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The dispersion, double refraction, and single-phonon absorption of light due to lattice vibra­
tions are investigated in the infrared region. The parameters of the theory are determined 
and the numerical calculation of the effects mentioned above is performed. 

IT is customarily assumed that the lattice vibra­
tions of a homopolar crystal do not affect its optical 
properties in the harmonic approximation, since its 
atoms are electrically neutral. In reference 1 
(which henceforth will be referred to as II) it is 
shown, however, that this is true only in the zero 
approximation with respect to d/A ( d is the lattice 
constant and A the wavelength). A finite A already 
leads to a coupling between the dipole moments of 
the atoms, which arise upon the passage of a light 
wave, and the displacements of the atoms and thus 
causes the lattice vibrations to affect the optical 
properties of the crystal. In particular, vibrations 
of a homopolar lattice cause dispersion and single­
phonon absorption of light, effects hitherto not in­
vestigated ( Lax and Burstein2 have investigated 
qualitatively two-phonon absorption). In this paper 
we present a quantitative theory of the above phe-
nomenon. 

1. DISPERSION AND BIREFRINGENCE AWAY 
FROM THE SINGULARITY 

The dependence of the index of refraction of the 
light wave on the frequency and on the direction of 
propagation away from the singularity (point of 
intersection of the light and optical branches of 
the zeroth approximation in d/A; the coordinates 
of the singular point are nlim• the limiting fre­
quency of the optical vibrations, and n0, the index 
of refraction of the extreme long waves; for more 
details see II) is determined by (26 .II), from which 
we get 

flj =flo+ p.2.Q2 {gl + [Q / (.Q~lm- :Q2)- g2J r i (s)}, 

g1 = q reF>+ e~1 > + (eia) + c~3)); 21, (1) 

g2 = q (ei3l + e~a>_ 2S2/A )/ 2. 
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Here nj is the index of refraction of the polariza­
tion wave, j = 1, 2; n is the dimensionless fre­
quency; 11. ~ 10-5 is a small parameter in which 
an expansion equivalent to the expansion in d/A is 
made; s is the unit wave vector; numerical values 
of S and e ~k) and expressions for q and Q are 

1 
given in II; A is one of the parameters of the the-
ory. It will be shown below that the light oscilla­
tions corresponding to various polarizations are 
mutually orthogonal. (This is difficult to see di­
rectly from Eqs. (25, 23a.II) which determine the 
directions of the oscillations, since the above sys­
tem of equations is not self-adjoint). 

Formulas (1) are valid if I n- nlim I » 11.. If, 
however, n is still not too far from num. we 
obtain from (1) approximately 

i.e., the usual dispersion formula away from the 
natural frequency. The value of nj depends on 
the number of the polarization, so that birefrin­
gence takes place. The directions of the optical 
axes are determined from 

and are directions of the [ 1 0 0] and [ 111] type, 
i.e., the edges and diagonals of a cubic lattice. Thus, 
a crystal of the diamond type has seven axes; opti­
cal isotropy takes place only in the zeroth appro xi­
mation in d/A, to which the customary analysis 
is confined. For both polarizations, nj depends 
on s so that both rays are extraordinary. 

2. QUASI-NORMAL COORDINATES 

It was shown in II that in the 11. -vicinity of the 
singular point the normal oscillations connected 
with the propagation of the light wave are of mixed 
character: even in the zeroth approximation, neither 
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the dipole moments of the cells nor the displace­
ments of the atoms are zero. These oscillations 
therefore do not contain purely light oscillations, 
which have no displacements in the zeroth approx­
imation, and their corresponding normal coordi­
nates are not suitable for a direct description of 
the light waves. The latter are described by the 
so-called quasi-normal coordinates, 3 which, for 
the case considered here, are introduced in the 
following manner. The general solution of the 
equations of motion (l.II) is 

u~ = 2] q" (K, t) u~ (K) exp (iK• r:), 
ctK 

cd{ 

where u~ and P~ are respectively the displace­
ment and the dipole moment due to deformation of 
the electron shell of the s-th atom of the l-th ele­
mentary cell, a is the number of the branch of 
the spectrum of normal oscillations, K is the 
wave vector, Us (K) and Ps (K) are the ampli­
tudes, q a ( K, t) are the normal coordinates and 
r~ are the coordinates of the lattice sites. The 
following orthogonality condition holds4 

!"~ = l]m,u~ (K)·u~ (- K) + (4rtj!J.) K 2c2 [(P"(K), P13 (- K)) 

- (P" (K),S) (P13 (- K), s)] 

X {[n~ (K)- l][n$ (- K)- 1] w~ (K) w~ (- KW1 = 0, 

(J. =I=~. (2) 

P" (K) = 2] P~ (K), 

which is a generalization of the orthogbnality rela­
tion 

L} m,u~ (K)·u~ (- K) = 0, (J. =I=~. 

which applies if the theory does not take into ac­
count the retardation of the electromagnetic inter­
action;5 ms is the mass of the atom, w the fre­
quency, 1::. the volume of the elementary cell, and 
c the velocity of light in vacuo. Considering that, 
according to (23, 23a.II), Us = 0 and ( pa • s) = 0 
in the zeroth approximation for light oscillations, 
we obtain from (2) the above-mentioned orthogonal­
ity of P for light waves of different polarizations. 

If we impose the normalization condition 

(3) 

on the amplitudes, where N is the number of ·cells 
in the principal region, the energy of the crystal 
becomes4 

E = 2J' [it(K)q ., (K) + u)! (K) q(1. (K) q'' (K)J; 
~K 

The prime indicates that the summation is in the 
half-space K. We introduce new generalized co­
ordinates Qa ( K, t): 

q" (K, t) = lJc, 13 (K) Q0 (K, t). 
,8 

To these correspond new amplitudes 

~. ,, {3 
u, (K) = "'-l Cfh (K) u, (K), 

{3 

~. ,, {3 (4 P, (K) = ..::..JC/h (K) P, (K). ) 
{3 

If we subject the coefficients Ca(3 to the normali­
zation and orthogonality conditions 

(5) 

which indicate the equivalence of normalization of 
the old and new amplitudes and the orthogonality of 
the transformation of the kinetic energy, the energy 
in Q coordinates becomes 

-+- ;;;; (K) Q' (K) Q'" (K)J, 
(6) 

E' = L}L} C~y (K) C[h (K) (J)~ (K) Q'y(K) Q" (K) 

+ com pl. conj ., 

where 
~2 ~ 2 
w. (K) = LJ I C[h (K) [2 (t)f3 (K). (7) 

{3 

The coefficients ca(3 must be so chosen that 
the two Q coordinates described purely light-like 
oscillations. According to (23.II), there are no dis­
placements of atoms in such oscillations, so that 

~o, ~ o o~ O 
Us = LJCf3,Us = , 

fl 

(8) 

where a = 1, 2 corresponds to the light oscilla­
tions. When formulating expressions (4) for light 
oscillations in the vicinity of the singular point in 
the zeroth approximation, one must use only the 
mixed oscillations, since in all others the dipole 
moment of the cell is zero. The orthogonality of 
the mixed oscillations of different polarizations 
can be derived from (2) and (29a, 30, 30a.II). There­
fore different polarizations can be considered inde­
pendently. We denote the coefficient c in terms 
of c~(3• where a = 1, 2, pertains to the two old 
(mixed) branches of the polarization j and (3 = 
1, 2 pertains to the two new ones. Let q1j de­
scribe the light oscillations. Then, changing to 
dimensionless amplitudes (see II) and inserting 
(3.II) into (8), we get 
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where w = PIed ( e is the absolute value of the 
electron charge ) , Q~ is the correction of first 
order to the square of frequency ( Q 2 = gfim + 
J.LQ~ + ... ) . It follows from (29a, 30, 30a.II) that 
w02j is parallel to w01 j. Pll.tting 

W02/ = Diwmf, (10) 

we find from (3), in the zero approximation 

I D1 /2 = [XPi (s) I (p11) 2 + !]I[XPi (s) I (p21) 2 + I j, 
pi (s) =I wmit s 12 I JwOiiJ2, (11) 

X= mQ~ t.(u~im (n~- 1)2 j2TCK~c2e2 • 

Here wum and K0 are the frequency and modulus 
of the wave vector of the singular point, and m is 
the mass of the atom. The expression for Q1 is 
given in II. We obtain from (9), (10) and (5) 

c~i = - p11D1 I bi, c~{ = p2i I b1, 

bi = [(p2i)2 + I Di 12 (pl/)2]'1•. 

Using (12), we get from (5) 

(12) 

(13) 

According to II, we have in the J.L -vicinity of the 
singular point 

w2 =w~1m+IJ.r2p, r2 =e2lmd3 • (14) 

From (6), (14), and (5) it is seen that in the first 
approximation E' contains only c~,B· Taking this 
into account and inserting (12), (13), and (14) into 
(6) we get 

E' = !J.r2 ~ {Dipiip2i (p21 _ Pli)l(bi)2} Q•2iQ1i + compl. conj. 
jK 

3. DISPERSION AND BIREFRINGENCE IN THE 
VICINITY OF THE SINGULAR POINT 

Inserting (12) and (14) into (7) we find in the first 
approximation the squares of the frequencies of the 
light branches: 

;:;;;1 = w;1m+ 11.r2 [(p2i)a + (pii)3j Di 12JI(bi)2. (15) 

For the mixed branches we obtain from (30, 30all) 

pni = hx1 +(-It [x~x~ + 2n~ri (s) rJ'f'} n~2 , n = 1, 2, 

x = KdJ2iJ., x0 = K 0dl2fL, 

x1 = (x -- x0)/!J., r = - Q1R1 > 0, (16) 
an expression for R1 is given in II; (Eqs. (15), 
(16), and (27 .II) give for the index of refraction 

11J= 110 + fL [XP· (s)- 2ri (s) rn-0 2] xJ/20 11 [xp.(s) 
. I m I (17) 

+ 2ri (s) rn~2 + 2x~x~n~4]. 
This expression describes the dispersion and the 

birefringence in the J.L -vicinity of the singular point. 
The maximum departure of nj from n0 is 

(t.ni)max = iJ. [n~xPi (s)- 2rri (s)JI4V2n~1mfn~xP1 (s) + 2rri (s)j'!o. 

It follows from (30, 30a.II) that 

w~i ~ Sx [r1 (s) + 1 - 2s~ j [ri (s) + 1- 2s;J; 

on this basis, Eq. (17) leads to the foregoing seven 
optical axes. For the principal directions s (the 
directions of the diagonals of the faces of the lattice 
cube, II) r 1 ( s) and p1 ( s) vanish and consequently 
n1 = n0• Here w01 and s are in the plane of the 
same face. 

4. ABSORPTION OF LIGHT 

The energy of the crystal (6) corresponds to the 
Lagrangian 

L = ~' [Q" (K) Q•" (K)- ,-;;~ (K) Q"(K)Q *" (K)l- E'; 
ctK 

from which we find the generalized momenta 

P" (K) =aLiiJCt (K) = Q•" (K), 

p*" (K) = aLia{/" (K) = Q" (K) 

and the Hamiltonian 

H = ~' [P"' (K) p*" (K) + ;:;;! (K) Q" (K) Q*" (K)l + E'. 

In the vicinity of the singular point we have for the 
oscillations connected with the propagation of light 

H = ]' ~ ~ [Pni (K) p*ni (K) +(;;~I (K) Qni (K) Q*ni (K)J 
K i-1,2 n~1,2 

+ {1J.r2 ~ ~ [D;p11P2i (p2i _ P1i)l(b')2J Q•2; (K) Q11 (K) 
K i-1,2 

+ com pl. conj.) . 

In view of the small interaction energy ( J.L "' 

(18) 

10 -s ) , the absorption of light can be considered 
by the usual method of the theory of quantum tran­
sitions. Light oscillations of the polarization j 
are described by the coordinates Q1j (K). We shall 
call the corresponding quasi-particles, which appear 
as a result of quantization of (18), photophonons. The 
particles corresponding to Q2j ( K) are ordinary 
phonons. The state of the unperturbed system (the 
perturbation is E') is characterized by the number 
of photons nj ( K) and the number of photophonons 
nl ( K). The prob.ability of transition per unit ti,me 
from the s~ate nJ ( K), n} ( K) into the state nl ( K) 

+ oKK', n} ( K) - oKK' is 

Pi (K') = (2Tt/n) I (ni (K) + llKK'• 

nj(K)- llKK' IE' I ni (K), nj (K)) i2 ll (E- £ 0), 

where E and Eo are the energies of the final and 
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Numerical values of certain quantities 
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E- E0 = t.wi (K')- nwj (K') = n~2i (K') -- n~1i (K'). 

The energy of light of polarization j, absorbed 
during the time dt, is 

dE1 = dt ~ nw~ (K) P1(K) = dtV(27t)-3 ~ t.wj (K) P1 (K) K 2dKdD., 
K 

where V is the volume of the principal region and 
dn is the solid-angle element in K space. Taking 
into account the readily-shown fact that the phonon 
and photophonon branches intersect at the point 
K1 = 0, changing from integration over K to inte­
gration over E -E0, and carrying out this integra­
tion, we get 

dEi = dtV (27t)-2n0aK~Iiwlim~ Uj (s) [n~ (ni + I )lx, ~odQ, 

Uj (s) = X.Pi (s) n~ + 2rri (s), a= p.3l'2/4dn0x0w!im· (19) 

The spectral density of the energy of light in the 
reciprocal wavelength scale (in vacuo), referred 
to unit solid angle, is 

(20) 

Comparing (19) and (20) we obtain for the energy 
absorbed per unit volume 

dE/= dta ~ ui(s) [(ni +I) J}]x,=odn. 

For light propagating in the direction 8, this yields 

dEj = dtau1 (s) {[ni (s) + 1] s1} , 
x1-o 

where Ej is the spectral density of the energy. 
From this we obtain approximately6 for the area 
of the absorption line 

sj (s) = auj (s) (n + 1 )/vi (s), (21) 

12 
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where Vj is the group velocity 

n= [exp(liw1~m/kT)- 1]-1• 

To find the width of the line it is necessary to 
take into account the anharmonicity of the displace­
ments of the atoms, since the interaction due to this 
anharmonicity greatly exceeds E'. This is indeed 
why one can assume nj = n (the absorption of light 
does not disturb noticeably the thermal equilibrium ) 
and disregard the transitions involving annihilation 
of phonons and creation of photophonons. 

According to (21), the area of the absorption line 
depends on the polarization and on the direction of 
propagation of the light wave. The dependence on 
8 is particularly pronounced for j = 1. From (19), 
(11), and (1) it follows that S1 ( 8) vanishes for the 
singular directions of 8. As indicated above, in 
this case w0 lies in the plane of the same face as 
8 itself. Such light waves do not experience single­
phonon absorption. 

5. PARAMETERS OF THE THEORY. NUMERICAL 
RESULTS 

The theory contains five parameters (see II)­
A, D, L, F, and C. A is determined uniquely 
from (23.11): 

A = 32.-r (n~ + 2)/3 (n~- 1 ). 

The values of D and L (also unique) are ob­
tained from (13, 16.11): 

D = 2 (d'je2 ) (en+ cd, L = 4 (d4je2 ) cu. 

Eq. (19.11) yields two values for F 

F =±[A (2L- D.i;m)l'1'/2. (22) 
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When the value of F is fixed, Eqs. (13, 16.!!) 
yield two values for C: 

C = (2DF ± {4D2F2 

- 2AL [D2 - 2Qiim(d4je2) (en- c44)]}'1')/2L, 

which lead, according to (22), to the four values 

(23) 

c-- = c++, c-+ = - c+- [the first sign of c is 
from (22), the second from (23) ]. The quantities 
that characterize the optical properties contain F 
and C only in the combination ( C - 4FS/ A )2 
(cf. II), and therefore the four different sets of 
parameters lead to two different variants. 

The table lists the experimental7 •8•2 (first seven 
lines of the table) and calculated values of the pa­
rameters and quantities that characterize the op­
tical properties, for F = IF I and C = c+-. In 
calculating the area of the absorption band, the 
group velocity is approximately replaced by the 
phase velocity, n is taken to be zero, and it is 
assumed that rj ( s) = Pj ( s) = 1. This latter 
simplification is used also in the estimate of 
( n2 - n1 )max• the maximum difference in the index 
of refraction. 

The value obtained for (n2-ndmax is "'10-4, 

so that an attempt can be made to observe experi­
mentally the birefringence in the region of the fre­
quency Wlim. An experimental investigation of 
absorption in the infrared region was made by 
Collins and Fan, 8 but their results give only the 
total absorption. An investigation of the depend­
ence of the absorption on the direction of propa­
gation and polarization of light would make it pos­
sible to separate the single-phonon absorption and 
to compare the theory with experiment. 

CONCLUSIONS 

1. The theory predicts the presence of dispersion 
and birefringence due to oscillations of the crystal 
atoms. Both effects are maximal near the limiting 
frequency of the experimental oscillations, where 
the difference in the indices of refraction for the 
two polarizations reaches 10-4• 

2. A diamond-like crystal has seven axes, while 
the directions of the optical axes are along the edges 
and diagonals of the cubic lattice. 

3. The theory leads to a single-phonon absorption 
of light with a frequency equal to the limiting fre­
quency of the optical oscillations, and predicts a 
substantial dependenc~ of the absorption on the 
direction of propagation and polarization of the light. 

4. It is desirable to verify experimentally the 
predictions of the theory; this verification would 
permit a comparison between experiment and the 
part of the theory that concerns the optical prop­
erties. 

The author thanks K. B. Tolpygo for an evalua­
tion of the results of this work. 
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