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The shape of a heavy nucleus can be determined from the rate of alpha decay to successive 
levels of the main rotational band of the daughter nucleus. The quantities 0!2 and 0!4 which 
are the coefficients in the expansion of the nuclear shape in Legendre polynomials, are com­
puted. The calculations are performed for four even and three odd nuclei. The results of the 
calculations agree satisfactorily with each other and indicate that the contribution of the term 
0!4P 4 (cos J.) to the nuclear shape is significant. 

SEVERAL recent theoretical papers1- 5 are de­
voted to the calculation of the intensity of the rate 
of 0! decay to levels belonging in the same rota­
tional band. Calculations show that the rates of 
decay are very sensitive to the shape of the nucleus. 
It is therefore natural to use the experimental rates 
of 0! decay to determine not only the dimensions 
of the atomic nuclei, but also their configurations. 
In the present article we use for the calculation the 
intensities of 0! transitions only to levels that be­
longed· to the main rotational bands, since the the­
ory has been derived precisely for these transi­
tions. By main rotational band we understand the 
band of the daughter nucleus, beginning with the 
level that is characterized by the same momentum 
I and the same parity as the main level of the par­
ent nucleus. The 0! transitions to these levels 
are not connected with a change in K (the projec­
tion of I on the symmetry axis of the nucleus ) 
and are favoted transitions. 

It was shown in reference 5 that the intensities 
of the 0! transitions to the levels of the main rota­
tional bands are given by the formula 

W', = 47t2 1i:, '5{' \CU:; to\ 2 1 ~ ~;~kx(~jYto(&)d(cos.&)\1 
1=1-J, 1 

(1) 

where WI is the probability of 0! decay to a level 
with spin I ( I0 is the spin of the parent nucleus), 
ki is the wave number of the 0! particles whose 
emission leads to the excitation of this level, JJ. 
is the mass of the 0! particle, ciiMM I M are 

1 11 2 2 

the Clebsch-Gordan coefficients, l is the angular 
momentum carried away by the 0! particle, R = 
R ( J.) is the equation for the surface of the nucleus 
(outside of which the nuclear forces are assumed 
to vanish) in a coordinate system fixed at the nu­
cleus, x ( J.) is the wave function of the 0! particle 

on the surface of the nucleus, Y z0 ( J.) is a spheri­
cal harmonic, and cpu (r) is the radial eigenfunc­
tion of an 0! particle with a momentum l (for a 
transition to a level with spin I). 

The theoretical problem is to find a nuclear 
shape R ( J.) compatible with the experimental 
values of WI. It is natural to assume in the cal­
culation that the unknown function x ( J.) is con­
stant on the surface of the nucleus. 

The greatest difficulties are involved in the 
calculation of cpll ( r). Exact calculations of 
cp Il ( r ) have been carried out thus far only for 
even nuclei, and necessitate the use of high-speed 
electronics computers. It was shown in reference 
5 that the use of an approximate function cpf~>(r) 
in Eq. (1), at least in the case of even nuclei, pro­
duces no substantial error in the calculation of the 
probability of the 0! decay to the rotational levels. 
The function cpf~>( r) is the radial eigenfunction, 
calculated without allowance for the quadrupole 
term (in the higher multi poles) in the Coulomb 
potential of the nonspherical nucleus, and is deter­
mined with sufficient accuracy from a simple ana­
lytical formula. Although a comparison of the ex­
act functions cpu< r) and the approximate ones 
cp W ( r ) has never been performed for odd nuclei, 
one can hardly expect the odd nuclei to behave in 
this respect substantially differently from the even 
ones. This has caused the authors of reference 5 
to propose the substitution of cpn>(r) for cpu(r) 
in the formulas, as is indeed done in the present 
paper. 

In the calculations we have computed the first 
two terms that describe the deviation of the nuclear 
shape from spherical 

where P 2 and P4 are Legendre polynomials, and 
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Fig. 1. Effect of the shape of 
the nucleus on the probability of 

B 

oc decay in transitions to excited 
levels of the main rotational bands. 
The solid and dotted lines join 
points corresponding to oc decay 
to a level I,+ 1 and I, + 2 in odd 
nuclei and to a level.+ 2 and + 4 
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in even-even nuclei; the dash­
single-dot lines and the dash­
double-dot lines correspond to 
decays to levels I, + 3 and I, + 4 
in odd nuclei. The numbers along 
the curves designate the assumed 
value of u2 • The vertical lines cor· 
respond to the best value of oc4 • 0 L....Q_._ ____ .~.-O.LOJ-----D..xll_'6 __ 1X._'I_ 

The symbols for the daughter nu- 0ZJ8 

clei are below the curved. 

a 2 and a 4 are coefficients that must be deter­
mined. We have preferred to use instead of a 2 

the quantity u2 = (a2 - b2)/a2 ~ 2~R/R (a is the 
major semiaxis of the nucleus and b is the minor 
one). 

Figure 1 shows the results of the calculations, 
performed for four even-even and three odd nuclei. 
The calculations were made under differing as­
sumptions concerning the shape of the nucleus: 
u2 assumed the values 0.25, 0.30, 0.35, and 0.40 
while a 4 was assigned values 0, - 0.03, and 
- 0.06. The optimum values of u2 and a 4 were 
found by interpolation. 

To determine the size of the nucleus we used 
the rate of a decay to the lower level of the band. 
In determining the shape, the most useful quantities 
were the ratios WJ/WI0 of the a -decay rates to 
the level with spin I and to the lowest level of the 
band. Figure 1 shows the quotients of these ratios 
divided by the experimental values, as functions of 
a4' i.e., 
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The table contains the the theoretical curves for 
the optimum values of u2 and a 4 and a compari­
son of the calculated and experimental values of 
WJ/WI0 for these parameters. Since the nuclear 
spin in the transition to a higher level increases 
successively, the levels are identified in the table 
by the spin. 

As can be seen from the table, the intensities 
of the a transitions at lm.in ~ 4 agree well with 
the theory and lead to an almost identical shape for 
all the considered nuclei. The values listed in the 
table show a striking discrepancy for the levels 
I0 + 4 and Io + 5 in Th229 • The rotational nature 
of these levels is not established with full assur­
ance, however; since it merely follows from the 
fact that the energies of the levels fit well the ro­
tational formula. The experiments specially set 
up by E. F. Tretyakov to investigate the internal­
conversion electrons that accompany the a decay 
of u233 have confirmed the rotational nature of the 
! 0 + 3 level, but have contributed nothing so far for 
the 10 + 4 and 10 + 5 levels . 

The calculated rate of a decay to the levels of 
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the 10 + 6 type is in substantial disagreement with 
experiment. This discrepancy must, however, not 
be given any particular significance. The intensity 
of a radiation with l = 6 depends both on u2 

and a 4, and also on the term a6 which has not 
been calculated. The contributions of the terms 
that depend on u2 and on a 4 to the probability 
amplitude are almost equal in magnitude and op­
posite in sign when l = 6. The accuracy of cal-

culations under such cancellation is naturally quite 
unsatisfactory. The discrepancy noted is appar­
ently merely an example of the roughness of the 
theory. 

Knowledge of the shape of the nucleus makes 
it possible to calculate its multipole moments. 
Column 11 of the table lists the values of the in­
trinsic quadrupole moment Q0, calculated under 
the assumption that the protons are uniformly dis­
tributed. The calculations were carried out using 
the approximate formula 

Q0 =6fsZr~1X2(1 + 4/ 7 rx2), (3) 

which follows directly from the usual definition 

2Z \ 
Qo = V ~ r2 P 2 (cos .:J) d-r: 

with allowance for Eq. (2). Direct measurements 
of Q0 with which to compare our results are un­
fortunately lacking for these nuclei. The measure­
ments available for U235 and Np237 pertain to the 
ground states of these nuclei and not to the lower 
level of the main rotational bands, for which our 
calculations were made. We give below for com­
parison data by Newton,6 which show that our cal­
culations give the correct order of magnitude for 
the quadrupole moments: 

Nucleus: U"35 

Q0 (barns): 13.7 10.1 10.3 9.0 9.2 

That the theoretical values of Q0 exceed some­
what the experimental ones is apparently the result 
of our using in our calculations the nuclear radii ob­
tained from the a decay (from the intensity of the 
zero level). These radii are known to be some 20% 
greater than the electrical radii of the nuclei meas­
ured by scattering of fast electrons; this should 
yield, approximately, a 40% increase in the calcu­
lated values over the true ones. 

Column 12 of the table gives the values of the 
24 -pole moment, calculated from the formula 

(4) 

In formula (4) the negative term a 4 partially off­
sets the positive term 1.54 a~, thus reducing sub­
stantially the accuracy of the results. Direct ex­
perimental measurements of Q4 for heavy nuclei 
are unfortunately still not available. 

Column 13 of the table ·gives the values of 
h2/2Jen calculated from the excitation energy of 
the rotational levels, while the next column gives 
the values of the moment of inertia Jen thus de­
termined. In the last two columns of the table are 
listed the values of the moment of inertia, calcu-
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FIG. 2. Shape of U234 nucleus. 1- circle, 2- without allow­
ance for 0:. , 3- with allowance for <X4 • 

lated from the model of the "solid nucleus," J solo 
and for the "drop nucleus" with irrotational motion 
of the liquid, Jirr· 

As expected, Jsol is several ( 2 or 3) times 
greater the experimentally observed value of Jen· 
We cannot establish here a connection between the 
variations of Jsol and Jen from nucleus to nu­
cleus. Jirr is found to be substantially smaller 
than Jen. so that the "irrotational" model is ap­
parently too rough. 

In conclusion we show in Fig. 2 the shape of the 

u234 nucleus, calculated with and without the term 
a 4• For comparison the figure shows a circle rep­
resenting a fully spherical nucleus. As follows 
from the figure, the contribution of the term a 4P 4 

is far from small. 
We are glad to make use of this opportunity to 

thank G. M. Adel'son-Vel'skil and A. P. Brizgal 
for the mathematical calculations. 
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