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A method is developed for calculating the depolarization of p.--mesons in mesic-atom cas
cade transitions. An estimate of the expected p.- -meson depolarization is given, which is in 
good agreement with available experimental data. 

As noted by Gol'dman,1 a p.--meson is not sub
stantially depolarized in Coulomb collisions. The 
spin-orbit interaction in mesic atom transitions2 

is mainly responsible for the depolarization.* This 
results from the fact that for a mesic atom level 
with fine-structure splitting v and level width 2y, 
the ratio always satisfies the inequality 

(1) 

i.e., the period of precession is much less than the 
lifetime of the level. 

Because of its large mass, in comparison with 
that of the electron, a slow p.- meson is captured 
into a highly-excited quantum state of the atom. 
The principal quantum number n of such a state 
can be determined3 from the approximate equality 
of Bohr radii of the meson and electron, giving 
n ~ {/;, ~ 15. 

As noted by Bohr,4 for a given quantum number 
n, the meson will be captured in a circular orbit 
( i = n- 1) with greatest probability, because of 
the large statistical weight of this orbit. The com
parison with experimental data carried out by 
Stearns5 and the subsequent remarks of Day and 
Morrison6 indicate that both 1r- and p.- mesons 
are mainly captured in orbits with high Z. 

Following this, as a result of subsequent Auger 
transitions and radiative transitions, the p.- meson 
loses energy and drops to the 1s level, from 
which it either is captured by the atom or decays, 
depending on Z. 

Burbidge and De Borde3•7 calculated the proba
bility of mesic-atom transitions. According to 

*I. M. Shmushekvich called my attention to this. 
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their calculations, the picture is the following. 
For large n, dipole Auger transitions with ~n = 
~l = -1 take place. Following this, for smaller n 
(if Z is not very small), the electric-dipole radi
ative transitions are essential, in which the circu
lar orbits become even more probable because of 
the maximum probability of a radiative transition 
to a level with smallest possible n. Thus, in both 
Auger and radiative transitions, electric-dipole 
transitions are essential, in which the orbital quan
tum number decreases by unity ( ~Z = - 1 ) . 

Starting from the above, we consider the de
polarization of a p.- meson in electric dipole tran
sitions. Let the p.- meson go from a level ZN to 
a level l1 by successive dipole emission of either 
y -rays or Auger electrons; that is, a cascade down 
lN (1) lN-t (1) lN-2 (1) ... l1 (1) takes place. To ob
tain the corresponding density matrix, it is neces
sary to solve the equations by means of the per
turbation theory given by Wigner and Weisskopf,8 

which takes into account the finite width of the level. 
However, as Abragam and Pound9 have shown for 
the case of a single level, one can obtain the final 
result from the following simple considerations. 

The interaction can be included in the expres
sion for the transition probability by means of the 
operator u = exp ( - iKt/n) which operates on the 
wave functions of the meson in the given level 
( K here is the spin-orbit interaction energy oper
ator). It is then necessary to consider the possi
bility of radiation in the interval t, t + dt, with 
probability exp (- 2yt) 2ydt. Integrating such a 
"supplemented" transition probability over t from 
0 to oo, we obtain the factor [ 1 + ( Vjj' /2y )2 ) -t 
for each level, leading to the following density 
matrix 
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The summation here is over all unobserved 
properties of the radiation and mesic atom, and 
also over the two values of total angular momen
tum h· ji, over the projections of the total angu
lar momentum JJ.i, JJ.l and spin projections ui, ui 
of the p.- meson for each of the i levels ( i = 1, .. 
. , N); au is the probability of the value O"N for 
the spin projection on the symmetry axis before 
the cascade. The levels ZN+t and l are intro
duced formally in order to describe the formation 
and annihilation of the mesic atom (the decay of 
the p.- meson or its capture by the atom). 

Because of the inequality (1), all interference 
terms drop out of the Eq. (2) for the density matrix, 
and for each transition Zi+t (1) Zi, one can write9 

(3) 

X c; 1h j; ) ( l;;\-1 1/2 j;+1 ) 
a'. m; a; - fL; .mt+1 l - fL;+l 

ci l;+I, ) ( l;' 1h j,. ) 
X ' Mt+1 

0 . ' 0 . '. 
m; -- m1+1 m; a. - fLi l"t+1• ~-'i+1 ~-'t• IL; 

l 

The round brackets denote Wigner 3j symbols. 
The ( Zi +t I x IZi ) denote factors which depend on 
the properties of the radiation and of the levels 
Zi+tZi, but not on the magnetic quantum numbers. 
In the transition ZN+1- lN, carrying out summa
tion in Eq. (3) over JJ.N+t> MN+t and jN+t> we 
obtain an expression proportional to ( 2jN + 1) x 

( 1N ! jN ) ; analogously, the transition 
IDN UN -JJ.N 2 

Z1 -z gives the factor ( 2j 1 + 1) ( 11 ! j1 ) 
fit 0" -JJ.t 

In the remaining cases, ·using the Racah relation
ship 

c· 1h 
j- ) ~ (-l)mi+1 l 

___: fL; m· a, 
mi' mi+I' ai l 

( li+1 
X m,+I 

1/2 j;t1 ) ( l; 
a; - fLt+1 m; M,+I 

lt+1 ) 
-m;+L 

where the curly brackets denote the Wigner 6j 
syll}bol, we obtain 

(2) 

(4) 

2} (j;+1lt+1fLi+Iai I H;+1l hf;[J.ta;) Ut+1[i+I[J.i+1a; I H;+1l j);fL;a;) 
ai. a; 

The mean value of the projection of the p. spin 
after the cascade of mesic-atom transitions, is de
termined by 

(6) 

We note that in Eq. (6) the factors corresponding 
to formation and annihilation of the mesic atom 
cancel, making it possible for us to formally intro
duce the levels ZN+t• l (see above). 

Expressing u in terms of the Wigner 3j symbol 

(7) 

and then applying the Racah relationship, we have 

Employing Eq. (8) for each of the i levels ( i = 1, . 
.. , N - 1 ) , we obtain 
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0 1 
1 0.407 
2 0.301 
3 0.257 
4 0.234 
5 0.219 
6 0.209 
7 

I 
0.202 

8 0.197 

Finally 

9 
10 
11 
12 
13 
14 

I ••• 

I (X) I 

0.192 
0.188 
0.185 
0.183 
0.181 
0.179 
... 

0.156 

(9) 

1/2 l,~' 

I h+IJ 

(2jN +I) ~ (-I)'"N (IN 112 iN . )'(iN I iN ) 
mN,IJ.N mN aN -p.N fl·N 0 -p.N 

(10) 

= ( -I)IN+I-oN (2 jN + I) {~/2 [N iN} (1/2 I 1/2 ) 
]N I 1/ 2 crN 0 - crN · 

From the unitarity of the matrices of the Wigner 
3j symbols, it is easy to show 

l}p = il(lt+tlxlli)2 (2lN + 1). (11) 
0 

Thus, substituting Eqs. (2), (5), and (8) to (11) 
into Eq. (6) and using Eq. (7) for UN, we obtain 

X (2/a +I) (2ja + 1)(2j2 +I) (12) 

We denote by P 0 and P the degree of polarization 
of the p.- meson immediately before and after the 
cascade considered. Equation (12) gives the final 
polarization from which it is possible to find the 
depolarization, equal to ( 1- P/P0 ) x 100%. In the 
future, we will, for simplicity, call P/P0 the de-

polarization instead of ( 1 - P /P 0 ). We calculate 
P/P0 for the cascade down Zi = Z1 + i- 1 (i = 1, . 
. . 'N). 

Rewriting the sum in Eq. (12) in the form 

(13) 

where the ± under Zi correspond to terms with 
h = li ± ! , it is easy to see that the only terms re
maining in Eq. (13) are those in which all pluses 
stand to the right of the minuses. (Dipole transi
tions are possible only in this case.) 

On the other hand, substituting in values for the 
Wigner 6j -symbols, we see that addition of pluses 
to the right of minuses to the left does not change 
the form of the corresponding term, so that there 
are terms of three types, which are easy to find: 

Thus 

(.!!_) (2lN+3)(lN+1). 
Po l N····· It, li-t•·--· •1, = 3 (2/ + 1) 2 • 

+ + + + N 

(p) 4/~-5 
Po l N··--· It, lt-r--·• I,= -3 (41~ -1)2 (14) - - + + l 

(p) (2lt-1)lt 
Po .!_ N·--··_!_i •_!_i-I•"·• I, = 3 (21t + 1)2 • 

(15) 

_ _!_ (21N+3)(lN+1) "' 41•-5 (2lt-1)lt l IN ] 

-3 (21+1)" -LJ (41"-1)2+(211+1)2 • 
N 1=1,+1 

Setting Z1 = 0, we obtain the depolarization for 
various ZN from Eq. (15) (see table). As one 
would expect, the main contribution comes from 
low l. For example (P/P0 ) 14 , 13, ... ,2 = 0.237. 

Analogously, we can introduce the depolariza
tion for other cascades: 

(2/N-I + 1)2 (2/N-I- 3) (IN-I -1)- 41~-l + 5 
+ ~~ (2/N-1 -i)"IN-1 

[ 
/N-1 ]} 412 - 5 (2/1 - 1) /1 

X - ~ (412 -1)2 + (211 +1)2 • 

1-1,+1 

From Eq. (16) it can be seen that the transition 
with t:.l = + 1 leaves the depolarization practically 
unchanged. 

Thus for ZN-l ~ 5, with an accuracy to the third 
decimal place, 

(PjP0)tN-I-1, IN_1, IN-cl,IN_1-2, ... ,o = (PfPo)IN-I• IN_1-t, ... ,o, 
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If the transition with b.l = + 1 takes place at the 
end of the cascade ( 13 = l1o 12 = 11 + 1 ), then 

( ~) _ _!_ J 1 [(212 -1)2 (212 + 3) (12 + 1) 
\ P0 IN• /N-1 ..... I,,I,+J. /1 - 3 )(212 + 1) lz (212 + 1)2 

(41~- 5)2 ( 41~- 5) (212- 3) (12 --1) + -~_.::: ___ _ 
(41; -1)2 (212 -1) 12 (2/o- 1)3 12 

(17) 
, [(21N+3)(/,v+1) ~ 412-5] 
X (21 + 1) 2 - LJ (412 -1)2 

N 1=1,+1 

-!- (212 + 1)2 (2/z- 3) (12 -1) [(211 - 1) 11 _ 41;- 5 ]} 
(212 -1)312 (21, + 1)" (41~-1)2 · 

In particular 

(PfPo)tN,lN-!, ... ,1, o,I, o.= 0.407 (PJPo)tN,tN-1. ... , 0; 
(18) 

(PfPo)tN,IN-1, ... ,1. 2,1, o = 0.745 (PjP 0)tN,IN-1, ... , o- 0,0178. 

Substituting lN = 12, we obtain 

(P/Poh2.H,ro ..... o. 1. o = 0.074, 

(P/Poh2,11, 1r, .... r. 2, 1, o = O.llR. 
respectively. 

Calculation shows that if a quadrupole transition 
takes place for large 1, the result does not differ 
from that given by Eq. (15). 

Thus, the depolarization depends only weakly on 
the orbital moment of the initial level of the cascade 
and on the type of transition taking place for large 
l. This is understandable, in so far as in this case 
the deflection of l (and correspondingly of s ) 
which, roughly speaking, is proportional to the mo
ment of force trying to turn l to l, is less for 
large 1. 

From the above, we can estimate the expected 
depolarization: 

PjP0 = ~a,(P/Po);, ~a;= 1, (19) 
i i 

where ( P /P 0 )i is the depolarization in the i -th 
cascade and ai is the probability of this cascade. 
In Eq. (19) the sum is taken over all possible cas
cades. As already noted, the value of (19) is de
termined by the contribution of cascades beginning 
with large values of lN. 

In capture into a level n = 15, lN = 14, a cas
cade with b..n = t::.l = - 1 proceeds, and the corre
sponding depolarization is, according to Eq. (15), 
equal to 0.179. 

For n = 15, lN = 13, Auger transitions with 
b..n = t::.l = - 1 will take place down to n ~. 6; fol
lowing this, in the first radiative transitions, a 
transition into a circular orbit with b..n = -2, 
t::.l = -1, will be most probable.3 

Thus, in this case the depolarization will also 
be described by Eq. (15) in practice, and will be 
equal to 0.181. Ten times less probable is the 

cascade with b..n = t::.l = -1 down to the 2s state, 
then10 an Auger transition to the 2p state, followed 
by a radiative transition to the 1s state. In this 
cascade ( P/P0 )i = 0.074, i.e., in capture from the 
level n = 15, l = 13, <P/P0> = 18%. 

For n = 15, lN = 12, and also for smaller val
ues of 1, the cascade with b.l = -1 is again most 
important because of the probable transition to a 
circular orbit in the first radiative transitions. 

As follows from Eq. (16), the possible transi
tions with b.l = + 1 do not change matters at all, 
except for very small l. For small l, accord
ing to the Table, the value ( P/P0 )1N,1N-1, ... ,o 

increases somewhat. However, the probability of 
transitions with t::.l = + 1 grows for small l, so 
that this increase will be compensated for. Thus, 
the expected value of the expression (18) should be 
P/P0 ~ 18%. This value agrees well with available 
experimental data 11 for carbon. 

As seen from Eqs. (15) to (17), the sign of the 
polarization does not change in mesic atom transi
tions; these can thus be used to determine the de
cay scheme of the 7r- meson. 2 

The influence of the electron shells in mesic 
atom transitions can be neglected, since within the 
lifetime of the levels of the mesic atom, the f.J.
meson is not depolarized in this field. This is not 
true of the final 1s level, the lifetime of which is 
determined by the decay or capture of the f.J.- me
son. Taking into account this additional depolari
zation in the field of the electron shell of total 
angular momentum je, gives a factor F = 
( 4jt + 4je + 3 )/3 ( 2je + 1 )2 in the right-hand sides 
of Eqs. (15) to (17). For example, in the case of 
carbon, the electron shells will be the configuration 
1s22s22p with je = i, F = i, which gives P/P0 ~ 
9%. However, in condensed material the influence 
of the neighboring atoms and electrons probably 
leads to a compensation of the magnetic field of the 
electron shells, i.e., to je = 0 and, consequently, to 
F=l. 

Equation (12) is applicable to a nucleus with 
zero spin. Taking into account the hyperfine struc
ture leads to larger depolarization of the fl.- meson. 

The author would like to express his deep grati
tude to K. A. Ter-Martirosian for his continued in
terest in the work, and to A. I. Alikhanyan, M. L. 
Ter-Mikaelian and I. I. Gol'dman for discussion of 
the results. 
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