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An analysis is given of the spectral distribution of the current in a turn that impinges with a
constant nonrelativistic velocity on a medium possessing arbitrary e€(w) and u. Deriva-
tions are given of the criterion for reflection at nonrelativistic velocities, and of the expres-

sion for the acting forces.

1. FORMULATION OF THE PROBLEM

IN an earlier pa.per1 the author has calculated the
interaction between a semi-infinite medium and a
constant rectilinear current incident on it with a
constant velocity B8 =v/c. If the current is inci-
dent on plasma (or on metal), the force of repul-
sion does not depend on the electron density or on
other characteristics of the plasma, andas g —1
the force increases as 1/(1-p%)Y2, provided the
velocity exceeds a certain critical value B > Bgp
= cyp/wir (cf. reference 1). When B < B¢p the
force decreases, practically linearly with decreas-
ing B (if the logarithmic term is not taken into
account). These results are not applicable to a
ring current even if the distances to the plasma
are sufficiently small so that the curvature of the
current is negligible, since the change in the mag-
netic flux through the current circuit as it ap-
proaches the plasma will change significantly the
magntidue of the current, and therefore also the
magnitude of the forces, unless we assume that
such a change in current is compensated by some
additional electromotive forces. Consequently
the restuls of the earlier paper1 are applicable

to a ring current only under the assumption that
the magnitude of the incident current is at its
limit.

In the present paper we consider the field of a
ring current of radius a, which is incident with
a constant v'elocity v on a medium occupying the
semi-infinite space z = 0. The medium is de-
scribed by arbitrary pu and € =€ (w). Itis as-
sumed that the plane of the ring current is parallel
to the plane surface of the medium. Further, we
assume that the ring is characterized by infinite
conductivity, so that the total flux of the magnetic
field linked with the current circuit is a constant
of the motion. When the distance from the circuit
to the medium is infinite, z — « (cf. Fig. 1), the
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magnitude of the current I, is considered to be
given, and its subsequent variation is determined
by the motion of the circuit. It is assumed that
the radius of the ring does not change in the course
of the motion. Thus, the current density can be
written
jz=1Jo=0, jo=1()8(z+vt)Dp, a), (1)
where a is the radius of the ring, I(— ») = Ilw.

A change in the current in the course of the mo-
tion of the ring means that of definite frequencies
are excited in the ring. Without solving the prob-
lem it is possible to make a number of qualitative
statements with respect to the frequency distri-
bution of the excited currents from the uncertainty
relation AwAt ~ 1 in the same way as is done in
the case of radiation in accelerators. The order
of magnitude of the maximum excited frequency
can be estimated as wpmax ~ 1/7col, Where Tgol
is the characteristic time for the collision of the
ring with the wall. At speeds v ~ c, as a result
of relativistic contraction, this time is of order
of magnitude a(1-p2)Y%/c, i.e., wmax~
c/a(1 —62)1/2. Thus, as 8 — 1 successively
higher harmonics will be excited in the ring. The
object of the present work is a quantitative inves-
tigation of this effect.

To analyze the frequency distribution we expand
all the quantities in Fourier integrals. In particu-
lar,
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[(t)= Slwe—f‘-”d(», 2)

1(t)8(z+ vt) = o

Slw.l.we““"“"zdw dx. (3)

In view of the cylindrical symmetry of the prob-
lem it is convenient to expand the radial function
D(p, a) in terms of Bessel functions:

D (s, a) = a\ g (k) &1, (kp) I, (ka) d.
0

A linear ring current corresponds to g(k) =1
and D(p, a) =6(p—a). The quantity g(k) has
the meaning of a form factor that characterizes
the “smearir{g” of the current and which must cut
off values of k greater than 1/6, where 6 is a
dimension that characterizes the current cross
section. Since the specific form of g(k) is not
important in the case of thin rings, which will be
discussed from now on, it is convenient in specific
calculations to take g(k)=exp{-ké}. In accord-
ance with Egs. (1) to (4), the potential of the field
of the ring current can be written in the form*

4

1 2 3
p=2 S P, s (ko) (ka) @ (k) dkdbe do.
(5)

Generally speaking, it is necessary to add to the
expression 1/(k*+ k?* — w?/c?) a 6 -function term
that leads to retarded potentials, and to interpret
the integral containing 1/(k?+ k? — w?/c?) in the
sense of its principal value (cf., for example,
Bolotovskiiz). This operation is equivalent to
specifying a definite method of going around the
poles by means of infinitesimally small imaginary
(or, in general, complex) additions to the denomi-
nator. We assume that the rules of going around
the poles are specified by prescribing a complex
€ which differs from unity by an arbitrarily small
amount, while the sign of the imaginary term in the
complex expression for € must correspond to dis-
sipative processes for a given choice of the sign of
the frequency (cf. Bolotovskiiz). This requirement
leads in an unambiguous way to the displacement of
the poles into the upper half-plane of complex w,
which is equivalent to adding to the principal value
of P(1/(k*+ k® — w¥/c?)) the 6-function term
(mw/|wl) 6(k® + «k* = w*/c?). Expressions con-
taining such denominators will be interpreted hence-
forth in this sense.

2. THE METHOD OF IMAGES

Let the medium be described by certain € (w)
and ‘u. We assume that the field for z = 0 con-

*The only nonvanishing component A (pof the four-potential
‘will be denoted throughout simply by A.
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sists of the field A° in the absence of the medium
and the field of the “reflected” current, the poten-
tial A® due to the latter being obtainable from
A by letting z — —z and by multiplying the
Fourier components of the current by &;(w, k):

(6)

A {Z}O = A° + A(l))

A(l) — lca_gq)l (w’ )() (7)

I
X otxv___e—itz+ot) dk dx do kJ, (kp) J, (ka) g (k).

B = a?]
The field for z = 0 is the field whose potential
A® can be obtained from A° by letting z — ¢z,
where ¢ = ¢(w, k), by multiplying the Fourier
component of the current by &, (w, k), and by re-
placing ¢ by c/Veu:

w+xo XD {i [%8 (w, %x).z2 — o]}
k% — epw? / c? + x%* (0, %)

. 1
A 'z<o = A®= 2-‘;&& @, (w, )

X by (ko) J, (ka) g (k) dk dx do. (8)

In the special case when the current does not vary,
and the medium is not a dispersive one, the above
replacement means that the field due to the medium
at z = 0 is the field of the reflected current whose
magnitude is reduced by the factor &;.

From the boundary conditions we obtain:

C= {1+ (0/cx)? [pe (0) — 11}, Rel>0; (9)

Dy (0, %) = (p—C(w, %)) /(4L () %))
Dy (0. ) =2/ (1 4L (0, %))e

In order that Eqgs. (6) to (8) be fields that satisfy
the foregoing equations, it is also necessary to
show that if ¢, ®; and &; are defined by rela-
tions (9) and (10), expressions (7) and (8) satisfy
the homogeneous equations in the corresponding
regions z =0 and z = 0. To verify that the cur-
rents obtained from (7) and (8) vanish in these re-
gions it is sufficient to let w — w — kv in the in-
tegrands of the expressions for the currents and
to deform the path of integration into the lower
half-plane of complex k. In virtue of Re £ >0
and of the form of k¢, ®; and &,, the only sin-
gularities of the integrands will be the singular
points € and 1/€ (cf., for example, references
3 and 4). Wg¢ have taken the time-dependent fac-
tor in the present case to be the same as in ref-
erence 4 (exp{—iwt}), but the expressions in
which we are interested contain w — kv, so that
the poles with respect to « lie in the upper half-
plane of complex k. Integration over the large
semi-circle in the lower half-plane gives zero
for certain ranges of values z =0 and z =<0,
since ¢—1 as |k|— =, because €u—1 as

| W] — .

(10)
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3. INTEGRAL EQUATION FOR THE FOURIER
COMPONENTS OF THE CURRENT

The change in the current is determined by the
flux @, which can be obtained from (5) and (7):

4ra® 1 pae
®=2rah o = = Sm"-m: g (k) kJ? (ka) dk dx de>
(o, %) ab
—i(xv+o)t B9, ¥) (o)t
x fe T T, f-
For a superconducting ring we can write
D (t) = ®(—o0) = Lla/c(1—B)  (12)

On multiplying this equation by exp {iAt} and in-
tegrating with respect to t we obtain:

41ta 2 ) I)\
V& (k) o} (ha) b it s 13
+;J.——C().+xv,x) Iy fouw } . LI, 5 0x
w4+ %o, %) B2+ x> — (A + xv)?/ c? 0(1_32)‘11 ™)-
Here L is the self-inductance of the cirucit
L =4x2a2\ g (k) J3 (ka) dk. (14)

0

If we set g(k)=exp{—ké}, we obtain from (14)
for 6 < a,

L = 4ra{ln (8a/8) — 2}.
We transform Eq. (13) by introducing in the sec-

ond term of the left hand side the new variables
kv = (w—=2A)/2, A+ kv =(w+A)/2. We obtain:

LI
A 4 — = :
hK® + SK(X’ @) lodo 4ma? (1 — Byt Gy, {19)
where
kJ? (ka) g (k) dk dx
KO =\ s e (16)

—& 1 kI3 (ka) g (k) dk
1+ 5, 20 S By (R—w)‘/4vz~(7\+mz)/4c" )

K o) =

with

A 2 A g

QR () ] as
In virtue of the remark made above with respect
to the rules for going around the singularities of
the integrands, the kernels K(A) and K(A, w)
are complex; it follows from I, = I} that

K(=N=K0; KN —o)=KQ® o). (19)

We now evaluate the integrals (16) and (17). The
integral (16) with respect to k can be easily found
by taking into account the rules stated above for

going around the singularities
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, o A>0, (20)

mi( kg(k/a)drl} (k)
K ()\) = a(l—B?'e g (¢ -- kz)‘lx
where (y?—k%)¥2=1(k2-y?)¥2 if k> y. Here
»=ra/c(1-p> )1/2, while, in the case of negative
A, K(A) can be obtained in accordance with (19).
The function g(k/a), which appears in (20), cuts
off k> 1/y =a/6. For ¥ > 1/y we can set in
the integrand of (20) (y?—k? )1/2 =3y. If, in addi-
tion, we set g(k/a) =exp{—-ky}, we obtain for
Y1

KM =i/a(l—B) "¢y

In the other limiting case, ¥y < 1, we simplify
the calculation by setting g(k/a) = exp { -y ( k% -
¥?)¥2}, which corresponds to cutting off k% >

¥ +v7 2 ~y7? and obtain:

(21)

KM =K (0)
2¢

S Q, (x)dv (22)

T A
T 2a(1—pyh Jl Y S T2 (x)dx —
K (0) = L/4ra? (1 — )",

-

Jy and Q, are the Bessel and the Lommel-Weber
functions of the second order, L is the coefficient
of self-inductance.

Further, the integral (17) can be written

1 1=t ¢ kg(k/a)J? (k) dk
Koo =g 5 g —> (@)
0
where
x = (a/20) {(A — )2 —B2(\ + w)2}'ln (24)

If x> 1/y, we can neglect k* comparedto x* in
the denominator of (23); we then obtain

1 1_C)\

KO o) = gmmr 175, -

(25)
If x<1/y we canset g(k/a) =~ 1. By writing
one of the Jj (k) in the form Jy (k) = (H{! (k) +
H(z)(k))/z we can write (23) in the form of an
mtegral from - to +«. The resulting integral
can be evaluated by the method of residues, taking
into account the rule given above for going around
the singularities on the real axis; we then have

KQy ) =4 22 L ) K, ()
; —201*_511)( IX’ (26)

L(2)=—/hz; K@) =—FH (i2).

4. INVESTIGATION OF THE FIRST APPROXI-

MATION

If the current is far from the medium or if the
medium in general has a small effect on the cur-
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rent (as is the case, for example, for a dielectric),
we can restrict ourselves in solving Eq. (15) to the
first approximation obtained by the method of itera-
tions, in which we take for the zero-order approxi-
mation the expression for the Fourier components
of the time-invariant current, which is equal to the
current at infinity Ig\ =1,6(A). The first approxi-
mation has the form

= — oK (}, 0)/ K (V).

On substituting expressions (22) and (26) into
(27) we obtain
C a(l B 2¢
- T
©F 1 ——11(70)1(1 (xo){ — 5 SQz(x)dx

0

Ly (27)

(1)
L =

2¢

+i+ 2 |7\I SJz(x)dx} ,

Xo = (a\/20) (1 —B2)', ¢ =2ra/c(1l—p2)lk,

where [ is one-half the linear inductance.

Thus we can introduce two characteristic criti-
cal frequencies wgll and wgzl). which determine
the shape of the frequency distribution of the addi-
tional currents induced in the ring. For these fre-

quencies we have respectively xy=1 and ;=

(28)

of) =20/a(l =gk 0@ =(c/a)(1 =) (29)

In the nonrelativistic limit 8 < 1 we always
have "'-’gr)' < wgz, therefore the denominator in
(28) is equal to 7; if, moreover, ng). is appre-
ciably lower than the characteristic frequencies
of the medium, then € ~ €(0) and, consequently:

1§ = I (e(0p—1) 57 I (Sl K (Lol

From the asymptotic behavior of the Bessel func-
tions I; and K; it follows that frequencies lower
than wglg are excited in the ring with approximately
the same amplitude, and I/I, = (Ba 4cl)-(e(0)u
-1) %cf. Fig. 2); the amplitudes of the frequencies
w > “’clx)' fall off as 1/w.

A frequency distribution of the same form, but

with a different numerical factor

(30)

i
1O (@) 16
1

f— for r>a and

Y
© {111——21 forr<< aand
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w=rgn(ee () e

can occur under certain conditions also in the case
of metals and plasma. If one can assume that in
metals the number v of collisions between elec-
trons and ions con51derab1y exceeds w((:ll), then
one can set €—1=—w}/ivw; if, moreover, w(ll),
<<wiB?/y, and, consequently, B > 2yx,/wsa, then
in (28) (&, —1)/(g,+ 1) =~ 1. Consequently, under
these assumptions the amplitude of the frequency
distribution increases with decreasing velocity

and does not decrease as in (30). The condition

B > 2yx, / wpa in fact means, as can be easily seen,
that the skin depth in the medium at a frequency
“"gr)' is considerably smaller than the radius of
the ring a. If we can assume that the number v
of collisions between electrons and ions in the
plasma is considerably smaller than the critical

frequency ‘*’(cix)" the distribution (31) will hold for
most of the excited frequencies provided only the
plasma oscillation frequency w, is small in com-
parison with the critical frequency “’(012 However,
if v> wé‘r). and w(‘) > p2470, then for most fre-
quencies the d1str1but10n has the form:

2

ar_ o Il(a!ml\Kl(alw l>; s ’_"Zmi‘
TV

1(1)
@ 7l 20 v )

(32)

If the conditions v < ""gr)' and “’gx)' > w, are sat-
isfied, we obtain for most frequencies

Il(a|m|>Kl(al°’|)

Thus, for v > w(l) and w(l) > B24mo only the fre-
quencies w K Bz4ncr are ex01ted with a constant
amplitude, while for v « wgg, wgl). > wy only the
frequencies w <K w, are so excited.

With the aid of the foregoing frequency distribu-
tions we can find the dependence of the current on
the time, or, which is the same thing, on the in-
stantaneous distance r = —vt to the medium. The
current and its time derivative are expressed in
terms of the integral

[ e-otdok, @lal/20)1 (] 0] /20) = (0] 2ra) m, (39
where M is the coefficient of mutual inductance
between the current and its image in the case of
a perfectly conducting wall. The limiting expres-
sions for the current defined by (30) and (31) may
be obtained by utilizing the limiting values for the
coefficient of mutual inductance:

1(1) (33)

- 1“’ 201 ot

v e ©
e r>>4mxv or 7>>v’r//w0

(35

v c
LnLr> or7>v,r>>®—°.

4ncv
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For r < c%/4mov, v/r < v the current for the distribution (32) can be obtained by integrating (34)

T

V() npoa 16
I ol 1—L(1n47a+1> for r«a.

a

For v/r » v, r « c/w, we obtain

1 (2) wZa® {ﬂa/8r for r >a
I, — hct Y, for r<a.

oo

(37

Let us now examine the question as to the man-
ner in which the frequency distribution of the cur-
rents in the ring will change as its velocity in-
creases right up to ultrarelativistic values. As
B — 1 the critical frequency ""(011)' increases, while
wgr). decreases. There exists a critical velocity at
which these two frequencies become equal, B¢y =
V2 —1; since 1/V1—p2? is not large at this point,
the speed Bgp is not ultrarelativistic. In the ex-

tr(egne ultrarelat(ixgistic case, when not only wgr).
2 1

wey but also, wgy » 'yw((fx)., v =6/a, we can sub-
stitute into (27) the value of K(A) from (21):

1, (_a [o]d = B*)”‘)

t—1 ad
lo=loryom

(38)
1 g2yl . (1)
XKI(MZC&_) for (,)<<f°_;‘2,'
t—1 2 : ol '
Iﬁ’zlwmi—(i————ﬁ")d 0r(1)>>i{"‘- (39)

If w(clr)' /v < @, on the order of the charac-
teristic resonance frequencies of the medium, the
frequency distribution has the approximate form
shown in Fig. 3, since the factor (¢&—1)/(¢ +1)
can be taken to be independent of the frequency,
and

Imax _¢—1 8
I, I+t c(a—pyh”

As B increases wglz also increases, i.e.,
successively higher harmonics are excited in the
ring. Finally, at sufficiently large B the quantity
w(clg /v becomes of order w(%); the frequency de-
pendence of the factor ({—1)/(¢ + 1) becomes
important, for it produces peaks in the frequency

1",

const

r

maz ' e

~1w

@
cr

2
(—f) for r>a

(36)

distribution at frequencies close to the characteris-
tic frequencies of the medium.

In the case of plasma or of a metal the charac-
teristic resonance frequency must be set equal to
zero, since the induced electric field is a purely
rotational one, and the frequency dependence of
(¢-1)/(& + 1) is therefore always important.

In the following special cases the factor (¢—1)/
(¢ + 1) =S has the following form:

S=1 for w‘clg/»(<< M andw(gr)/x(g: 4xg;
S=moif0 for o) /v << v andol) /1 >> 4xs;
S=1 for mg}/—(>>vandmgr>/~(<< g}
S = —?/40? for o) > vy andu)‘clr) > 0.

The form of the frequency distribution in these
special cases may be easily found from (38) and
(39).

From the frequency distributions we can obtain
the expression for the current. For a number of
limiting cases the analytic expressions for the de-
pendence 1(1)(1:)/ I of the current on the time are
collected in the last column of the table. It is as-
sumed here that 1/(1 —ﬁz)‘/2 > 1, while € is
taken to be of the form: € =1-w}/(w? +ivw),
o= wi/am.

5. THE CASE OF LOW VELOCITIES

In the case of low velocities the problem can be
solved in much greater detail. Here we investigate
only the case of incidence on a plasma character-
ized by low losses, i.e., € =1-w}/w? B < 1.
When these two conditions are satisfied the integral
equation for the Fourier components of the current
can be solved exactly, since

o= {1 — [2Bwy / (A — )] 2}'s;

and therefore the kernel of the integral equation
depends only on the difference A —w; K(A, w) =
K(|A—w]|); moreover, in the case under consid-
eration we may also set K(A) =K (0) = L/4ma?.
On multiplying (15) by exp { —iwt } and integrating
with respect to t, we obtain

% =(a/20) [ — o

I(@#)=1(r)=1s/(1 —M({r)/L); r=—ut, (40)

where after integrating with respect to w (by de-
forming the path of integration into the upper half-
plane of complex w) we can write for M (r)



988

V. N. TSYTOVICH

Dependence of the current on the time

clry

ER]
”»

»

clr >V
”
’”
”»

r> cl4no

”
r &L ¢/4ro
)

r>c/ey
b2
r<clog

”

r>a*
r<a
r>a
r<ay

r)a;

r<a
r>am
r<a

*ap=a(l — Bz)llz

(3r3/16a) (1 — B?) (a/r)t
8/r(1—B? fa
(3n%0/8c) (1 — B?) (a/r)?
s275 |1 4a 1 —BY) S
c(1—By)* r
(3=6/16a) (1 — B2) (a/r)
8/r(1—p?)"
(Sraw?y/32¢2) (1 — B2) (a/r)?

ame.o2/4c?

o

. 2.2 { +(¢°0/kc)2}‘h—1 JZ b —okr
M (r) = 4% § ey k) =2 d. (41)

Thus, the magnetic flux linking the current circuit
and produced by the medium has the form

O, =IM/c.

Thus, in spite of the fact that the image current in
the plasma has a different magnitude for each fre-
quency, the magnetic flux produced by the image
currents in the plasma is such as if there exists
in the non superconducting plasma an image cur-
rent I which is numerically equal and oppositely
directed to the incident current at a given distance
from the plasma (just as in the case of a super-
conducting wall), but the coefficient of mutual in-
ductance is changed and depends on the frequency
of plasma oscillations wy.

When r >» c¢/w, the quantity M is simply the
coefficient of mutual inductance of two circular
currents. This coefficient can be expressed in
terms of elliptic integrals whose asymptotic val-
ues are well known. When r <« c¢/w, the coeffi-
cient M approaches the constant value

r>a,
r<<a.

rawia? | T [ 8r,

c* 4/31

Thus, the current in the ring does not increase
indefinitely, but reaches a certain maximum. There-
fore the magnetic energy which can be stored in the
ring cannot exceed

M= (42)

Unax = 2/ 2 (L — Muax) — 2 /2L (43)
or, since &2 = const = L%I%/c?,
Umax = leoMmax / 2c? (L _ Mmax)~ (44)

The last equation also means that the ring will not
be reflected from the plasma for all energies of
translational motion of the ring. This energy must
be less than Up,5%. In the two limiting cases a >
c¢/wy and a < c¢/w, the conditions under which
reflection occurs can be written in the form

oo I* 4ma {In (4awy / ¢) — 2} 1

2
mo* ct In (2c / dw)

s> s, (45)

muc? [ Ien << (167 [3)adry; a<€cfwy; ro=e?/pc?; (46)

where m is the mass of the ring, n= uw% /4me?,
u is the electron mass. If the density of the plas-
ma is so great that 6 > c¢/wg, then for any arbi-
trary values of r the plasma can be considered
to be superconducting.

The point at which reflection occurs can be
found by equating Upax = mv?/2. The force of
repulsion between the ring and the plasma can be
obtained both directly from the expression for the

fields, and by differentiating V with respect to

r=-vt
Fo__ I*oM 12, mato? (a 2 ¢ ¢
= S (f) PT <o r>a,
(47)
12, ma?e?
o _ ¢

The force that stretches the ring can also be
found in a similar manner:

2 oM 130 2 ‘”(2)‘12 a
T 2%%0a T & 4 & 1

F,= for r<<—; r>a. (49)
0

2 2

1 o
F,= % 2na2»-5£— for r < < s r<€a. (50)
@,

6. FORCES AT HIGH VELOCITIES FOR CON-
STANT CURRENT

We consider here only the case of plasma with
low damping, on the assumption that the current is
constant.

The force repelling the ring can be obtained
from (7). After integration with respect to k we
obtain
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AW |

2kr

1o
Fz=——-c 2ra 92 |2 . = 1 -
-t (1 —87)

P= 0

When r=-vt > a(1l —32)1/2, if we restrict our-
selves to the first term in the series expansion of
a Bessel function, we obtain

7r2a“lzo e

(1 —py | LEBICOI— DR o g, (52)

F,=
J U+ BHe(ho)— 1)y +1

In the limiting cases we have

F. = (3n2I% [ 4c?) (1 — B at/rt for r > c/w,, (53)

F,= (=% 2c®) wpa? [ c* for r < [@,. (54)

When r < av1—p82 the use of the asymptotic ex-
pansion for J; leads to the results given in refer-
ence 1.
From (7) we obtain the force that stretches the
ring:
2rnale @
Fom = o

[-2]

OA(I))

(2ma)? 12,

= ~(1—32)"'S U + B (e(ikr) 1y —1
’ J U+ B (eliko) 1))+ 1

X Jo (ka (1 — B2Y') Jy (ka (1 — B2y,

e—2kr dp (55)

In limiting cases we obtain the following expres-
sions

_ (Cnap 1y, §°<1 + Ble(iko [ (1— B AN — 1,
{1 4 B2 [e(iko/ (1 — B2)ly—1]y/r 41

Fo=rn%315(1 —B?) /4cr*for r > a /1 — B2and r >>c/ w,
(56)

Fo=dnl%/crYT—pforr<ayT—pand r>c/ow,

(57)
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