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Cerenkov radiation from electric and magnetic dipoles moving a continuous medium is con-
sidered; the radiation from dipoles moving in a channel or slit is also considered.

A particle bunch (packet) which is small com-
pared with the wave length in the medium produce
the same Cerenkov radiation as a point charge or
point multiple moment corresponding to the entire
bunch. Hence the Cerenkov radiation of magnetic
and electric dipoles is of interest even though the
dipole radiation for individual particles (neutron,
electron) is very weak. Moreover, the analyses
of the Cerenkov radiation from a magnetic moment
given in the literature!=% are contradictory. For
this reason we present a method of calculation
which is somewhat different from that used in ref-
erence 2 to 4.

Setting div A = 0 and expanding the vector po-
tential we obtain the relations (for simplicity it
is assumed that the magnetic permeability p = 1)
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Integrating Eq. (1), for example with the initial
conditions q3;(0) =P,;(0) =0 we find the energy
3. Introducing the density of states dZj(w) =
(2mc)™3 2w dw dQ2, isolating the resonance term
in 3¢, which increases in proportion to time, and

integrating over the polar angle 0, we obtain an
expression for the energy radiated per unit time:
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where n?(w)=¢€(w) cos 8 =c/vn(w), k;=k/k,
6 and ¢ are the polar and azimuthal angles in a
coordinate system in which the z axis is in the
direction of the velocity v. In Eq. (3) it is assumed
that the charge e =0: if e = 0, the radiation is
equal to the sum of Eq. (3) and the well-known ex-
pression for the Cerenkov radiation of a charge.
The integration over frequency in Eq. (3) is car-
ried out over the frequency region for which
c¢/vn(w) = 1. At first glance, it may seem that
in this calculation no account has been taken of
the dispersion in n. However, one is easily con-
vinced that this is not the case and that dispersion
has properly been introduced in Eq. (3).

If the magnetic moment (also the electric di-
pole) is in the direction of v, we obtain from
Eq. (3) the stdndard expression.“3 If there is
only a magnetic moment m, in the system in
which the particles (bunch) are at rest, the mo-
ments perpendicular to the velocity in Eq. (3) must
be taken as m =m; and p =vxm/c. In this case
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This expression coincides with that given by Frank

in reference 2; however, it differs from those given
in references 3 and 6. Thus, in reference 3 the fol-
lowing expression appears in place of Eq. (4)

2\ 2

H —_-”ZZS nled (l — ——vﬁ;ﬂ ) do. ()

The reason for the discrepancy lies in the fact that
in references 3 and 6 use was made of magnetic
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dipoles formed by magnetic poles. When € = 1,
such moving “true” magnetic dipoles are not the
same as moving current-moments.* More spe-
cifically, in place of the moment (vxm)/c we
have® the electric moment € (vxm)/c; this is
equivalent to taking account of the electrical po-
larization of the medium due to the dipole itself.*
It is curious that this case can be realized for
bunches; it is necessary (for the frequency being
considered) that €, the dielectric permittivity in
the bunch itself, be the same as €, that of the sur-
rounding medium (for example, a plasma in a
magnetic field).

Using a quantum-mechanical calculation, !’
starting from the Pauli equation or the Dirac equa-
tion (if we do not consider the radiation from the
charge) we obtain expressions such as Eq. (4) and
similar formulas for a moment parallel to v (cf.
reference 1). In this case, if the spin in the initial
state is parallel or anti-parallel to the velocity v,
an expression such as Eq. (4) is obtained only in
transitions in which there is spin flip since it is
only in this case that there are components of the
spin operator which are perpendicular to v. Con-
sequently, the Cerenkov radiation of the magnetic
moment of the electron or neutron has essentially
no quantum-mechanical attributes.

A characteristic feature of Eq. (4) is the fact
that the integrand does not vanish at threshold
(for cos 0 =c/nv=1):
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¥If we introduce magnetic poles with density p m(l‘) the
field equation have the form (we take p =0, j = 0 and B = pH).
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However, if there are electric charges and currents
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In other words, the equations for magnetic poles are obtained
from the charge equations by making the substitutions
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Thus, when p = 1 the magnetic moment due to a cutrent is com-
pletely equivalent to the “true” magnetic dipole only in vac-
uum, where €= 1,

V. L. GINZBURG and V. Ia.

EIDMAN
H :Uicig . (1_%2)2@

(We may note that Loskutov and Kukanov? have ob-
tained precisely the same expression from a quan-
tum-mechanical calculation). This result, however,
need not be considered paradoxical since the total
energy JC vanishes at threshold and then increases
smoothly. Actually, if dispersion is taken into ac-
count, as the velocity increases the radiation is ob-
served only at frequencies which correspond to the
maximum value of n(w). Furthermore, if recoil
is taken into account, as is automatically the case
in the quantum-mechanical calculation,1

fioo (/02 — 1)1 (n2 — 1) (6)

c
cos = 75 + ot ;

where m is the rest mass of the particle or bunch.
By virtue of Eq. (6), even if n = const the radiation
starts at one frequency as v increases; in the pres-
ent case this is the frequency w = 0. Thus, as v
increases there is a gradual expansion of the region
of integration and the value of (4) increases.

We may note that an expression such as Eq. (5)

can be obtained from a quantum-mechanical calcu-
lation. For this purpose, in the Dirac equation for
a charged particle we add an appropriate term,
proportional to vjykGijk; for a particle with non-
kinematic magnetic moment, we replace vyjykFik
by vivkHik (here Fijx ={H,iE}, Hjk ={H, iD}
D =€E, Gijk = Fijk — Hijk). There is no basis for
introducing these changes in the application to an
individual particle; when the quantum-mechanical
calculation is applied to bunches, however, there
is no objection.

In conclusion we consider the Cerenkov radia-
tion due to the motion of dipole moments in voids
— channels or slits (for simplicity we assume

=1 and p =1 in the void). In the case of a
charged particle it is well known!®!! that as the
radius of the channel or the width of the slit ap-
proaches zero the Cerenkov radiation becomes
the same as that characteristic' of motion in a
continuous medium (when cos 6 ~ 1 this occurs
when a/A < 1, where a is the radius of the
channel or the width of the slit and A =Ay/n is
the wave length in the medium). At first glance
it might seem that this result should also apply
for dipoles and other multipoles; in general, how-
ever, this is not the case.

To compute the effect of a thin channel (slit)
on the Cerenkov radiation it is convenient to make
use of the reciprocity theorem
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CERENKOV RADIATION FROM DIPOLES

where the j((j’z) are the Fourier components of
the “transverse” &urrent density in regions 1 and
2; the field Eg) is produced by current 2 in re-
gion 1 and field Eg) is produced by current 1 in
region 2. Writing the current in the form j = pv
+ 0P/6t + ¢c curl M we have:
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For the Cerenkov radiation of a point charge mov-
ing along the z axis we have

(pV) = 5 Ve =18 (x) 8 (1),

and placing an electric dipole p(z) at point 2, re-
moved from the trajectory, we have
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where E(2) = E(1)(2) is the radiation field at
point 2. If the charge moves in a thin channel or
narrow slit (i.e., if a/A < 1) the quantity

v E(Z)(O, 0, z) remains the same as for a continu-
ous medium since the tangential component of E®
is continuous. Hence, as is apparent from Eq. (8)
the radiation field E also remains the same as

in a continuous medium. For the radiation of an
electric dipole, where P(®) =p 6(z -vt) 6(x) 6(y),

[peE® (0,0,001071 d = peE (2). )

If the dipole p is parallel to the axis of the chan-
nel or lies in the plane of the slit when a/A < 1
the radiation field is once again the same as for a
continuous medium. For a dipole which is perpen-
dicular to the plane of the slit

p-E® (0,0,2) = ¢ (w) p-E® (0,0, 2),

where E((,z) is the field in the continuous medium
produced by dipole 2. If we express the Cerenkov
field of dipole 1 (with moment p) in the continu-
ous medium in terms of E,

% p . EéZ)e—io)Z"U dz P p(2) - EO (2)’
%p- E®@e—iozlv fz — ¢ g p-E@ 0w dz = p@. E (2).

Whence E = €E;. In the case where the dipole is
perpendicular to the axis of a thin channel which is

in the form of a circular cylinder E = Ej*2€(e+ 1).

Since the magnetic wave in the field zone is pro-
portional to the electric field the energy radiated
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in the case of a slit or a channel is increased re-
spectively by a factor of €* or [2e/(e+1)]2.*

A dipole with arbitrary orientation can be analyzed
in terms of dipoles that are perpendicular and par-
allel to the axis of the channel (slit); thus, using
the principle of superposition the problem is re-
duced to one of the foregoing. As is apparent from
Eq. (7), the presence of the channel has no effect
on the radiation of a magnetic dipole m when

p = 1. If there are both electric and magnetic
dipoles the radiated fields are combined (but
obviously not the energy); thus the problem can
again be solved.

Obviously a moving current moment and a
“true” magnetic moment placed in a void must
give the same radiation. This conclusion was
verified by Bogdankevich12 by a direct calculation
for different dipoles moving in a circular channel;
in particular, in the case of a thin channel it is
found, as is to be expected, that the result is the
same as the derived result — the field of the elec-
tric dipole is increased by a factor of 2¢/(e+1).

In connection with the fact that the Cerenkov
radiation of a moving dipole (with u =1 also a
magnetic dipole) depends on the shape of a cavity
which can be as narrow as desired, there is some
question as to the validity of Egs. (3) and (4) for
the motion of a dipole in a continuous medium. It
is clear from the reciprocity theorem that here
we are examining the validity of assuming that the
field which acts on the dipole Eg is the average
macroscopic field E. If a fixed dipole is intro-
duced into a medium, in general this is not the
case (i.e., Eq= E). However, if we consider
a particle with charge or a dipole moment which
moves along a given trajectory, the average field
which acts on a “physically infinitesimally small”
portion of the path is precisely the macroscopic
field. This same conclusion applies in connection
with the original expression (1) for the motion of
a particle in a continuous medium; this expression
(or the equivalent wave equation) is obtained by
averaging the equations of microscopic electrody-
namics. Thus, in our opinion the validity of Eqgs.
(3) and (4) for Cerenkov radiation of point dipoles
in a continuous medium should raise no objection.

The authors wish to acknowledge discussions
of various pertinent problems with L. S. Bogdanke-
vich, A. V. Gaponov, M. A. Miller, and I. M. Frank.

*To compute the radiated energy from Eq. (3) for the case
of a channel or slit, we must replace p by the appropriate ex-
pression determined from Eg. (9); for example, in the case of
a dipole perpendicular to the axis of a citcular channel p is
replaced by [2€/(€ + 1)]p.
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