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The statistics of quasi-particles, the elementary excitations of the spin and electronic sys-

tem of a crystal, are investigated.

].. Some recent papersi"3 have asserted, contrary
to the general opinion, that spin-waves behave like
fermions rather than like bosons. Doubt was also
thrown upon the idea that the elementary polar ex-
citations (pairs and holes) in the electronic sys-
tem of a crystal could behave like bosons.? It seems
therefore worth while to study once again the statis-
tical properties of spin-waves and polar excitations.
In the present paper we point out some defects in
the usual treatment of spin and polar excitations in
crystals. In particular, these defects give rise to
the appearance of fictitious states.?’®® We show
that when these defects are removed the spin-waves
behave like bosons, and we find the conditions under
which polar excitations behave like bosons. We
also formulate in this paper a method of second
quantization for systems of a finite number of par-
- ticles described by symmetric wave-functions.

2. The Schrddinger equation with an exchange
interaction has the following well-known form:

et (i fr) 4 2 st (e (oo [r) —a(Frres F1 =0, (1)

Here (f;,...,fr) are the numbers of the vertices
at which r reversed spins are situated. (fi,...,fr)
is a set of numbers differing from (f;,...,fr) by

the exchange of two oppositely oriented spins, and
Jgt is the exchange integral for the vertices be-
tween which the exchange has occurred. We intro-
duce the operators

2r=VNs Ap; 95 =0V Ny

(2)

A_,ia(—..N,, n,...)=a(...Nfi1, ny. .);
3)
6_%(1(...Nf, ng... =a(‘..N_f, nfil,../.)‘,

Here Ny is the number of reversed (or right)
spins, and ng is the number of left spins, at the

vertex f. Bloch proceeded from Eq. (1) to a
second-quantized formalism with the Hamiltonian
l + .
H o= D dst o — o) (50 = 95) . (4)
According to Eq. (3), the operators (2) obey the
Bose commutation rules

W s 6))
The operators (2) have the unsatisfactory feature
that, according to Eq. (5), they do not place any
limit on the occupation numbers of left and right
spins at each vertex. Thus they do not obey the
Pauli principle. Therefore, instead of Eq. (4),

we shall give another representation: for the oper-
ators Affh and dzft:

=8y by — pdi =8y

Ara(..Ny ”f---)=},2(...of, ny...) f-f;f. %,’:(1’
da (.. Ny ny...) ={2(...N,, 0s...) Egi Zf:(l) "
Afa(...Nf, nf...)=\{a(§mlf’ e §8§ %;:(1) !
Sta(...Ny, ny...) = {ao(...Nf, lyy ggi :ff:lo

By using Eq. (6) instead of (3), we ensure the fulfil-
ment of the Pauli principle, and yet the deduction of
Eq. (4) from (1) is still valid. Equations (2) and (6)
imply, instead of Eq. (5), the following commutation
rules

(27 ol = 147 sl =1,

(o7 or). = [4/¢r1.=0  (F=F),

[orer)- = o7 opl. = by = [97 $p 1. = 0.
The commutation rules for ¢f and yPf are there-
fore different both from the Fermi and the Bose
rules. For brevity we call the relations (7) the

“plus-minus quantization.”
In the homopolar approximation

Ny+np=1 (8)

we need not write the occupation number nf in the

(7
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wave-function, because it is uniquely determined by
the occupation number Ns. Thus instead of the four
operators ¢, qof, Pf and zpf , we may introduce
two operators cf and cf, acting only on the num-
bers Njf. The connection between the old and new
operators is given by

%’)f(P;Fa(..-N/, .. ( 17, U/ ) for Nf:O, /lf:l
' o ] otherwise
(9)
-+ 'a(...O,«, lf...) for N[:: 1, ns =0
Ny np) = f
(10)

Consequently, if we introduce a creation operator
cf and an annihilation operator c}' for a right
spin at the vertex f, we find

=40 . of = ot . (11)

Equation (11), with (2), (6), (7), and (8), implies the
following commutation rules*

lepefl, =1,
(F=+1),
The Hamiltonian (4) may be expressed in terms of
the new operators:

(124)

leref ) == 0 leepl = [cef 1= 0. (12y)

+ +
,}Zzsgt]st(cs Cs— Cs Ct—NsN(). (13)
This gives for the linear chain in the nearest-
neighbor approximation
P72 o
FH=J Zt =szt'd(cs Cs Cs Ct NsNt) y (14)

which is identical with the Hamiltonian of Frank.!
But we differ from Frank in requiring the oper-
ators (11) to satisfy not the Fermi commutation
rules but the rules (12) of the plus-minus quanti-
zation.

To diagonalize (14), we neglect terms of fourth
order in the operators1 cg, which means that we
are neglecting the interaction between spin-waves.
We use the Fourier transform

= N—h Y eitfcy, of = N—'h Y et . (15)
3 k
Then Eq. (14) gives

Here E (k) is the usual energy of a spin-wave
with quasi-momentum k, and ng = cﬁck is the
corresponding occupation number.

*Equation (12,) was also used by Meyer, who wrote p, for
cp, and q, for c}. Instead of Eq. (12,) Meyer used [p,q,].
=uy,=2p,q,—-1 But it is easy to verify that [p,q,]1, =1,
which implies Eq. (12)).
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To study the statistics of the quasi-particles,
we consider the commutation rules for cy, cﬁ.
Equations (12) and (15) imply

Ceh —cice=1=2r|N; am

ik — Cicn = — - S k=RIN;  (for k= F); (18)
, .

[cxcw]_ = [cR k) = (19)

The commutation rules (19) have strictly Bose
character, while Egs. (17) and (18) do not. How-
ever, so long as r/N < 1 (a weakly excited sys-
tem), Eqgs. (17) and (18) approach arbitrarily close
to the ordinary Bose relations. In the limit we
obtain

[Cach)_ == S, [Chcw]_ = [cr cr, ] = 0. (20)

Thus we reach the conclusion that the spin-wave
operators obey approximately the ordinary Bose
relations, the conditions for these relations to hold
being that the number of spin-excitations be small.
This condition is satisfied in the region of low tem-
peratures, well below the Curie point.

In spite of the formal similarity of some of our
equations to the equations used by Frank! and
Meyer,? our argument differs from theirs in the
following respects. Frank introduces the spin-wave
creation and annihilation operators cg and cE’ s
considering them from the beginning as Fermi op-
erators, in view of the fact that Nj can only take
the values 0 and 1. He naturally obtains Fermi
commutation rules also for the Fourier transformed
operators cy, cE, and deduces from this that spin-
waves obey Fermi statistics. Our argument shows

‘that the condition Nf =0, 1 implies that only one

(namely the first of the relations (12)) of the com-
mutation rules is of Fermi character. The rest of
the commutation rules are of Bose type, as is seen
from Eqgs. (17) to (19). Also the result of applying
these operators twice can be found from Eq. (15):

.‘i,]_ E e~k + —11\7»- 2 e~k U [coep],

f 5 r

The first sum on the right side of Eq. (21) van-
ishes by Egs. (11) and (9). The second sum would
vanish if the last of the relations (12) had Fermi
character. But we have seen that this relation has
Bose character, and therefore

ChCr =~ 2 e~k U+ epcy,
fef

This expression is in general different from zero,*

CkCr = (21)

(22)

*However, (ck)Ner =0 for m > 0, since it is impossible in
the homopolar approximation to have more than N spins in the
same direction.
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and therefore it is possible for more than one spin-
wave to exist in the state with quasi-momentum Kk,
as must be the case if they obey Bose statistics.
This example illustrates the importance of the de-
parture of part of the relations (12) from the Fermi
type. Fermi commutation rules fail to hold for the
majority of the relations (12), because the sign func-
tions of Wigner are absent in the operators (2) and
(6). The reason for this is that the antisymmetric
character of the wave function of a many-electron
system was already taken into account in deriving
the Schrodinger equation (1). The exchange of left
and right spins represented in Eq. (1) is not accom-
panied by a change in sign of the wave function.
Frank introduced the Wigner sign functions into

the fermion operators bfs; which he used to con-
struct a Hamiltonian in the Heitler-London model.
This procedure would not change anything in our
work, since the operators occur in the Hamiltonian
in such a way that the sign functions cancel each
other out. One can see this, for example, by look-
ing at the expression (A6) for the Hamiltonian of
the exchange interaction in reference 3. The same
remark applies to the work of Meyer,2 whose Ham-
iltonian (12) reduces to Frank’s Hamiltonian when
the external magnetic field is set equal to zero.

Frank attempted to deduce the Fermi statistics
from a direct solution of the Schrodinger equation.
We have criticized this work in a paper with Ishmu-
khametov.® Here we only remark that it is unsafe
to argue about the statistics of spin-waves on the
basis of supplementary conditions in which func-
tions of the type app, which ought to vanish by
virtue of the Pauli principle, are set equal to non-
vanishing quantities. In this connection we may
observe that the functions u,(Rj, Rj), which cor-
respond to the app, do vanish in the work of Van
Kranendonk.?

3. We deduced the Bose statistics for spin-
waves from two arguments. First, we showed that
more than one spin-wave can exist in a state with
a given wave-vector k. Second, we showed that
when r/N < 1 the relations (17) to (19) coincide
approximately with the usual Bose commutation
rules. When we pass from the approximate rela-
tions (20) to the exact Bose commutation rules

[chei] = e, [cacr]. = [cifed] =0

(23)

the occupation number nyp becomes unbounded
above, although the actual number of spin waves
cannot exceed N/2. But in the low-temperature
region, in which only states with a number of spin-
waves small compared to N are measurably ex-
cited, the occupation numbers ny > N/2 have no
practical effect in calculations of thermodynamic

9
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quantities. The contributions from large nj de-
crease exponentially. One can verify this by cal-
culating. the partition function Z, taking account
of the boundedness of the occupation numbers* ng,
as was done in the paper of Tolmachev and Tiabli-
kov.! If one uses the operators cf defined above,
one does not need any projection operator P to
project the wave function onto the subspace of oc-
cupation numbers zero and one. The limitation of
the occupation numbers is already included in the
definition of the operators c¢. In the zero-order
approximation the partition function becomes

>

S(...flm..’...ll;...)(d a . )
{ne} {nf>np'}

R nf...

X S* (g foon. ) expl— ; E (k) ng/«T},

Here T is the temperature, k is Boltzmann’s
constant,

4@...n,.. = Ilscysa, (25)
are a system of orthonormal functions in the space

of occupation numbers nf=0 or 1, a, is the vacu-
um state, and

. (26)
= pri2 (an!)—"’zz‘J Ha exp{— ik (fn,+...)},
k

o?fh k
where é75fh is a permutation of all the right ver-
tices fh'

Equations (24) to (26) imply the result (15) of
reference 10. This means that at low temperatures,
for which exp (- E (k)/kT) < 1, the Bloch theory
is valid. Compare also the paper of Dyson,11 where
the kinematical interaction, the boundedness of nf,
also produces an exponentially small effect.

So we see that in the low-temperature region it
is actually possible to proceed from the approximate
Bose relations (20) to the ordinary Bose commuta-
tion rules (23).

On the other hand it appears that the require-
ment that the ordinary Bose commutation rules be
strictly valid is not consistent for a system of a
finite number of particles, even when the system
can be described by a wave-function which is sym-
metrical with respect to the interchange of particles.
The fact is that Eq. (23) can only be satisfied by op-
erators which are represented by infinite matrices.
Thus the occupation numbers for particles or quasi-
particles in the various states must be unbounded.

*The occupation number of right spins, which was denoted
by N¢ in Sec. 2, is denoted by ng¢ in Sec. 3. This is to bring
the notations into agreement with those of reference 10.
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Nevertheless, for a system to obey Bose statistics
it is not necessary that the number of particles be
unbounded.*

It seems helpful, when second quantizing a sys-
tem with a finite number N; of particles obeying
Bose statistics, to use finite-dimensional operators,
which satisfy commutation rules different from (23),
but keep the occupation numbers bounded. Repeating
the usual derivation of the expression for the Hamil-
tonian of a system which obeys Bose statistics,15

1 N .
7 = %npe(l’)—,—fz 2 b;‘brt (1, P21 Gl ps, ps)by,bp,,

Prs P2, Ps, Ds
27

one can verify that the same expression remains
valid when one uses the operators

bo=tVnp U5 %=Vn, 87,

Here B, and B are defined by
8@ (-voftpe) = [1— 8 (p— N)la(eoonty 4 1,...), (29)
Bia(..ip..)=[1—38(m)la(..., np—1,...) (30)

and can be represented by (N; + 1)-dimensional
matrices of the form

(28)

..000

010...0 | 00...000

001...0| ‘10‘..0001
Bl B (31)

000...1 00...100

000...0 00..-010

Equations (28) to (31) imply the following relations
between the operators bp and bf,’:

byb, = np, bpby = (np + 1) [1 — 8 (n, — N})], (32)
(6o65 ) = 1 — (np 4 1) 8 (n, — Ny), (33y)
(b =0 (for p=~p), (332)
[boby]_ = [bby]_=0. (333)

The commutation rules arising from the second
quantization of a Bose system of a fixed finite num-
ber of particles thus differ from the usual commu-
tation rules by the extra term (np+ 1) 6 (np— Ny)
on the right side of Eq. (33;). This term makes it
impossible for any occupation number to exceed
the value (np)max = Ny. To prove this, one can
calculate the matrix element of the expression

npbp — bpnp = — [ — (np 4+ 1)8(n, — Ny)1b,,  (34)

*Sommerfeld 12 showed that one can use, instead of the
usual Bose-Einstein distribution function, the distribution func-
tion of Gentile, 13 putting (np)max = N,. However, in the approx-
imation in which we use the Stirling formula, the improvement
so obtained is inconsequential. 14
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by using Eq. (33). In the representation in which
np is diagonal, the matrix element of bp can
differ from zero only when

m—n =—[l—(n, +1)8(n,—N)lI,  (35)
which implies
. _ [ n,+ 1 for nl <N,
" —-{ "0 for n,=N,’ (36)

Thus np can actually never exceed Nj.

We now apply the above arguments in the limit-
ing cases (np)max = and (np)max =1. In the
first case Eq. (33) reduce to the usual Bose rela-
tions, since for any value of n, the 6 -function
on the right of Eq. (33;) vanishes when (np)max
= o, In the second case we may use Eq. (32) to
transform (33,) into

bpbf), =2n, +1—(np+1)8(ny,— 1) =1,

Together with Eq. (33,) and (333), this gives the
plus-minus quantization rules (12), so that the
latter may be considered to be a special case of
the quantization of a system with bounded occupa-
tion numbers. If the index f had referred to a
cell in phase-space instead of to a vertex of a lat-
tice, the boundedness of the occupation numbers

ng would have led in general to intermediate sta-
tistics.!® But in the case considered in section (2),
after transforming to momentum-space, the occu-
pation numbers np were bounded only by the total
number of spin-waves which could exist in the given
system. This justifies the use of Bose statistics at
low temperatures.

4. We now consider the problem of polar exci-
tations. The Hamiltonian for a many-electron sys-
tem with polar states may be written in the following
form, in the notation of second quantization:ls’”

37

H = Ng(f: ') afhaps

1 Ly ot
+ ?ZF (F1s Fos f1 T2 a/,c,a}tczaf:ma ’
, 02

f o

(38)

Here all the indices are to be summed. The o are
spin indices. The afa and af, are Fermi opera-
tors which operate on the occupation numbers ng;
of states (f, o) whose wave-functions 6¢ form

an orthonormal system. The g(f, f') and F (f;, fy;
1, f3) are matrix elements:

1) =00 [~ 1o+ Sy 0] 00 () dr, (39)
2

F (f1, fas fi, f‘z)
(40)
- gcp (r, )8, (1) B2 (1) 01,() 0, (r)drdr’
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Here ug(r) is the potential energy of an electron
in the field of the atomic core at vertex f, while

& (r, r’) is the potential energy of the Coulomb
repulsion between two electrons. Keeping in Eq.
(38) those matrix elements which contain not more
than two distinct functions 6¢ in the integrand, and
using the Fermi commutation rules

[a7o0fo ] = Bjo,pr0r, [0100p0] 1= [afsafiwl =0, (41)
we derive from Eq. (38)

I = /zgo& D+ A ;n,m,— 1)

1 1
+5 D) By — 5 X Jpp Dngehiye

Fr e e (42)
+ 1 + +
+ X Ly Qajears+5 Dy D) Gareayadye,
frf o ff 6y, O2
1 + +
+ 3 DY) Gebreledye,s

f+f o140z

Here
A=F(f f: . 1) :S@(r, FYBR(r) B (F) drdr (43)

is the interaction energy between two electrons in
the same state 6f (the self-energy of a pair).

By =F (5 1) ={0 0 r) 6506 ) drar (a4)

is the energy of Coulomb repulsion of two electrons,
one in the state 0f and the other in the state 6y .

Lyp=g (. [) = Dnn—38m) F(F [i [ ) (45)

f
is a displacement integral, and
i =F (5 P f)=
v (46)
\ D (r, ') b (r) by (r) Op (r') 04 (¢') dr dr’

is an exchange integral. In addition we have used

the notation nf =), ng,.
o

We now define a set of Fermi operators!®

Qfs = KfsVfs, a;u = Vja“;«;)

(47)

where vg; are the sign functions of Wigner, and
the operators afy and a}'g act according to the
rules

a(...,ne+1,...) for nfs =0 .
xﬁ,a(...n,d,_.)z{
0 for I’lﬁ,:l (481)
+ _[ 0 for np =20
ol (- Mo )= L) for nge =1, (48

It is easy to verify that the sign functions compen-
sate each other in the diagonal terms and in those
of the nondiagonal terms (42) which contain the ex-
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change integrals Jge. But in the terms containing
L¢r the functions do not compensate. It is conve-
nient to consider two limiting cases: (a) |L| >
|J| and (b) |L| <« |J|. Here L and J are the
values of Lffr and Jgfr for nearest neighbors.

In case (a) the nondiagonal terms are dominated

by the term ) Lgp 2 afjap, which contains a

double product of operators af"oafro and describes
one-electron transitions. The effect of such tran-
sitions upon an electron with left spin will be one
of the following: exchange of places between a hole
and a left spin, creation of a hole in place of a left
spin, creation of a pair in place of a right spin,
creation of two single spins in place of a pair and
a hole, and finally exchange of places between a
pair and a right spin, Analogous processes exist
for the transitions of an electron with right spin.
We now make a Fourier transformation of the op-
erators ag; and a'fFa according to Eq. (15). The
resulting operators akys and ai'('g obey Fermi
commutation rules of the type of Eq. (41). This
shows that the quasi-particles in case (a) obey
Fermi statistics.

In case (b) the nondiagonal terms are dominated’
by the last two sums in Eq. (42), which contain a
product of four operators af,; and describe two-
electron transitions. Of these sums; the sixth
term in Eq. (42) represents an exchange between
a pair and a hole, while the last term represents
an exchange between a left and a right spin. In
this case we are neglecting the processes of crea-
tion and annihilation of pairs in one-electron transi-
tions. It is therefore convenient to introduce oper-
ators acting upon the occupation numbers of pairs,
holes and simple right and left spins. We change
slightly the notations used in reference 16 in order
to be consistent with Eq. (6). The new operators
&f, ¥f, ¢f and Pr are defined as follows:

Dral(...Ps, Qs Ry, Sf. .2
= S(I—Pf)a(...Pf—l,Qf, Ri,Sf...),

(49)

ofa(...Ps Qp Ry Sp--2)
(50)
=5(P)a(...P;+1,Q, Ry, Sp...).

Agalogously we define ¥y, \IJF, ¥t zp{, ¢¢ and
¢f. Here Pf, Qf, Rf and Sf take the following
values:

P; Qs Ry S
0

1 0 o if the vertex f is a pair, 1)
0 1 0 0 Iifthe vertex f is a hole,

0 0 1 0 ifthe vertex f is a right-spin,

0 0 0 1 ifthe vertex f is a left-spin.
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The same argument which led to Eq. (7) now shows
that the operators ¥§, ®f, ¢f and yP; satisfy the
following relations:
(9,07 )4 = (¥, )4 = l967 o= (9 14 = 1,
[0 OF ) = (¥, ) = [93)- = [{s9F)— = O (for [ +]"),
(52)
[Ps®p] = [¥,¥y]— = [¢r97]- = [9dr]— =0,
(07 0F ) = [W/¥F_ = [ ef1- = 1441 = 0.

We thus find a plus-minus quantization similar to
Eq. (7). For the reasons discussed in Sec. 2, the
quasi-particles in momentum-space now obey Bose
statistics.

The choice between the limiting cases (a) and (b)
depends on the ratio between the positive and nega-
tive terms in the displacement integral Lgpr. If
these terms are approximately equal then |Lgp| <
|Jff;| . But if terms of one sign predominate in Lgp,
then | Lgfr| > | Jggr|, for Jgfr contains one overlap
factor more than Lgr. The latter state of affairs
will exist, for example, among the terms g (f, '),
which are proportional to the effective charge of
the atomic core and are negative at least for S-
states.

5. We have reached the conclusion that the quasi-
particles arising in a many-electron system in a
crystal obey Fermi statistics when one-electron
transitions are predominant, and.obey Bose statis-
tics when two-electron transitions are predominant
in the dynamics of the system.* The well-known
connection between spin and statistics, according
to which particles with half-integer spin obey Fermi
statistics and particles with integer spin Bose sta-
tistics, is thus preserved. In a single-electron tran-
sition in a crystal a half-integer spin moves, while
in a two-electron transition an integer spin moves.
Our results here confirm the statement of I. M.

*The term “transition” is to be understood to refer to the
particular model chosen.
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Lifshitz? at the Kiev conference on semiconductors
in 1956, concerning the statistics of pairs and holes.*
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