-1)g+J V<2g + 1)(2S + 1) 

(7) 
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Hs = V(2j1 + 1) (21 + 1) [I--S (S + 1) I 21 (I+ 1)] 

(8) 

Here L and L' = 0, 1, 2; J = 0, 1, 2, 3; 0 :s g :s 
2j0, with IS- J I :s g :s S + J. As before, only even 
values of g are possible for aligned nuclei. The 
quantities X(abc, def,.ghi) are Fano functions; 
their properties and explicit form, together with 
a number of particular values, are given in ref­
erence 6. The FsgJ (p, k) are given in Appen­
dix 5. 

If we are interested in the correlation between 
the direction of the {3 particle and the circular 
polarization of the subsequent y quantum, we 
must insert in Eq. (6) or Eq. (14) instead of Bs 
the quantity 

BsM = V(21 + 1) (2jl + 1) c5;tlso w (MhS; M), (9) 

where M = 1 or -1, respectively, for right or 
left circular polarization of the y quantum. In the 
particular case in which S = 1, 

+ 1 (I+ 1)1 121 (I+ 1) Vidh + I)r1 . (10) 

If the observed {3-y cascade has the form 
jo ({3) j1 (yt) h (y2) .•. jN-1 (y) jN, and an experi­
ment is made to study the angular distribution of 
the y quantum of the jN _1 ( y) jN transition, then 
we must take jN-1 instead of h. jN instead of jz 
in the expressions for Bs or BsM and multiply 
these expressions by the product 

N-1 

II V(2jk + 1) (2ik-l + 1) w (ikfkSik-1; h<--Iih)- (11) 
k=2 

If the y transiti_on is of m_ixed nature (for ex­
ample, E2 and M1 ), then instead of Bs we must 
take the expression of Eq. (13) of reference 9. 

If the nuclei are unoriented, g = 0, and the ex­
pression (2) determines the total polarization of 
the electrons. The degree of polarization can be 
characterized by the quantity 

W(x=O)-W(z=n) p 
<~> = W (x =OJ+ W (X= n) p · 

Using Eq. (2), we get 

(12) 

(~) = (PIP) lJYi.L lhZi_c (13) 
L L 

Setting g = 0 in Eq. (6), we get the exp.t:ession for 

the {3-y correlation for unoriented nuclei:* 

w (p, k) ~~ ~ h (2S + 1) ZLL' 
S~=0,2 L<;L' 

X w UoiiLS; L' it) BsPs (cos epk)- (14) 

In the case in which the nuclear charge Z » 2A 1f3E 
the expression (2) can be considerably simplified: 

W (j 0 , p, ;) •-·~ Zgo + V 1j3 Z~1 + (Y~o + V 1 I 3 Y~1) cos I. 

+ {y3 (zi1U -- z~1) cos & + 3 [(y~~- V2J5 Y~1) U 

- (y~l -- V2f5 Y~I)] cos X. cos & -3 [(Y~l + Y1l1o Y~1) U 

- (Y~l + V1/1o Y~1)l sin & sin x. cos w 

--- 3 Y1 /2 (yilU- y~1) sin & sin X. sin w} 

xlioUo+ 1)J-'''~:..tow(:..t0), 

V2u = lio Uo +I)- idh -+·I)+ 2] 

X [2lf io Uo + I )]-1 - (15) 

The values of z!L' and YrL' as used in Eq. (15) 
are as follows: 

V3 z~1 = x2e~ (bu + 2baa + 2 V2 b1s}, 

3 V3 z~1 = V6 Y~1 = V2 x3~~ (cu + 2cs6 + 2 V"2 C1s), 

27yil = V2 x2 1e~1 (b11 + 2b66 + 2 V2 bla), 

27y~l = 4 V5 x2A~ (bu + 2ba6 + 2 ·V2bls), 

9yil = - 2x3E~ (cu + 2Cas + 2 V2 Cis), 

3z~1 = 2x3eg (c12 + V2 C2s), 

9 V6 Y~1 = 8 V5 x2A~ (b12 + V2 b2s), 

9 v;;-Y~l = 2x2 le~J (b12 + V2 b26), 

. v- 2 0 v-3 6 Yo1 = - 4x~sa (c12 + 2 C2s), 

Zgo = X2~~b22> Y~o = X3e~c22• 
Here 

x2e~b,,, = (W- 1)2 (£ + &) Re blF -+- (W + 1)2 (£- T) Reb;;, 

><2 !e~J b"' =- 3 (W -1)2 (£ + &) RebJ; 

+ (W + 1)2 (£- T) Reb,:;;, 

x2A.~btt' = (W + 1 )2 (£- &) Re b{f, 

Ee~cii' = pRe (elF + cfi-)- 11.Z Im (eli-- c;J;). 

*W ( p, k) agrees with Eq. ( 10) of reference 9 if we note that 
in the notations of reference 9 the quanti pes z~L 1 are (2S + 
1) -l (2L I + 1) y,. l: [ ReML .ML* I k] c~kLL • Unlike those of re-

i<k 1 1 

ference 9, our expressions z~L 1 are given for the {3 interac­
tion of general type with parity nonconservation. 



370 A. Z. DOLGINOV and N. P. POPOV 

We get the values of K2Eibii' and EE~Cii' from 
K2~1bii' and Edcii' if in the latter we replace 

Re Xfl' by Im Xfi' and Im Xll' by - Re Xfi'. The 
values of bii' and Cii' are given in Appendix 1. 
'The forbiddenness of the {3 transition that comes 
from the smallness of pR is removed for large 
values of Z, since inste!ld of p the integr~nd 
contains the quantity K = [ ( E + V) 2 - 1]1/2, and 
K » p. Since K· ~ V, where V is the effective 
depth of the Coulomb well in the region of the nu­
cleus, the dependence on the energy drops out, 
and the {3 transition becomes similar to an al­
lowed one. A comparison of Eq. (15) with the for­
mula for the polarization of the {3 particles from 
allowed transitions of oriented nuclei1 shows that 
the character of the polarization is the same in the 
two cases (the nuclear matrix elements are of 
course different). 

For Z » 2A V3E the expression (6) also be­
comes simpler. 

W( Jo, p, k) = :lJ V2S + 1 {[(2io + lfl z;;" 
S,g 

+ V 1/s W (Sioh1; io h) Z~1l <>sgPs (cos 8) 

- (-1/V2g + 1 [z~l W UoSio1; iog) V1f3,(2io+1) (-1)g 

+ z}1X {j1j1S, ioiog, 111] F sg1 (p, k)} hg Uo) Bs. (16) 

For the case of an even value of the quantity S + g 
+ J the values of z'Lv are the same as the cor-

responding values of z{vin Eq. (16), and in the 
case of odd values they are obtained from them if 
we replace K2~1bii' by K2Eibii' and Edcii' by 
EE~Cii'. In allowed transitions of unoriented nuclei 
there is no {3-y correlation. Thus it is to be ex­
pected that for Z » 2A 113E the correlation will 
also be small for first-forbidden transitions. This 
result can be obtained directly from the explicit 
form of the ziv appearing in Eq. (14). On the 
other hand, for {3-y transitions of oriented nuclei 
we must expect a large correlation in the case 
Z » 2A 113E, since there is such a correlation for 
allowed transitions. Comparison of Eq. (16) with 
the expression for the {3-y correlation in allowed 
transitions1 shows that the character of the corre­
lation is the same in the two cases. 

For aligned nuclei with Z » 2A 1/3E the corre­
lation between the directions of Jo, p, and k can 
be large only if the invariance of the theory under 
time reversal is violated. 

APPENDIX 1 

Values of z!v in Eqs. (4) and (5) and, for the 
case of even values of the quantity S + g + J, in 
Eqs. (6) and (14): 

zZo = X2't'1~;:-b22- 6x2't'z~~bza + 9't'o~ibaa 
- 2qx2't'z~~ a22 + 6q9o~i aza + q2't'oP;:-bzz, 

-v 3 z~l = X2't'l [ (~;:- + 2~2) bu + (2~;:- + e2) baa 

+ 2 V2 (~;:- - ~2) b1el + 6 V3 X2't'z;~ <V2 b46 + bu) 

+ 27't'o etb44- 2qx2 tpz~~ (au- 2aoa + 4 y2 (aal- ala)l 

-6 V3 q't'o~i (a14- V2 a4a) + 3q2't'oP;:- (bu +baa). 

Vl5 zi1 = - x2rp1 [2e;- (V2 bu- V2ba,1 + 2bls- bel) 

+ ~2 <V2 bu + V 1 12 baa - 2blaH - 6 y3 x2<t>ze~ <V2 b14- ba4> 

+ 2qx2't'zP~ (V2 a11 + V2 aaa- 2a1a- aal), 

Z~z = VS (x2cp1e2 + q2't'oPi""") b55 , 2 V5 Z~z =- V14 x2't'l~2b6s 

V5 Z~z = -2 V2 {x2't'11;;-b6z- 3x2't'ze~b5a- qx2't'zpga6z}, 

V5 Z~z = - V2 { x2't'de;- (V2 b61 + 2bsa) + ~2 (b6s- V2 b51)l 
1 - o r o ,,r-+ 3 l 6 x-cpz~;bs,- qx2t.pzp:; ( v 2 a;t - 2asfi)}, 

3 V3 z}I = V2 {x3't'1 [~~ (cu + 2cs6 + 2 V2 C1a) + 2~~ (Co6 

- C11- V2 C1s + V 1/z Cal)+ ~g (en+ 1/z Gee- V2 Cla)l 

+ 6 y3 xcpz r~t (c14 + V2 Ca4) 

- ~-:- (C14- V1 /z Ca4)J + 27xcpo~~C44 . 
-- 2qx't'z [p2 (du- 2daa- V2 d1a + V2 d61) 

- p~ (des + du - V2 dl6 

-- V 1/z dol)]- 6 V3qx't'o~~ (d14- V2 da4) 

V30 Z~z = (3x3't'l~~ + 5q2xcpop~) Css• 

3z~1 = 2 {x3rp1 [~~ (c12 +Vi Cza) + ~~ (2c12 - V2 Csz)l 

+ 3x't'z r~t <V3 c24- y2 Cas- Cls) + ~-:- (V2 Csa- 2cls)l 

- 2qxcyz [p2 (d12 + V 1/z dzs- V 1f; daz) + P~ (di2- V 1/z doz)J 

- 3qxtpo~~ (V3 d42- d31 + V2 dae) 

V- 0 " v-- 9 3 xcp0~3C34 + q2xrpop3 ( C12 - 2 C2e)}, 

3z~z = - V5 {x3't'1~~ (2csl + V2 Css) -6 V3 xcpz~T c,4 

- qxcp2p~ (2d51 - V2 d56) + 2q2xq:op~ (2Cts + V2 c,a)L 

V35 Z~z = 6x3rp1~~ (coo - V2 Cts). 

Values of Yrv in Eq. (4): 

Ygo == ><3 rp11;g Czz- 6xrpz;t Cza + 9xrpo~~ C33 

- 2qxcpzp2 dzz + 6qxrpo~gd23 + q2xtpop~ Czz, 

9 V6 Y~I = 4 V5 {x2't'l [ ~;:- (b12 + V2bze) 

+ ~;- (b12- V 1/zbzs)] + 3x2't'z [2e~ (V3bz4 -112b3a 

- b13) + ~~ (V1/z baa- bu)]- qx2q:z [2p? (an+ a12 

- V2 aze + V2 asz) + P~ (al2- V 1/z aaz)l- 6qcpo1;i <V3 az4 

- a13 + y'2 ad - 18 V3 't'o~i ba4 + 2q2q:op;:- ( b12 - ll2 bz6)}, 
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3 2 V6-- l Yn c= -- . Sn, 

V- 2 v-~ 3Y22=- 2s22. 

49y~2 = 24 V3- n~2 , 

V6 Yi2 = 2s~2• 

V- 2 I 
6 Yo1 = - 2sol• 

V -2 ~ 2 Y12 = S12• 

7 V35 Y~2 = 5 V2 ti2, 9113 Y~2 = 5mi2- 2115 Q2. 

9116 Yi2 = 5 <V5 ni2- 8P2), 25 V2 Y~2 = 3n~2- 1/a V14 2~2. 
5y~2 = 7 /a 1/1/2 2~2 + 6/s V7 m~2· 

In the expressions for ztu and y~L' the fol­

lowing notations are used: K2 = w2 -1, W = E + V, 
where E is the energy of the electron in units mc2, 

including the rest energy { n = m = c = 1 ) . For the 
case of a surface distribution of charge V = aZ/R, 
where R is the radius of the nucleus; for a uniform 
volume distribution V = 3aZ/2R. The energy of the 
neutrino is denoted by q. 

~f xii'- (W + 1) (~t Re + !Xt Im) xt 

+ (W + 1) (~! Re +!X[ Im) xif, 

~ki' = (~t Re + !Xt Im) xt + (~[ Re +!X[ Im) x;. 

function at the surface of the nucleus. The explicit 
forms for these quantities are given in Appendix 3. 
The quantity xii' is any one of the quantities aii', 
bii', Cii', or dii'. 

For the STP or VA interactions p~ = ~-~ and 
± ± . ± 0 

pz = ~l· The meanmgs of Pl~ii' and pzxii' be-

come the same as those of ~fxii' and ~~xii', re-
+ -spectively, if one replaces all the {3z by {3z, all 

the aj by a[, and vice versa. The expressions 

for z{u for odd S + g + J can be obtained if in 

the values of ztu given above one replaces 
± ± ± ± Re xii' by Im xii' and Im xii' by - Re xii' . In 

calculating yg1 one must replace f3t and at by 
3f3t and 3at and set f3t = at= 0. In the calcu­
lation of y32 one must put - 5f3t and -sat in­
stead of f3t and at. We get y~1 from yg1 if we 
multiply f35 and as' f31 and a! by - 2 (% )1/ 2' 

<%>112/4, respectively, and set {31 = -3{31, ai 
- 3a1, and f3t =at= 0. We get YS2 from Y32 
if we set f3t = at = 0 and multiply f34 and a4 

by 2(14)112• Weget m1v. n1L'• and t1u 
in the corresponding z1u we replace f3l by 
±± ± ± ± . ± 

yz {3z and az by yz az, usmg the values of yz 

from the table. We get s1u if in addition to this 

we replace Re Xfi' by 1m xtf, and Im ~'\' by 
The quantities f3'[ and af are determined from ± 

the condition of smooth joining of the electron wave Re xii' · 

Odd values of g 

I 
I I I 

I 
~ 

m~~ 
I Yf s!t n!t 

I 
t~, 

I 
m~2 s~2 s~t ni2 

I 
m!2 I s!2 

I I 

I 
I 

y- 1 1 I 0 0 1 1 1 0 0 1 
.3 I ! 

y+ 0 -1,2 0 -5 -1,2 -5 0 1/2 

·- I 
y- I 0 1{2 -2 1 

I 

1;2 1 1 -1/2 .. I 

Y.i I 2 2 1 2 5/3 2 I 

Even values of g 
I 

I 
I 

Yf m~t im:, n:t n~t. m~2 m~2 n~2 n;2 s~2 m~2 n:2 s:2 t~2 
I 

I I I 
I 

+ -3 

I 
0 1 0 Y, ,- 1 1 -1;3 10/3 I 1 

ol y_2+ 3j2 -3 : 1-:15 -1/7 3 1 -3/5 -6;5 0 1 

y- -5/2 O! 1 1 -1 0 1 2/5 0 -7 
'2 
y.+ 

I ~I 3/2 -1 0 3 -1 0 
5 

I I y 5--;- i 2 1 -2 1 1 0 
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Qr = q2rro [p;:-] (bu + 1Mss + V2bl6), 
Q2 = q2r.po [p;:-] (b1s + V1/2bss), 

Qa = q2x'f!oP~ (en+ 1/2Coo + V2cis)· 

We get [ Pt] if in the expressions for Pt we re­
place the quantities f3t and at by - 3f3t and 
- 3at. We get the values of P 1 and P2 from Q1 

and Q2 if we set /31 = 011 = 0 and do not multiply 
{3+ d+ g m 

1 an 011 by - 3. All the other z LL' and y LL' 
are zero. The quantities xii' for the STP inter­
action have the form: 

aJi. = bti· ='flu·K;K;., cJj. = dJj. = "';,.K,K;., 
"/ii' = c,c;, + c;c;:, "';r = c,c;: + c;c;,, 

'Yin= /Cs/2 + IC~/2 , "'aa = /CP/2 + IC~/2 , 
'YJ1a = CsC~ + C~c;. 

'YJrk = CsC~ + c~;, 'YJak = CpC~ + C~c·; for k =I= 1, 3. 

'f/kk' =I Cr /2 + I c~ /2 for k, k' = 2, 4, 5, 6, . 
'Yj;;• = 'Yjr;. 

The quantities Cg, CT, Cp, Cy, and CA are 
the constants for the scalar, tensor, pseudoscalar, 
vector, and axial-vector {3 interactions; Cg, c;,, 
and so on are the analogous constants for the terms 
that can be admitted only since there is parity non­
conservation (i.e., the terms containing an addi­
tional factor y 5 = ya2y3y 4, y 4 =- {3); the Ki are 
the nuclear matrix elements for the {3 interaction. 
Their explicit form is given in Appendix 2. For 
the VA interaction 

M· = - aJi. = Cu·L;L;, d/ft = - cJi· = c;,.r,L;, 
~ii' = c,c;. + c;c~:, (,, = c,c;: + c;c;., 

Cu = ~44 = Cl4 = Cv 2 + C~ 2 , 

·~kk'= CA 2 + c~ 2 fork,k'=/=1,4; 

:lk = C4k = CvC~ + C~C~ for k=l= 1, 4, 

C;r = c;.,. 
The nuclear matrix elements Li differ from the 
corresponding Ki by an additional matrix {3 in 
the integrand. The expressions for Xii' in the 
general case of STPVA interactions are given in 
Appendix 4. Equations (2) and (6) contain the imag­
inary part of Xii' because we have not assumed 
the invariance of the {3 interaction with respect 
to time reversal. If we make this assumption all 
terms containing Im xfi' must be thrown out, and 
comparison with experiment becomes considerably 
simpler. To settle the question of the in variance 
of the theory with respect to time reversal it is 
better to study the ~ {3-y correlation and the polari­
zation of the {3 particles from allowed transitions 
of oriented nuclei, 1 since in that case the interpre­
tation of experiments is simpler and more unam­
biguous. 

The values of z LL' and y LL' given above are 
for the case of a surface distribution of the nuclear 
charge. If we assume a volume charge distribution, 
we must make the following replacements: 

!flo_,. rra. 'P1~; __,. r.p4e;:-- (3a.Zj5R)e~ + (3a.ZflOxR)2 ~t, 
'f!2~~ __,. 'f!s~~- (3a.Zj10x2R) et. 91~;- __,.'-Pee;-, 

'P1e5 __,. 97~5- (3a.ZJIOR)e~, '?2~~ -> '?se~. 

'?1~~ __,. [r.p4- 3a.ZW j5Rx2 + (3a..ZjlOxR)2 Je~. 

r.p~~~ __,. r.p?e~ - (3xZflOx2R)ei;, 'P2P~ __,. <"f8P~, 

'P2et -> 9set- (3xZflOR) eg, !fre~ __,. C'fla~~. 
1'2Pa __,. '¥ sP;-- (3a.Zf1 OR) p~, 92et __,. rrset, 

92P; __,. 'PsP;; 

V = a.ZjR __,. 3a.Zj2R. 

The values of the (/li are given in Appendix 3. 
Apart from terms of the order ( aZ )2/4 one can 
set (/li = 1. 

To go over to the case of a point nucleus one 
must take the formulas for the surface charge dis­
tribution and set V = 3aZ/2R. 

APPENDIX 2 

Kt = V 41t ~ o/;,!J., 'tO;'fi,!J.,d r, L, = V 41t ~ IJI;,~'-,'t~O;IJii,!J.,d r, 

Or= C1r~Yr1., 02 = C0r~ (a·Y~o), 
Oa =- iC0~isY00 , O, = iC1~ (11•Yu1), 

0 5 = C2r~ (aY;1), 0 6 =- C1r~ (a·Y~~.), 

cL = rc~r;,!J.,J-1 , 

K1=V3 ~~r. K2=~~a.r.Ka=-i~~is· 

K4 = ~ i~11, K5 = ~3 )Bt, Ks =- V ~ ~~[a"xr], 
L1 =V3~r, L 2 =~a·r, and so on. 

l/JjoJLo and l/Jj1p.1 are the wave functions of the initial 
and final states of the nucleus; T is an operator 
that acts on the isotopic spin variables; {3, y 5, u, 
and 01 are Dirac matrices; Y JM is a vector 
spherical harmonic (cf. reference 1). 

APPENDIX 3 

~t = a~J.+'J, [(W ± 1) xr1 , 

~.; = 9a~lz±'l• [(W ± 1) x3]-1 , 

~t = a'Jo'l•a';,-•;,x-2 cos (ll.1,=t='/• - 13.1,±'/,), 

~{= = 3a,1,+'/,a./.+'lo [(W ± 1) x2]-1 COS (ll•,a+'/• -ll.1,p1,), 

~f = 3a.;,P/,a./z±'/zx-3 COS (/l•J,+'/• -/l.f,±'/1), 

~f = 9a.;,•J,a•'f.-•;,x-4 COS (ll•Jz±'/z -ll•;,+•J,)· 

Here the ap.. are the coefficients for joining-on 
the electron wave function at the edge of the nucleus; 
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j is the total angular momentum and l = j + A the 
orbital angular momentum of the electron, A = ± !. 
Tables of the numerical values are given in the book 
of Sliv and Volchek.10 The OjA are the phase shifts 
of the electron wave function in the Coulomb field 
of the nucleus. Tables of the <'>jA are also given 
in reference 10. 

The quantities af differ from the correspond­
ing pf only by the fact that they contain sin ( OjA 
- oj'A') instead of cos ( <'>jA - <'>j'A'), and a'f = 
O!f = 0. Neglecting terms smaller than the order 
of ( aZ )2, we can obtain simple expressions for 
rrz and af: 

~f = (E ± T)/(W + 1), ~t = [p2 + ((lZ£)2] x-2~{, 

~f = p2fxlf p2 + (ocZ)2, ~f = V p2 + ((lZ£)2x-1~f= cos rof, 

~f = V p2 + ((lZ£)2px-2cosrot, 

fJ,f = 2p2[p2 + ((lZ£)2Jfxa·V4p2 + (ocZ)2, ext= ±(lZ~fjp, 
± a±t ± ± a±t ± ± -a.zR± oc4 = , 4 an w1 , oc5 = , 5 an W2 , IX6 = + 2P r-6 , 

t ± _ l3 a.ZE ....L 1 a.ZJ anw1 - 4"1J....L7;fi 

x[ 1 + i (a.Pzy- ((lZ)2 +-} (a.Pzy E- (a.Z: n-1. 

tanwt = [1. a.ZE +1-~] 
4 p -- 4 p 

a.Z)2 _ ((lZ)2 + 1_ (a.z)2 E + \ra.ZE)' 2)-1 
p 8 . p ' p ' 

1' = V1 ~ ((lL)2 • 

?o = 1 ~ (xR)2/5, h = 1 -3 (xR)2/25, <p2 = 1- 4 (xR)2/25, 

'fa = 1 - 1l(xR)2/75, <p4 = 1- 2 (xR)2/35, q;5 = 1 - 7 (xR)2/75, 

?s = 1-3 (xR)W5, h = 1- 12 (xR)2/175, 

'fs = 1 - 4 (xR)2/35. 

APPENDIX 4 

For the STPV A interactions the quantities aii', 
bii', and so on have the forms: 

ali·= ("'ii'KtK;, -- :iiLtL;.) ± (ztrKtL;.- x;·,L;K;·), 

b(j. = ("f/u·KtK;. -+ :ii'L1L;.) ± (XttKtL;. + x;.,L,K;,), 

cjf. = ("'~t·KtK;. -:~t·LtC·) ± (x;rKtL;.- x;·:L,K;.), 
± ' " , • ' " ,. • 

d;r = ("1/trKtKr + :ii'L;Lr) ± (XtrKtLi' + Xi'iLtKi' ). 

The values of 11ii', 71fi', t'ii', and tii' are the 
same as in Appendix i. For Xii' we get: 

Xu= X14 = CsC~ + C~C~; X31 = Xa4 = CpC~ + C~C~; 
X.k1 = Xk4 = C rC~ + C~c;, k =/= 1, 3, Xti' =/= x;·1; 

X1k =esc~+ c~c~. X3k = CpC~ + c~c~. k=l= 1. 4; 

Xkk' = CrC~ + c~c~. k=l= 1, 3, k' =1= 1, 4. 

APPENDIX 5 

Values of fro (x, w, .J) in (4) and FsgJ(p, k) in (6). 

fo= cosx., f1=3{cosxcos.&-sinxsin6cosw}, 

/ 2 = 3V'1/2sinx.sin.&sinw, 

fa= -3 V1ho{2cosxcos.&+sinx.sin.&cosw}, 

/4 = -V5/ 2 {cos x (3 cos2.&- 1)- 3 sin x sin.& cos.& cosw}, 

fs = 3/2V6/ 7 {cos X (3 cos2 .& - 1) + 2 sin X sin 3- cos.& cosw}, 

f 6 = - 3V5/ 2 sin x sin.& cos 3- sin w, 

f7 = a/4V7sinx_sin-&(5cos2.&-1)sinw, 

~s = 3/2 V7~ {cos X (5 cosa .& -3 cos.&) 

-sinxsin-&(5cos2 3--1) cosw}, 

fo = - 1/4V7/a {4 cosx (5cosas-- 3 cos&) 

+ 3sinx_sin-&(5cos2.&-1)cosw}, 

F SgJ (p, k) = 41tiY ~ c~~saY Sa (6<D)Y;a (.&·.p), 

where 21' = 1- (- 1)S+g+J• 

Some particular values of FsgJ (p, k) can be 
expressed in terms of the values of fro ( - e' cp - <P, 
.J ): 

fu1 =- /2, f121 =fa, fu2 =- f4, 

f132 =- fs, f122 = f6, Fraa ·= -f7, f12a =~ fs, fl4a = f9· 
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