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A general formula is derived for the {3-y correlation of {3 -decay electrons and circularly 
polarized y rays emitted by the excited daughter nucleus. First-forbidden {3 transitions 
are considered. The calculation is performed for an arbitrary mixture of {3 couplings, 
with the nuclear Coulomb field, in particular the so called "Coulomb terms," taken into 
account. Two special cases are considered, unique and Coulomb transitions. 

ONE of the experimental consequences of parity trary y transition -pure electric, or pure mag-
nonconservation in weak interactions1 is the appear- netic, or mixed. In the case of a pure transition 
ance of spatial asymmetries in the angular distribu- 'YR does not depend on the transition type and is 
tions of {3 -decay electrons and circularly polarized given by 
y rays emitted by the excited daughter nucleus. A 
theoretical calculation of the degree of asymmetry 
for first-forbidden {3 transitions was given by 
Alder, Stech, and Winther. 2 Assuming the {3 in­
teraction to be a mixture of the s, t, and p co­
variants, they calculated the angular distribution 
of {3 electrons and of y rays emitted immediately 
following the {3 decay. They included effects due 
to the nuclear Coulomb field but neglected the 
terms which, in heavy nuclei, give rise to so called 
"Coulomb" transitions. 

The aim of the present work is to study the {3-y 

angular correlation of circularly polarized y rays 
in first-forbidden {3 transitions, in particular in 
Coulomb transitions, for an arbitrary mixture of 
covariants and including Coulomb effects. 

The probability that in a y transition following 
{3 decay the y ray is emitted at an angle 8 with 
respect to the direction of the electron momentum 
is given by 

W (f!) = ~ ~R&RP R (cos 0) (2R + 1), 
R 

(1) 

where f3R is a coefficient which depends on the 
characteristics of the {3 -decay (interaction coup­
ling constants, nuclear matrix elements, electron 
and neutrino energy and momentum, nuclear charge ) , 
and 'YR is a coefficient that depends on the charac­
teristics of the y transition (spin of the final nu­
cleus, multipole order). The quantity R, which 
determines the order of the Legendre polynomial 
PR (cos 8 ) , is related to the order of forbiddeness 
l by 0 ::::; R ::::; 2Z + 1, and varies between 0 and 3 
in the case of first forbidden {3 transitions. 

The quantity 'YR can be calculated for an arbi-
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(2) 

where h is the spin of the excited nucleus formed 
after {3 -decay, h is the spin of the final state to 
which the y -transition proceeds, and L is the 
multipole order of the y -radiation; JJ. = ± 1 cor­
responds to right- and left-circular polarization 
of the y ray. ct:::~Ro is a Clebsch-Gordan coef-

ficient3 and W ( hj3RL; Lh) is a Racah coefficient 
tabulated in reference 4. 

Occasionally the nuclear y radiation is a mix­
ture of electric radiation of multipole order L + 1 
and magnetic radiation of multipole order L. We 
denote the ratio of the amplitudes of electric and 
magnetic radiations in the mixture by a constant ~. 
so that the ratio of the corresponding intensities is 
~2 • For such a radiation 

(3) 

w ( e ) is also given by formula (1) if angular 
correlation of a {3 electron with any y ray from 
a cascade accompanying the {3 decay is considered. 
In that case 'YR will depend on the characteristics 
of that y transition as well as on those of the y 
transitions preceding it. Thus, if an excited nucleus 
of spin h is formed following {3 decay, which 
emits successive y rays of multipole order Lto 
L2 ••• Ln as it cascades through the levels of spin 
h ... jn+2, the angular correlation function W ( 8) 
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of the electron and n-th y ray will contain for a 
pure radiation 

"(R = cz~=~~R0 V(2jn+l + 1) (2Ln + 1) w Un+dnt2RLn; Lnjn+1> 

n-1 

X II V(2j;+1 + 1)(2hH+ I) w (j;+1L;Rji+2; j;+2h+1), (4) 
i=l 

and for a mixed radiation 

n-1 

x II rV<2h+1 + 1)(2j;H+ 1) w u,+~L;RhH; j;+2h+1> 
i=1 .(5) 

+ M V(2h+1 + 1)(2j;H + I) w (h+1Li + 1Rj;+2; h+2ji+I)], 

where ~1> ~2 ••• ~n describe the relative amount 
of electric and magnetic radiations in the y tran­
sitions L1o L2 ••• , Ln, and JJ.n gives the circular 
polarization of the n-th y ray. 

The quantity f3R is calculated in this work for 
first forbidden {3 transitions without taking into 
account finite nuclear size corrections. It has the 
following form: 

~R = ~ f (J, J', R) V2j2 + 1 w (JhRj2; j2J'). (6) 
J]' 

Here h and h are the spins of the nucleus be­
fore and after the f3 transition, and J and J' rep­
resent the total angular momentum of the electron­
neutrino pair and may be equal to l, l ± 1 where l 
is the order of forbiddenness. W ( JhRh; hJ') is a 
Racah coefficient. 4 f ( J, J', R) is a complicated 
expression which depends only on the interaction 
coupling constants and nuclear matrix elements. 
The form of f ( J, J', R) for a general first for­
bidden transition is given in the Appendix. Some 
special cases, easy to interpret, are discussed 
below. The calculations were performed with the 
f3 -interaction Hamiltonian as given by Lee and 
Yang. 1 

The electron wavefunction can be written as 
follows: 5 

IJie=[A·I +Bi4+Cip•r·l +Dip•fi4 

+iN-.!:_"(+ iM -.!:_M·]u~, A= 1/2(11 +I)+ ia2Z E; r r p 

C = C Y• t 2 + i ~~ H; N = Yl;; 1 ; B = - i ~~ ; 

r (y, + iaZE i p) . ( 7) 
r (Yl + iaZE I p) ' . 

where p is the electron momentum, E its total 
energy, Z is the charge of nucleus 1, y4, 'Y are 
four-by-four matrices, and u~ is the unit two­
component spinor. 

It is easy to see that this form of 1/Je will give 
rise to three types of terms in first forbidden {3 

transitions: relativistic terms, whose matrix ele­
ments are of order vn lc (vn is the nucleon veloc­
ity in the nucleus), ordinary nonrelativistic terms 
of order pRN ( RN is the average nuclear radius), 
and Coulomb terms of order a Z due to the nuclear 
Coulomb field. In heavy nuclei the Coulomb terms 
are dominant and all others may be neglected. Beta 
transitions of this type are called Coulomb transi­
tions and they are in many respects similar to or­
dinary allowed transitions. However there is one 
important difference. Whereas in allowed {3 tran­
sitions terms testing time reversal invariance ap­
pear as small corrections, in the case of Coulomb 
transitions they can play a leading role. This cir­
cumstance makes a study of these terms particu­
larly interesting. 

Whereas the quantity YR can always be calcu­
lated from the formulas (2) to (5) if the spins of the 
excited states of the final nucleus and the multipole 
order of the y rays are known, the computation of 
f3R is complicated by nuclear matrix elements 
which can be estimated only with great difficulties. 
This naturally leads to a consideration of various 
special cases of the general formula where the 
number of unknown nuclear matrix elements is at 
a minimum. 

1. COULOMB TRANSITIONS 

This type of transitions is found in heavy nuclei 
when the conditions aZ » pRN and aZ » vn lc 
are satisfied. In this case f3R depends on three 
kinds of nuclear matrix elements whose numerical 
value is unknown: <rlr> 1, <<rlr)a> 0, 

<<rlr)a> 1• All three enter into ~j = 0 transi­
tions, only < r I r > 1 and < ( r I r ) a> 1 enter into 
~j = ± 1 transitions so that the asymmetry coeffi­
cient depends on two ratios of nuclear matrix ele­
ments in the former case and on one ratio in the 
latter. ~j = ± 2 transitions are forbidden. The 
quantity f3R is given by 

( 1 . 
+ 2Regta (3 I ((r I r) cr)o [2 + 2[ <(r I r) cr)I[2)] X21- F: + x22) 

- [(gss + gvv) [ (r I r)l [2 - 2 V2Re (g51 + gva) (r / r)l <'(r J r) "il 

(8) 

+ (gtt + gaaH31 <(r I r) cr)o [2 + 21 <(r I r) a )I [21 ( X21 + ~ X22). 
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-2 Re (g~1 - g~a) <r I r)1 <(r I r) o)1, ('31,0 011 + 2 ~ 3 o1'1 o1J 
+ 2 Re (g;,- g~a)<(r I r) cr) 1 ((r I r) cr)1, 2 ~if o11 o1'1J 

+ ~: ( 1 - It) [ 2 Im g~s (r I r) 1 <r I r) 1' ~6 o 11 o 1'1 

-2 Im (g~t- g~a) <r I r)1 !(r I r) a)]'(o1'o 011 + 2 ~3 011 o]'J 
+ 2 Img~1 <(r I r) a)1<(r I r) cr)1, 2 ~ 6 olt o1'1]} 

Since R can only be either 0 or 1 it is convenient 
to write formula (1) as 

w (6) = 1 +"..!:'_cos 0, c (9) 

where v is the electron velocity and the angular 
asymmetry coefficient A. is given in terms of J3R 
and 'YR by 

)..-!j__~tYt 
- P ~oYo • (10) 

Coulomb transitions are of interest mainly in 
connection with the question of time reversal in­
variance. Should even one combination of the imag­
inary parts of the interaction coupling constants 
turn out to be different from zero, violation of time­
reversal invariance would be proven. It is easy to 
see that the expressions multiplying the imaginary 
and the real part~ of the coupling constants behave 
differently, namely the former contain an additional 
factor aZ/p which increases with decreasing elec­
tron energy and increasing nuclear charge. Conse­
quently a study of the energy dependence of the 
asymmetry coefficient A. in heavy nuclei would give 
an estimate of the contribution of time reversal non­
invariant terms in j3 decay. 

Recently a number of hypotheses have been put 
forward regarding the covariants involved in j3 
decay. One of them, proposed by Feynman and Gell­
Mann6 and consistent with the two-component neu­
trino theory developed by Landau 7 and Lee and 
Yang,8 states that 

Cs = C~ = Ct = c; = 0; C~. = Cv; C~ =Ca. (11) 

In that case formula (8) become.s 

~o = - [2 i Cv [2 
J <r lr)tl2 - 4 V2ReC;Ca!r lr)1 <(r lr) cr)1 + 2J Ca 12 (3i <(r I r) o)0 j2 + 21 ((r / r) cr)1j2)] (X21 + ~-X22). 

( 1)2 2Z2 [ V6 2 y-- (12) 
i3t =- f ~ y,-- 4 +a 2 i Cul 2 (r I r)/r lr>l' 3011 01'1- 4ReCvC:<r lr)1!(r /r) cr)]' (ol'o/)11 + ~ 011 ol'l) 

11' 

+ 21 Ca j2 <(r I r) cr)1 <(r I r) cr)l' 2 ~6 o~1 ol't] V2h + 1 W (Jh1fz; fzJ'). 

Formula (12) permits the study of ratios of nu­
clear matrix elements and can be used to determine 
unknown spins of nuclear levels. 

Examples of Coulomb j3 transitions are: Re186 , 
Ir194, Au196, An198, Bi212, Np238. 

2. UNIQUE TRANSITIONS ~j = ± 2 

In this case, as a consequence of selection rules 
for the nuclear matrix elements, most of the terms 
in expression (16) are to be omitted. i3R becomes 
independent of the nuclear matrix elements and is 
given by 

Po= 2 Regat [qz( X~-~ + X2) -~ f( X1a {- -i X14)] 

+ (g11 + gaa) [qz( X1 -+- ~ x2) + ~-(x13 + ~ X1~)J; 

~ V7o 2 [ 2 R . (x 1 , x ) , 2 = - 90 P e gut 13 y T 14 

+ (g11 + gaa) ( xl3+ -} xl4)] V2i2 + 1 w (2h 2iz; iz2); 

B l'rop3
[(' ')X 

; 3 = 35 ·p: gil- gaa 15 

(13) 

The Xi are given in the Appendix, formulas (17). 
As in the case of Coulomb j3 transitions the 

terms violating time reversal invariance have an 
additional factor aZ/p. If time-reversal invari­
ance holds and the hypothesis (11) is valid the quan­
tities J3R may be calculated exactly since they are 
then independent of the interaction coupling con­
stants. Omitting factors common to all i3R and 
irrelevant for w ( e ) we obtain from (13) 

( 1 ) 2( 1 ) ~o = q2 X1 + E X2 + j X1a + y Xl4 ; 

~1 = v;o + ( q2 Xs _L ~· xl5) V2iz + 1 w (2h 1j2; iz2); 

f.! vm 2 rx 1 x \ V2--,---+ 1 w (2 · 2 · · · 2)· 
t-'2 = ·- 90 P \ 13 + y 11/ }z h b }2 , 

B - v 2 V70 X V-2. 1 W (2. 3. · . 2) , s- - c P 35 15 Jz + }1 l2• l2 · (14) 
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K(A,B, R) 

[<gaa + gppl (x1 ++X,) -2Re gap(xt + + x.)] 38Ro 

. . • . p 
[2Re (gav- gptl X8 +21m (gat- gpv) X,]-y 38R1 

[<gvv + gtt) ( Xt + -~- x.)- 2Re gvt(xl ~ + x.)] 3 V3"8Ro + [(g~v- g~) Xs- 21m g;,x.] {- V68R! 

p2q ( ¥3 V30 ) 
+ (2Re (g,,- gvvlX1 +21m (gvs- g,v) Xs] E - 38Ro+f58R2 

• • ' ' p8 1 ' ' ' ' pq2 1 
[2Re (g,1- gval X15 + 21m (gvt- g8al X to] y 3 8 Rl + [2Re (g,1- gval Xs +21m (gvt- g,al X,] E 3 II Rl 

p2q ( ¥6 2 Y15 ) 
+ [2Re (g,t- gval X1 +21m (gvt- g,al Xs)£ ,-3-11Ro+---rg-8R2 

+[2Re(g~1+g:al ~x.}-+xs)+2Re(g:1+g~)(xs+_i--x.)]pq ~3 8R 

' • • ' P ( V5 2 y5 VW ) 2 )X 21 ( ) X ] [2Re (g,1 - gval X a+ 21m (gvt -- g8a)X,] E \ q2 3 8 Rl + P2 ~ 8 Rl- P2 35 8 R3 +[ Re(g,t-gva 1+ m gvt-gsa · 8 

p'q ¥5 [ ' . ( _1_ ) . ' ' ( _1_ )] ¥5 X E - 5- 8R2 + 2Re (gvt + g,al \Xs E + Xo + 2Re (g,1 + g0 a) Xs + E Xe pq 3 IIRI 

<ra)0 (ra) 0 [2Regat(Xt -~ + x,) + (gtt +gaal (x1 +- ~ x,)] q'8Ro + [2Regat(xiS ~ + X14J + (gtt + gaal (xta + + x14)] ~2 IIRo 

2 

+ [2Re (gaa- g11) X 1 +21m (g1a- gat) Xs) PE q 8 Ro 

(ra), <ra)• 

<r I r)t (r)t 
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K (A, B, R.) 

(rlr> 1 (ra) 1 [2Re (gav-g1,) ( x.f +X1 0) +2Re(gtv-ga,) ( Xo + f X,o)l p Ji(filRn 

• • • • p• 2 v:r , 
+ [2Re (g1v + g05 ) Xu+ 2Re (g15 + gav)Xn] E - 3- oR.! 

p" ( V6, VT5 ) 
+[2Re (gut+ g,a) X,.+ 2Re (g,t + gval X,o] £ -3- oRO+ J5i)R.2 

((rlr)a)0(r), 

-
((rlr)a)0(ra)0 

[ ( 1 \] 2 
2Re (gaa- gtt) X1o + 2Re (g1a- g01) .x. + E X1o) p31iR.n- [4Re g10X1o + 2Re (g11 + gaal X"0]·~ ilR.n 

((r/r)a)0(ra), [4Reg~1Xu + 2 (g;t + g~0) X12] i V21iR. 1 

((rlr)a)0 (ra)z 
_ . p2 V10 

[4Reg10X19 + 2Re (g11 + g00) Xz0 ] E 5ilR.2 

((rlr)a) 1(r)1 [ 2Re (g51 --· g,,0 l( X9 f + X,0 )+ 2Re (gv1 - g,0(\o + fx,o)}v GoR.n 

, , , , p• 2 V3 
- [2Re (g,,1 + g50 ) Xn + 2Re (g51 + g,,0 ) Xu] E - 3-llR.l 

, _r_(V6 2ffi \ 
+ [2Re (gtv + gasl x,. + 2Re (gts + gavl X2ol E 3 8R.o -- 15 1lR.2; 

- [4Rcg;0Xu + 2 (g~+ g~0)X!2] ~ V21lR.1 + [2Re(g;t- g~0) X,s- 21mg:t (xl7 + i- X,s)] p ~2 1lR.1 

((rlr)a) 1(ra) 1 

((r I r) a), (ra)z 
p2 VIO [ . , . ( 1 )] VIO 

- [4Reg10XJo + 2Re(gtt+ gaal X20]-£ 51lR.2 + 2Re(gtt-gaal X1s- 21m gal X,.+ '[[Xls P3 i>R.l 

(r I r), (r I r), [ :!R,,g,,, (x"' } + x,.)- (g,, + gvvl (x., + ~ x •• )] V3'i>R.o + [(g~,- g:.vl x,3 +21m g;.,).-24]··~ ~6 llRl 

(r(r), ((rjr) a)0 
' ' ' ' . p 

[2Re (g,.a- g,1) X 23 +21m (g5a- gvtl Xz4] T llR.l 

(rlr)1 ((r j r) a)1 -- [2Re (gvt +gsa) (x., ~+ X22)-2Re(g,1+g,.0 )( x.,+fx.,)]V61iR.o 

, , • , . p 2V3 
+ [2Re (g<'O- g,tl x.3 +21m (g,a -- g,,tl X,.j - E -3- 1i R.l 

((rlr) a) 0((r/r) a)0 [ 2Rcg10 ( X21 {- + X22) -- (g1i + gaal (x,, -:- ~ x.,)] 38 R.n 

((r lr)a) 1 ((r /r)a)l [ ( 1 ) r 1 )] V- , , , p 2 V6 
2Reg10 X21 E + X22 ·- (g11 + g,0 )\Xn +E-X,, 2 31iRo + [(git---g00 )X23 + 2ImgatX24]·£-3- liRi 

(15) 

Comparison of these exact results with experi­
ment makes it possible to check the validity of time 
reversal in variance for {3 decay. For unique {3 

transitions the experiments could be performed 
with the Y91 nucleus, for which h = 1,':! and h = 
%. 9 Formulas (14) then give 

r. VT 2VX 
~3 = - ·35 P ·-c lo• 
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To summarize: the study of {3-y angular corre­
lation of circularly polarized y -rays in first for­
bidden {3 -transitions is of interest in two cases: 
Coulomb transitions in heavy nuclei and unique 
transitions. Apparently only in these cases is a 
simple interpretation of the results possible. 

The author expresses his gratitude to Prof. I. S. 
Shapiro, who suggested this research, for valuable 
advice and constant attention. 

APPENDIX 

For a general first forbidden {3 transition the 
quantity f ( J, J', R) [ cf. formula (6)] has the form 

f(J, J', R) = ~<A>,<B>rK(A, B, R), 
A,B 

(16) 

where <A>J and <B>J' denote arbitrary nu­
clear reduced matrix elements. Thus f ( J, J', R) 

is the sum of all possible products of pairs of such 
elements weighted by the factor K (A, B, R) which 
depends on their specific form. The table lists all 
nonzero values of K (A, B, R) for different pairs 
of matrix elements <A> J and < B > J'. In the 
calculations <A>J and <B>J' were assumed 
to be real. 

The table contains a number of abbreviations. 
The quantities gyz and gY-z stand for the follow­
ing combinations of coupling constants: 

Here Cy, Cy are the coupling constants for the 
cova:riant y (y corresponds to s, t, p, etc.), 
where the primed ones take into account parity non­
conservation in {3 decay. 

The quantities Xi have the following values: 

"* 1 [ a: 2Z 2 (£2 + 1) . a:ZE ] 1 • [a:•zz . a:z , J Xs=-. 8 (T1+1)('12+2)+ P2 +t p-(T2-T1+1); Xs=-g-C yE+t p-(T2-T1-r-1); 

1 a:Z . a: 2Z2 a:Z 
X7 = Bp C* [p ('II+ 1) (T2 + 2) + rJ..2Z2p + irxZE ('!'2- i1 + 1)]; Xs = Bp (12 + i1 + 3) C*; Xv = t2j]; Xw = 2 i1; 

a:ZE X a:Z £2 1 a:Z Xu= zp2 (1- 'II); · 12 = 4:0d + )('\'1- l)- 4 (T1 + 1); 

X - I r- 12 (Y2 + 2)2 + a;zzz . 
15- '-I 16 , 

X _I C 12 [< + 2)2 + 2z2P+1]· 
13 - 16 i2 (], "--,:i'l ' 

X _ .,.. (y2 + 2)(YI- 1)- a:2Z 2 . 
17- l'o 8p ' 

(Yl- 1)2 £2 + 1 a:2Z2 

x21 = -4- fi2 +-4-; 
X - (Yl-1)2£. X - (Yl-1)2 + a;2Z2. a:Z 

22 - zp• , 23- 4 , X24 = 2P (1- 11l· (17) 

The general expression for f ( J, J', R) con­
tains a number of reduced matrix elements satis­
fying definite selection rules in the total angular 
momentum J ( J') of the electron-neutrino pair 
and in parity. Our notation for the reduced matrix 
elements differs from the generally accepted one, 

but it simplifies the final results. We give these 
matrix elements below in the notation of Rose and 
Osborn10 together with the appropriate selection 
rules. Nuclear matrix elements differing by the 
operator {3 = y 4 were assumed to be the same. 

(r),=(j2[[YI(r)llh); J=l, ljz-hi-<,J<,j2+h, yes; 

<:ra>,~~U211T,1 (r,a)l!j1); O<,J<,2, 1i2-hi<J<,j2+j1, yes; <is>,=·~ (j211Yo(r)a·plli1); J=O, i2=h, yes; 

(rx)1 =- ·~ U2IIT10 (r, Pn)ljj1); J = l, I i2- hI<, J-< i2 + i1, yes; 

(r/r)1 =(i2\\+YJ(r)\\i1); J= 1, !i2-h\<,J<,j2+h, yes; 

Note added in proof (August 28, 1958). Recently 
M. Morita and S. Morita published an article ( Phys. 
Rev. 109, 2048 (1958)) containing formulas for {3-y 

correlation of circularly polarized y -rays for ar-

(18) 

bitrary mixtures of covariants but without interfer­
ence terms between the s, t, p and v, a covari­
ants. The case aZ » 1 is considered, but the con­
cept of Coulomb {3 -transitions is not introduced. 
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