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A study is made of second-quantized elementary Bose excitations of a system of electrons
(excitons) interacting with polarization vibrations of a crystal. In the case of weak coupling
the interaction leads to a decrease of exciton energy and an increase of effective exciton
mass. These effects are estimated quantitatively.

IIIHE interaction between an exciton and lattice
oscillations has been considered in a number of
papers as a single-particle problem. Exciton
energy and the dependence of exciton-phonon in-
teraction on the internal state of the exciton have
been investigated for strong coupling by Pekar
and Dykman! using the methods of polaron theory
and by Moskalenko? using Bogoliubov’s? theory of
adiabatic perturbations. Ipatova* used the method
of Lee, Low, and Pines® for intermediate coupling
and Dykman® used the method of traces for weak
coupling. In reference 7 Moskalenko regarded the
interaction as a small perturbation. Haken® has
applied the Feynman variational method to the
exciton problem.

In the present paper excitons are regarded as
elementary excitations in a many-electron system
interacting with a lattice. The Hamiltonian of the
system is composed of three parts representing
electrons, phonons and their interaction:

HZHel'+ th-*:— Hint. (1)

We shall investigate the energy spectrum of weakly
excited state of the system assuming that each lat-
tice site holds a single electron, which may exist
in either the ground state (A =0) or an excited
state (A =1):

njo + np =1, np = agap, (2)

where f is the index of a lattice site and a+f)\ and
af) are electron creation and destruction opera-
tors. The condition for weak excitations is

np L fgo (3)
In distinction from a real model of ionic crys-
tals such as those of alkali halides we here disre-
gard the two kinds of sites as well as spin closure
of the electron states. The present scheme can
also be applied to a more real model® although
such a complication is not required for the inves-

tigation of excitons. Indeed, the excited state may
represent either an excitation at halide sides f
(Dexter’s excitonlo) or electron transfers to
neighboring alkali sites g (the usual exciton
model). In the latter case there are no valence
electrons in the ground state at sites g, which
therefore need not be considered explicitly. The
homopolar condition (2) will then apply to a pair
of neighboring f and g sites. We shall not con-
sider spin closure, which is important for the
analysis of singlet and triplet exciton states. We
also assume that all electron spins are parallel
and that excitations are not accompanied by spin
flips. The spin subscript will now be dropped.
The Hamiltonian of a many-electron system
subject to the homopolar condition (2) is given by

Hep =2 L (FAfN) aja,,

+ 2 F (fl)‘lfzx?_fl"‘llf‘l)‘:l) a}t;\‘a}‘:;\.af’)‘: afﬁ: (4)

+ —;2 F (fl)\lfz)‘2f2)\;f1)‘;) af,. a}';)\g afl ,‘ af’)\:,
where L and F are additive and binary matrix
elements, respectively, with summation over all
subscripts. This Hamiltonian is diagonalized by
neglecting all terms in which more than two oper-
ators have the subscript A =1 [weak excitation
condition (3)]. After introducing the operators

bf = afoafl, bf = af’lafo, which in approximation
(3) obey the commutation relations of Bose statis-
tics, making a linear substitution for operators
bf, bi‘" and passing to k -space:

by = N"% D be=%; bf = N~% Y bfent
B k

(N is the number of lattice sites in the fundamen-
tal crystal region) we obtain!!
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Her= D vibiby +%Zu/,bkb_k + % D ubitbty. (5)
3 3 Y

The energy of elementary excitation (excitons in
atomic semiconductors) is then given by v =
\/VE— uk2 , Wwhere vj and u) are certain combi-
nations of Coulomb and exchange integrals. We
have analyzed the energy spectrum of these excita-
tions!? for comparison with single-particle theories,
and have found that for a simple cubic lattice with
the constant a when k is small vk and uk are
given by

v = E;— Eo -+ d— (R— 1) — 61 Q| -+ 4%2%/2M,
up=—6/Q| +| Q| k. ©)

This expression contains the width E; — E; of
the forbidden crystal energy band, the Coulomb in-
teraction R and the exchange interaction I be-
tween an electron and a hole, the exciton transfer
integral Q, the effective exciton mass M and,
finally, the quantity d, which is proportional to
-one-half the sum of the valence and conduction
band widths:

~

R= & 9(.) (ry) 9; (ra) @ (ry e 1y) B (ry) By (ry) drydrs,

1 =6 () 0 ) @ (raers) 06 (1) 1 (r) drdry, ()

Q= S 9; (ry) 9; (ro — a) @ (riery) Oy (ry) 0, (ry — a) drdr,,
M = (mer+-mp) 1+ 2|Q|aa™

Here & (riry) is the interelectron interaction
energy and 6, are the single-particle basis func-
tions that are used for the transition to the second
quantized representation.

The phonon energy operator in terms of the Bose
creation and destruction operators ‘g’}' and £,, re-
spectively, of a phonon with frequency w, is given
by

Hph= 2, ol b (8)
Finally, the term in (1) which describes the elec-
tron-phonon interaction becomes after second quan-
tization

Hine= ) K (INM%) afhiape (8 + ELw),

AN %

(9
where

K (FMay) = 8 O7a (r) Al Opp () dr;

Ay = | x| (2nethwecy/ Q)™

Here € is the volume of the fundamental crystal
region, cy =1/n? — 1/e(wy), and n? and € are
the square of the refractive index and the dielectric
constant of the crystal. For a specific calculation

IN IONIC CRYSTALS 1073

this interaction is given the usual form of an inter-
action between electrons and longitudinal optical
lattice vibrations (in the approximation of a dielec-
tric continuum). We shall hereinafter be interested
only in the interaction between the lattice and an
assumed small number of excited electrons; we
shall therefore use the interaction law (9), which
is usually employed for the “excess” electrons in
the crystal. Any other form of interaction would
only change the coefficient K but would not affect
the scheme of the calculation. Introducing into (9)
the Bose operators bf and bf that were defined
above and making use of their Fourier components
and of (2), we obtain
Hige= 25 K (PN) afbape (B + E52)
b %3
= 2 (K (f0f0x) (ajsare + afiap)
fir (10)

FIK (F1f 1) — K (f0f0%)] afap + K (F1/0%) afaso
-+ K (fOf1x) afsan) (& + £
= kZIW (9) bifbhx + V NKoib_ + V NK1bF] (5 + E5).
where
W (x) = K (F1f1%) — K (fOfOx) = AxJo (%),
Koi = Ko = K (f0f1x) = AxJy (%),
Jo(9 = (e 03 (1) ]2 — 180 (1) ) .

7, () = (et (r) 6, () dr-

Thus, by means of (5), (8), and (10) the com-
plete Hamiltonian of the system can be put into the
form

(11)

H=H,+ H,, (12)

Ho= D osbtbs + 5 Duusbsb_s + 3 D usbidbrs + 3 horklt.
k k k ®
Hy= QW (%) bFbey (x + E5) + VN 2 Kio (x) bF (6 + £E2)
k% %

+ V'N DK () b (& + EEx).

We shall consider weak exciton-phonon coupling so
that H; is regarded as a perturbation. Before em-
ploying perturbation theory it is convenient to re-
normalize the exciton vacuum in H,, diagonalizing
H, in the Bose amplitudes by by means of a linear
transformation.!® Following this transformation the
Hamiltonian of the system becomes

H=Hy+Hy,  Ho= D0}t + Dhodite,
k ®
Hy= D\ (W’ (k, %) BHBrs (Ex + ETw
1 g[ ( )pkpk (E +E£ ) (13)
+ W (k‘ x) @;}' ﬁi_k+x (Eu + E_—l-x)

+ Koy (k, %) B (E« + £1x) 4 compl. conj ],
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where
v, = Vot —ul, (14)
W' (k) = W () (1 + ApApm)/I(1 — A (1 — A3)1™,
W (R, %) = W (x) Ap_/[(1 — A%) (1 — A% 1™,
Ko (ky ) = (Kyo () + Kor () A0/((1 — AZ) (1 — AR,
Ak = (Vdi — ué —_ vk)/uk.

In the first-order perturbation nonvanishing cor-
rections to eigenvalues of the energy are given
only by the first term in H; while the remaining
terms give only second-order corrections due to
virtual processes.

We now proceed to use perturbation theory in
the form of a canonical transformation to obtain
corrections of exciton energy resulting from the
exciton’s interaction with the phonon field. The
canonical transformation of the Hamiltonian (13)
is given by

FH =eSHeS = Hy+ H,

—+ [Ho+ Hy, S1+ /2 [EHoSI1S1 4+ - - -
The generating function S is taken in the form
S= 2wk, ) BEBade— D0 (k— 2, — x) BBkt
k, % k%
and the coefficients 7 (k, k) are obtained from

the condition H; + [HyS] = 0. The first-order
perturbation gives

H = Qv BeBe + X kot (15)
k *®
where
v, = 0, —Z; W’ (k, %) 2 (Vyy, — 0 + 1),
(16)
1 Zziw (&, %) |2 (v, - vk_u)
(U — V) — W]
Here wj is the renormahzed frequency of “free”
phonons. If the expressions given above contain
divergent denominators the canonical transforma-
tion method must be used in the form which Bogo-
liubov proposed in his papers on the theory of
superconductivity.

For the purpose of simplifying the succeeding
calculations we shall make the reasonable assump-
tion that the exciton transfer integral is consider-
ably smaller than the width of the energy gap in
the crystal:

biby.

W, = o, |
®

| Q| <€ E,—E,. (17)
Then from (14) and (6)
W (k, %)
~ 1o _91QF [, _(a | Lo )
’Y/(") 1_1“ U(E,— E)* [1 \6 +Z(Er—En)(mel+mh))

X (B + (b — z;z)j} ~ W ().
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By a series expansion of the denominators in the
coefficients vﬁ of Eq. (15) in terms of exciton mo-
menta, by integrating instead of summing over pho-
non momenta, and by using (6), (7), (9), and (11),
we obtain from (16) the following expressions for
the variation of the energy gap width and of the
effective exciton mass:

; eth | 1o (%) [? . C
ME = AE — 75 \ 5, T woomh)
. (18)
* o2k IJ” (%) lz (ku)* w.c,
M = M[l + m,k;S Py T

Thus the exciton-phonon interaction lowers the
energy level of the exciton and increases its effec-
tive mass. This result agrees qualitatively with
the results of Dykman® and Moskalenko’ for weak
exciton-phonon coupling. The shift of the exciton
energy level that results from interelectron and
electron-phonon interactions may be essential for
an examination of certain effects. For example,
the character of the field dependence of energy
shifts in electric and magnetic fields is changed;
specifically linear terms with respect to the field
a.ppear.14 For an electron interacting with the
phonon field we must set 6;(r) =0 in (11) and
pass to the wavelength limit. This gives the en-
ergy reduction ahw that is known from polaron
’cheory15 with the dimensionless coupling constant
a = e¥c (m/2wh?)Y2,

For numerical estimates it is necessary to
adopt a definite form of the second-quantization
basis functions 0) (r), compute Jy(k) from (11)
and calculate the integrals in (18). When expand-
ing the wave function of the system in second-
quantization basis functions we use an incomplete
set of functions, stopping after the first two terms
(A=0 and A =1); the selected functions 6,(r)
and 60y (r) must therefore represent as adequately
as possible the real electron states in the crystal.
We have performed a calculation for the Cu,O
crystal, where the coupling between excitons and
the lattice is apparently weak. We used the Zhilich
function'® 6,(r) = A exp{-1.03r/ag} and the
Slater function!” 6,(r) =B exp {-0.743r/ag }
with values of wy and c, for the wavelength
limit. The exciton energy level is reduced by
0.027 ev while its effective mass is increased by
0.4%. No quantitative accuracy can be claimed
because of the crude model used and the tentative
character.of the wave functions. However it should
be interesting to develop our many-electron method
further by using a specific model and also by con-
sidering the behavior of the system in an external
field.
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In conclusion we wish to thank S. V. Vonsovskii
for discussions of the results.
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