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The interaction between shock waves in a magnetic field and magnetohydrodynamic waves of
small amplitude is considered. The condition for stability with respect to spontaneous emis-
sion of weak magnetohydrodynamic waves by a shock wave has been obtained. The conditions
are found under which the linear equations for a small perturbation do not have a solution.
This case is interpreted as the decay of the shock wave.

THE stability of shock waves in magnetic hydrody-
namics, so far as we know, has not yet been con-
sidered. The usual scheme of investigation of the
stability consists in finding the time behavior of
arbitrarily small perturbations of the initial flow.
Investigations of this type were completed in ref-
erences 1, 2 for a tangential discontinuity and for
a magnetohydrodynamic wave in an incompressible
fluid. A similar investigation for shock waves in a
compressible medium requires the furnishing of
equations of state of the medium and in general is
very difficult. However, we can obtain some evi-
dence on the stability of shock waves without hav-
ing recourse to the general scheme mentioned
above. For this purpose we must consider the
possibility of spontaneous emission from a shock
wave of waves of infinitesimally small a.mplitudes,3
and also the interaction of a shock wave with such
waves.

In magnetohydrodynamics an arbitrarily small
perturbation can be represented in the form of the
superposition of waves of four types:4 fast and slow
magneto-acoustical waves, a magnetohydrodynamic
wave, and an entropy wave. We shall limit our-
selves throughout to a consideration of the interac-
tion of the shock wave with magnetohydrodynamic
waves of small amplitude. In such a case, impor-
tant use is made of the fact that in magnetohydro-
dynamics a shock wave is two dimensional, that is,
in a suitable coordinate system, the vectors of a
magnetic field and velocity on both sides of the
shock lie in the same plane. Furthermore, there
is a system of coordinates in which the discontinu-
ity is at rest, and on each side of which the velocity
is directed along the magnetic field intensity. In
this case we eliminate from consideration the per-
pendicular shock wave which is propagated at right
angles to the field and also a tangential disconti-
nuity and a rotational discontinuity® (the magneto-

hydrodynamical field in a compressible medium ),
the investigation of the stability of which is com-
paratively simple by the usual method. Thus we
limit ourselves to the consideration of the so-called
oblique shock waves which include as a special case
the ordinary shock waves which propagates along
the magnetic field.

We assume that the velocity of the medium and
the magnetic field intensity are parallel to the
plane (x, y) while the shock front coincides with
the plane x = 0. In the case of an oblique shock,
the boundary equations for a perturbation on the
surface of the discontinuity x =0 fall into two
groups,? one of which contains the z components
of the perturbations w and h of the velocity and
magnetic field intensity, while the second does not
contain these components. The first group of
boundary equations at x =0 has the form

{vsh, — Hw.} = 0; (1)
{pvx (W, + v,08/02) — H h /4wy = 0, (2)

where the vy and Hx are the normal components
of the velocity and magnetic field intensity in the
unperturbed shock wave, p is the density of the
medium and ¢ = £ (X, Yy, z,t) is the displacement
of the surface of discontinuity from its position

x =0 as a result of the perturbation; the curly
brackets denote differences in the values of the
quantities contained in them on the two sides of
the discontinuity. Equation (1) expresses the con-
tinuity of the y component of the electric field,
while (2) exhibits the continuity of the flux of the

z component of the momentum. The second group
of equations contain perturbations of the density,
pressure and x and y components of the field
and the velocity. Its coupling with the first group
is maintained only by the displacement ¢ of the
surface of discontinuity. However, if the perturba-
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tion is itself a plane wave, the wave vector of which
lies in the xy plane, then 98¢(/8z = 0, and both
groups of boundary equations are completely in-
dependent. In what follows we shall limit our at-
tention to perturbations of the form

eilkr—ot)

(3)

which are propagated along the normal to the shock
front. Therefore, if only z components of the field
and velocity appear on one side of the discontinuity,
then, by virtue of the boundary equations, only these
components will arise on the other side.

A wave in which the perturbation of the velocity
and the intensity of the field are perpendicular to
the direction of propagation (x axis) and the un-
perturbed magnetic field H(Hx, Hy, 0), is a mag-
netohydrodynamic wave (of small amplitude )49
and has the properties

wo=4kVs=+kH,]V 4rp wz=¢hz/1/ 4rp , (4)

where w, is the frequency of the wave in the sys-
tem of coordinates in which the medium is at rest,
Va =H /V4mp is the velocity of the wave relative
to the liquid, and where it is taken into account that
k = (k, 0, 0). No perturbations of the density, pres-
sure and entropy in a magnetic field exist in a mag-
netohydrodynamic wave of small amplitude. Thus,
magnetohydrodynamic waves of small amplitude
which propagate in the plane of the flow and which
are polarized perpendicular to this plane can lead
to the appearance of waves only of the same type
when they interact with the shock wave.

If the medium moves with velocity v, then the
coupling of the frequency with the wave vector is
evidently defined by the expression

0 = kvy + @ =k (0: £V a). (%)

Therefore, on each side of the discontinuity, in
general, two waves are possible, one of which is
propagated in the direction of the flow,

o =K (e + Va), i = — hF[V 4mp (6)
while the other is propagated against the flow, and
for it,

0 =k (U,—Va), w; =h[V 4. (7

By virtue of the boundary equations for the per-
turbation on the surface of discontinuity x =0, the
frequencies w of all arriving and departing waves
must be identical, that is,

kb (vix 4+ Var) = k7 (V1 — Va)

= k;- (ng + VAz) = kz_ (vgx -_ VA2).
Here the indices 1 and 2 denote the different sides

(8)
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of the surface of discontinuity, x <0 and x>0,
respectively. Without loss of generality, we can
assume that w > 0, while the motion of the medium
and the magnetic field intensity are directed toward
positive values of x, thatis, vix >0, vyx >0,

Hyx = Hyx > 0. Therefore, waves propagating in the
positive direction of the x axis correspond to posi-
tive k, while waves in the opposite direction corre-
spond to negative k. The choice of the boundary
conditions at infinity is determined by the particular
arrangement of the problem.

Let us first consider the possibility of spontane-
ous emission of weak magnetohydrodynamic waves
of small amplitude from the shock wave. Since in
this case all the waves should be departing from
the surface of discontinuity, that is, they should
be propagated in the direction of negative x from
the side 1 of the discontinuity, and to the direction
of positive x with regard to the side 2, then it fol-
lows from Eq. (8) that in the region x < 0, which
corresponds to the incident flow, one or zero de-
parting waves is possible, depending on whether
the condition

Ve < Var = Hy) Vdwop (9)

is satisfied or not. To the right of the shock front
in the region 2, two diverging waves are possible
for the condition

Ugy > VA2 = Hr/ V4"'~ng (10)

or only one if this equation is not satisfied.

In the case of three emitted waves, two are ex-
pressed by the amplitude of the third through rela-
tions which follow from the boundary equations (1)
and (2)

(le -_— VA[) hl—z = (UZX + VAg) h2t + (sz —_ VAQ) Il;;, 11)
VPI/P‘.’ (vix—Va) hl_z = — (Vax + Va0) h;; + (Vaxr —Va2) h;z‘

and the problem of the spontaneous emission.-from
the shock wave of weak magnetohydrodynamic
waves thus has a solution that contains one free
parameter if conditions (9) and (10) are satisfied.
If either of conditions (9) and (10) is not satisfied,
the number of diverging waves is less than three.
In this case, as can easily be seen from Eq. (11),
setting hi; and hy; separately or simultaneously
equal to zero, the boundary equations have only
trivial solutions. Thus Egs. (9) and (10) are nec-
essary and sufficient for the instability of the shock
wave relative to emission of magnetohydrodynamic
waves of small amplitude.

The equation of continuity of flow pyvix = pavox,
together with the conditions (9) and (10), show that
spontaneous emission is possible only for vix/vyx
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=py/p1 <Vpy/py , Or py/py <1, thatis, only for
rarefaction waves. These conditions cannot be
simultaneously satisfied in a compression wave,
which is consequently stable relative to spontane-
ous emission of magnetohydrodynamic waves. This
result is similar to the well-known result from or-
dinary hydrodynamics, and testifies to the fact that
stationary shock waves are possible in magnetohy-
drodynamics only as compression waves. True,
the proof given above of the instability of rarefac-
tion waves applies only to the case in which the
magnetic field intensity satisfies conditions (9)
and (10). This is connected with the fact that we
have considered as emitted waves only magneto-
hydrodynamic waves. A general result can be ob-
tained for consideration of all possible waves of
small amplitude in magnetic hydrodynamics. How-
ever there is no fundamental need of this, since a
derivation of the fact that shock waves in magnetic
hydrodynamics can only be compressional waves
follows from a consideration of the change of en-
tropy in the shock wave.$

We now consider the collision between a shock
wave and a weak magnetohydrodynamic wave prop-
agated toward it. In addition to the incident wave,
there are in general three possible diverging
waves, as we have seen: one reflected and two
transmitted. However, the presence of three di-
verging waves is equivalent to satisfying the con-
ditions (9) and (10) and consequently to the insta-
bility of the initial shock wave, which in this case
is a rarefaction wave. Therefore, of the three de-
parting waves in the stationary discontinuity, only
two can be realized: either one is reflected and
one is transmitted under the conditions

o <V, (12)

Uax \< VA:‘
or else two are transmitted under the conditions

2> Vg, (13)

Upy > V Az

while the reflected wave is impossible, since the
velocity of the current flow is greater than the
velocity of this wave relative to the medium. In
both these cases the wave incident on the discon-
tinuity leads to the production of two departing
waves whose amplitudes are expressed in terms
of the amplitude of the incident wave by means of
the boundary conditions.

However, in addition to the cases considered,
another possibility is

Ve >V, (14)

Vo <LV 22

in this case the reflected wave and one of the trans-
mitted ones are impossible, that is, besides the in-
cident wave there is only one departing wave ( k;'),
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which is clearly insufficient to satisfy the boundary
equations. Actually, in this case, the boundary
equations reduce to
Vix + Vay) /1;‘; = (Upr + Vas) h:,

VM(UIX"' V) hlt = (Upe + Vas) h;;..
These equations are consistent only if p; = p,,
that is, either in the absence of a discontinuity or
in a magnetohydrodynamic wave of finite amplitude
(a rotational discontinuity ), for which the equations
of magnetic hydrodynamics reduce to linear equa-
tions and, consequently, two such waves do not in-
teract. In the opposite case, the equations are not
consistent and have no solution.

Equations (14) do not violate the equation of dis-
continuity and the equation for the increase of the
density at the shock, and actually serve only as
conditions for the magnetic field intensity. In par-
ticular, it is easy to establish that these conditions
can be realized in a parallel shock wave — an or-
dinary shock wave which is propagated along the
field — but are also always satisfied in the funda-
mental oblique shock wave in which the velocity
on one side of the discontinuity and the magnetic
field are parallel to the normal, while on the other
side they are connected by the relation v = H/V 4mp
[See reference 4, Egs. (3.39) and (3.40)].

In our case, the absence of a solution of the lin-
earized system of equations for an infinitesimally
small distrubance can only mean that a magneto-
hydrodynamic wave of infinitesimally small am-
plitude incident on the shock wave produces a finite
change in the original flow, which leads either to
disintegration of the shock wave into several new
shock waves or to a more general non-stationary
flow of the medium.

It is not difficult to demonstrate the possibility
of disintegration of a parallel shock wave satisfy-
ing conditions (14) into two fundamental oblique
shocks. In this case both resultant shock waves
move at a constant distance apart, while the direc-
tion the magnetic field in the region between them
changes from its original direction, re-establishing
it after passage of both waves. We can show that
the parallel shock under conditions (14) represents
two merging fundamental oblique waves, and sep-
arates into these waves under the action of a small
perturbation. However, such a system of disinte-
grated shock waves is again unstable relative to a
magnetohydrodynamic perturbation oriented per-
pendicular to the plane of the motion, as a conse-
quence of the instability of the fundamental oblique
waves. This means that the disintegration of the
initial shock wave into a stationary sequence of
shock waves cannot eliminate the instability of the

(15)
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type under consideration. We therefore reach the
conclusion that a parallel shock wave satisfying
conditions (14) is converted into a certain nonsta-
tionary flow under the action of infinitely small
perturbations. This nonstationary flow can evi-
dently contain one or several diverging shock
waves.
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