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A general expression has been obtained for the relativistic corrections of order (v/c)? to
a given phenomenological nonrelativistic Hamiltonian describing the interaction between par-

ticles of arbitrary mass and spin.

].- In view of the unsatisfactory state of meson
theory, phenomenological Hamiltonians for the
nucleon-nucleon and meson-nucleon interactions
have found wide application at the present time.
These Hamiltonians are usually chosen such as
to agree with the experimental data on the corre-
sponding two-body problem. The aim of the pres-
ent paper is to calculate the relativistic corrections
to these phenomenological potentials. It turns out
that, starting from the general postulate of relativ-
istic invariance, the phenomenological Hamiltonian
can be corrected relativistically in a consistent
fashion, at least up to terms of order (v/c)2.

2. H the relativistic effects are neglected, the
system of two particles with masses k; and «k,
and spins i and I is described by the Hamiltonian

H = p3/ 2%, + p2/ 2% + Hys, (1)

where Hj, is the nonrelativistic interaction Hamil-
tonian. The general requirements on the Hamilto-
nian H;, have been analyzed in detail by Okubo and
Marshak.! In particular, H;; must not depend on
the total momentum p; +p, =P as a consequence
of conservation Iaw for the nonrelativistic center of
intertia (Galilean invariance).

The inclusion of the relativistic effects leads to
correction terms which do depend on P.

3. To make the discussion sufficiently rigorous
and general, we shall not make use of any special
equations of motion. Instead, we start with group
theoretical considerations and the invariance prop-
erties of the S matrix.

According to the theory of the representations
of the inhomogeneous Lorentz group, the system of
iwo free particles is described by the wave func-
tion?»3 .

211:(;;1] (pl’ p2)v (2)
which depends on the variables p;, p; (the mo-
menta) and mj, my (the spin projections). We
do not exhibit the other possible variables (isotopic

spin, charge, etc.), since they are irrelevant for a
discussion of the relativistic invariance. The scat-
tering of two particles is described by the invari-
ant S matrix

(P1p2rmimy | S | paparmimy), (3)

which, owing to the conservation law for the 4-mo-
mentum, can also be written in the form

(puParmimy | S| pipamimyz) = 8 (py + Pa— P1 — P2)
X 8 (ep, + Ep,— e, — Eg, ) (pparmims |V | pypyrmimy),

en=V P+ En=V it 4)

The matrix V is invariant as a consequence of
the invariance of the four-dimensional 6 function.
On the other hand, if perturbation theory is applic-
able, the S matrix is, in the interaction picture,
expressed in terms of the Hamiltonian H;, by the
relation

S=1+ ligdtﬂm exp{— it (ep, + Ep,— €, — Ej )}
= 1—2riH 1,8 (ep, + Ep, — ey, — Ep ). (5)

Since the transformation properties of the Ham-
iltonian cannot depend on the applicability of per-
turbation theory to it, and since the expansion in
powers of the coupling constant is invariant, it can
be concluded from the comparison of (4) and (5)
that the Hamiltonian has the form

(p1pomimy | Hyy | pipamimy)

= 8 (py + P2 — P1— P2)(PaPariry| W | pypamimy),  (6)

where (pypymimj|Hy, | pipsmi{m]) is an invariant.

The requirement that the operator W be in-
variant implies that it must commute with the op-
erator N which generates the infinitesimal Lo-
rentz transformation:

[N, W]l_=0. (7)

The square brackets with a minus sign denote the
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commutator. The operator N has, according to
reference 2, the form

P [ixp
=i Vepx P1 Py epl—+;llll_
/5 0 = [Ixps]
+ 12 VEpl a_—p2 VEPz - Ep, % (8)

The square brackets without a minus sign de-
note the vector product. The slight difference in
the appearance of the operator N in (8) and in (11)
of reference 2 (cf. also reference 3) is due to the
fact that, in the present paper, we use a normali-
zation integral without the weight factor 1/ ep, Ep,-

4. In the nonrelativistic approximation, the op-
erators W, N can be expanded in powers of p;/k;
and py/Ky:

W=W,+ W, ()]
N = No + le (10)
NO = ixla/apl + ixza/apz (11)
_;m ;P9 ey
Ni= it i oy
. p C P2 9 [Ixpe)
4 —2-;'; i % Ops D " (12)

Substituting (9) and (10) in (7), we obtain, in zeroth
order, the condition of Galilean invariance for the
interaction Hamiltonian:

[No, Wol—=0. 13)

We now subject the momenta p;, p; to the Jacobi
transformation:

P1+ P2 =P, Pixa/ (% 4 %) — Pty [ (61 + %5) = p, (14)

and similarly for the momenta pj, p;. On account
of the 6 function in (6), one may regard the oper-
ator W as independent of P’. In this case, rela-
tion (13) takes the form

W, (p1, p’, P) /0P = 0. (15)

In the zeroth approximation the Hamiltonian does,
therefore, not depend on the total momentum, i.e.,
the requirement of Galilean invariance is satisfied,
as was to be expected. In the next nonvanishing
approximation, condition (7) has the form

NOWI - W]_No = WONI - N1W0- (16)

Substituting (11) and (12) in (16) and using (15), we
obtain

R 2 ’
—‘("1+*2)'6T>‘W1(P’P’p)—{ +12:ta+l 2"!
P2 0 [ixp]
+ ‘le 6p1 +i 2xa aPa T 2"‘1 ap, + 2_“359; 2

lixp,]  [Ixpyl
"xm} Wo(p,p") + Wo(p, P) { ;fll + 2::}' an

Equation (17) must be written in terms of the P,
p, and p’ alone. The operator W; can be split
up into two parts:

Wy=W,+ W, (18)

where Wj does not depend on the momentum P:

OW,/OP =0, Wi=Wi(p,p') (19)

and W{ reduces to zero for P =0. The operator
Wi (D, p’) is not uniquely determined by Eq. (17).
This operator does, however, satisfy the nonrela-
tivistic condition (15), and it can always be consid-
ered to be included in the operator W, of the non-
relativistic approximation. The structure of the
phenomenological Hamiltonian Hy, is significantly
affected only by the operator W{, which is, how-
ever, indeed uniquely defined by equation (17).

Since we are only interested in corrections of
order (v/c)?, we write the operator Wi (P,p,p")
as a polynomial of no higher than second degree in
P

W= P;A; + P:P;Bj. (20)

Substituting (20) in (17), we can uniquely deter-
mine the operators Aj and Bjj by using the fact
that the operator (p;p;mjmjy|Wy|pipsmim]) is in-
variant in three-dimensional space, i.e., that it
commutes with the momentum operator M:

M= — i [p,0/0p,] — i [p.9/ps] +i+ 1. (21)

A simple calculation leads to the following ex-

pression for Wy:

v _P*W, _ (pP)(P0/dp) + (p'P) (P3/dp’)
Wi= (o + :2)2 2 (xg + #g)? W
__ (a—) (P +p") PW, i i1
2xu1%g (%1 + %2) +3 (1 + %3) {WO (Pxp’] ( *g )

— Pl (- — ) Wa} 22)

5. The operator W{ from (22) does not satisfy
the nonrelativistic conservation law for the center
of inertia and contains all relativistic corrections
needed for the phenomenological formulation of the
problem! (apart from trivial corrections to the
kinetic energy). Expression (22) refers to a Ham-
iltonian which is written in the form of an integral
operator. If, as is ordinarily the case, the Hamil-
tonian is given as a function of the coordinates and
the momenta, the correction Hj, (derived from
the operator W{) to the Hamiltonian H;, has the
form
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. P2y P
Hiy= 12 P ( OHyp\

T2t xR 20+ %)\ 9p /

+ (P %H—_x")(” %)

— oy (5 — ) o= P ]

T2 Fw) <TI_E)H12[PXP]

iHyp i
+ 2(K1+V-2)(‘K1

— L g (PO 4 L2 (p 2 4 (Wi p)(p ). (23)

The operator x in (23) denotes the coordinate dif-
ference

1 Ko — K1 ‘lp aHm
- x—2) [PxP] + Yaxa (%1 + %2) \2 ox

X = X; — X, = i0/0p, — i0/0p.. (24)

Including the corrections to the kinetic energy,
we arrive at the final result: the relativistic Ham-
iltonian for the two-body problem has, up to terms
of order (v/c)?, the form

H =p1/2% + p2/ 2% — pi/ 8
—py/ 84+ Hyp + Hy, (25)

The correction term Hj, reduces, according to
(24), to zero in the center of inertia system. In
the two-body problem the relativistic corrections

can, therefore, be avoided by going to the center
of inertia system. The corrections thus become
significant only in the many-body problem.

We emphasize that, according to (18) and (19),
the correction term Hj, does not contain all cor-
rections, but only those which violate the Galilean
invariance of the Hamiltonian. However, these are
just the essential corrections to the phenomenolog-
ical Hamiltonian.

The Hamiltonian (25) can be used for the inves-
tigation of the interaction of mesons and nucleons
of high energy with nuclei. Besides that, this
Hamiltonian is useful for an estimate of the effect
of relativistic corrections on the structure of the
nucleus.
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