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Radiation corrections to the differential cross section for bremsstrahlung are computed using
the mass operator method. A general formula is obtained and some limiting cases are con-

sidered.

FOR the calculation of radiation corrections to
cross sections one ordinarily makes use of Feyn-
man techniques which are described in greatest
detail by Brown and Feynman' as applied to the
Compton effect. By comparison with the Compton
effect an additional parameter appears in brems-
strahlung which is associated with the momentum
transferred to the nucleus, and as a result of this
the calculation of integrals by the Feynman method
and also the evaluation of the traces of matrices
becomes considerably more complicated. In the
present article radiation corrections to brems-
strahlung are calculated by means of the mass
operator method.?”3 The main advantage of this
method is the fact that in it one can make use of
the expression for the mass operator obtained by
Newton® in which the integration over the momenta
of the virtual particles is carried out in a general
way. This, in turn, facilitates the calculation of
the traces of matrices. Moreover, it was also
possible to develop a quite convenient technique
for the evaluation of integrals which remain in
the mass operator after the integrations over the
momenta have been carried out.

1. GENERAL FORMULAS AND THE CROSS SEC-
TION FOR THE FUNDAMENTAL PROCESS

As is well known,?® single electron processes

may be described taking radiation corrections into
account, by means of the modified Dirac equation*

(yp+m-+4V)db=0 (1)
where V =eyA + AM; AM is the regularized mass
operator; A includes the radiation field A', the
external field A€ and the regularized vacuum
polarization field A’:

A=A+ A + A,
Y@ = Y@, = 1101 + Yoz + Y33 -+ Yaay,
Yqu'l"YquZ _2614\” (("'7 v=1,2,3, 4)

*We employ units in which i= c =1, €*/47 = 1/137.
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On the basis of Eq. (1) it is possible to obtain
the following formula for the bremsstrahlung cross

section averaged over the electron spins

do — T2 dpdk
T e py|

X Sp(pe| H| p1) (ypr — m) (p1]vall*yi| ps) (m —yp2), @)

where

H=(1+VGW=V—VGV+---, 3)

Here G = (yp +m)~! is the Green’s function of
the Dirac equation; (p;|H|py) is the matrix ele-
ment of H between the eigenfunctions of the mo-
mentum operator normalized in such a way that
(p2lP1) = 6(P2—P1); Pt =(Py, i€y) and py =
(P, i€g) are the initial and final electron momen-
ta; k= (k, iw) is the photon momentum. It is as-
sumed in formula (2) that one of the 6 ~functions
with respect to energy arising here should be re-
placed by (27r)'1 (cf., for example, Akhiezer and
Berestetskii,! §28).

The radiation field in (2) should be written in
the form

0

AC. (x) — e“e—ihx’ e;n _ 1

(4)

The external field (the field of the nucleus at
rest) satisfies the equation

A5 (x) = — Zev,d (x), v, = (0, 0, 0, i),
from which we obtain

Ak = @R (AL e ™M dr =a(k)v. ()

where
a(ky) = (Ze | 2m) 8 (ko) [ £i-

The bremsstrahlung is described by the terms
in H quadratic in the field A. By separating out
in AM the terms AM; and AM, which are linear
and quadratic in the field respectively, we can write
on the basis of (3)
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H = — e AGYA + AM, + e (yAGAM; + AM,GvA).

Newton® has shown [formula (2.19)] that the term
e (YAGAM; + AM;GyA) cancels with a part of AM,
which is defined by formula (2.16). The remaining
part of AM, which we shall denote by Hp; is
broken up into two terms [cf. Newton? (2.14) and
2.17)]:

Hy= AVi4 AM.

In H one should make the substitution A =AY
+ A® + A’. However, the process which is of inter-
est to us is described only by the cross terms:
H=H,+ Hy+ Ha;

Hy = —e? (yA'GyA® + yAGyA'),

Hy = —e? (YA'GyA' 4+ yA'GyA),
while in Hp; one should also retain only the cross
terms in AT and A®. H; describes the fundamen-

tal bremmstrahlung process:

_m dpydk
dog = & e |pr |

(6)

% Sp (2] Hy | p2) (py — m) (py [ 1aHi v pa) (m —ypa). D

The radiation corrections ~e? are determined by

the interference of Hy; and Hps with Hg:
2 dpydk .
T e oy  2RESP (2| Hn o+ Har [ 1)

4 wes P |

dGR =

(8)
X (Ypr — m) (p1 | Yafs Yo | Pa) (M — yps) = doy + ao o

Taking (4) and (5) into account we can easily obtain
(P H|py) = —(e/27)*a(q)
x [ye (yps + m)™yv + yo (ypy + m) 7 vel,

where

9

q=p:t+k—p, ps=pstk pi=pi—k (10)

From this it follows that

(P11 vaH3val P2) = Ya (P2l Hol p1) v = (e/ 27)%a(q) Q. (11)
where

Q = v (Yps + m)'ye +ve (yps +m)yv.  (12)

The evaluation of the traces of matrices in (7)
is easily carried out after summing over the pho-
ton polarizations which, as is well known, consists
of replacing e, — 6, (and at the same time
Ye...ye =7V .-.-7))- As aresult of this we obtain
the Bethe-Heitler formula which may be conven-
iently written for future use in the following form
[cf. Akhiezer and Berestetskii* (31.12)]*

__ 2% [ € \3dp:dk3 (g1 — &2 — )

doo = 75 \4r ) wes P b Uo,

(13)

*We shall take m = 1 in all specific calculations and results.
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where
Uy=T?—3pS? — R% ] 2xx, (14)
R=R;—R;, S=(R,/t+ R;y/x) /20, (15)
T=(2Ry/7+5Rs/%) /0, Ry =2[kXpi], Ry =2[kX p,],
e=pi+ 1 c=pi+1, o=¢’, (16)
with
Ri=4o(sr— o) — %, R} =— 4o (s + w) — %%
(17)

RiRy = 20 (517 — et — 0p — 20) + 7.

2. GENERAL EXPRESSION FOR THE RADIATION
CORRECTIONS

Let us examine first the contribution to the cross
section made by Hpr. It is determined by the sec-
ond term in formula (8) and is denoted by dopr. We
note that Hp., differs from H;, merely by replac-
ing A® by A’. The Fourier components 6a(q)
and a(q) of the quantities A'4(x) and A?(x) are
related in the static case by the following expres-
sion (Akhiezer and Berestetskii,* §43 ):

Sa(q) = —(e/2r)*a(q) W (x), (18)

where

1

W (x) = (1 — x coth x)(l — COch.X)—'—gw (19)

4 sinh?x=q?% q=p; +k— p;.

From this, after taking into account (6), (7), and
(8), it follows that

dogr = dsy[— (e/27)22W (x)]. (20)

Let us now write the sum do =doj + dog in the
form

ds =dso[1 —(e/ 27 (2W (x) + U/Uy)],  (21)

where

} 22
U= (2?)"471—@ ReSp (pa| Ha | p1) (ypr — m) Q (yps — m)(- )

/

According to Newton® [formula (2.10) and further],
< 1

Hy =AML+ AME = (gj | ids S duexp{—is (u+ 12/ u)}
0 0 (23)

e B &M (MY (p, fuy ko) + M3(p, By, By)) eiter,

(2m)2 (2m)2,

where Mj and M3 are given by Newton’s formu-
las® (2.14) and (2.17). The factor exp (—isA%/u)
added by us (A is the fictitious photon mass)
guarantees the convergence of the integrals over
u at the lower limit. This factor arises if in the
mass operator the photon Green’s function is taken
to be of the form (k% +A%)~!, instead of k™2, in
order to eliminate the infrared divergence.

We shall illustrate the method of evaluating U
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on the example of one of the terms from Mj§ which
we shall denote by B (p, kq, ky):

1 Uy
B(p, by, k) = {doy | dos® (ky, &) (Fa(0r, 02) iad (k) G (p)
0 0

X E (p?) kyF v, (ko) 1o (24)
— 81 =02, 1 —01)iniFo (k1) knnG (p) E (p°) Yudu (ko))
where
fB (01, Vo) = — 2isu(l —v,)[2—u + u2(1l — 20;) V],
V=10, —10,
@ (ky, ky) =exp {—isulv, (1 —v,) &} + vy (1 —0,) ki
+ 0y (1 — vy) 2k1ks]}, |
E (p?) =exp{—is(l — u)V (p? 4+ m?)};
Ju=Ju+ 5 Fuy=Flu+ Fla,
in which, in accordance with (4) and (5),
Fly (ky) = (27) 72 S Fl, (x) e M¥dyx
= i (27)% (ky + k) (euby — euky),

kT3 (k) = (27)% by + B €, T (k) =0,
Fio (fy) = — i (ky) (Oary — 0y, 2 (k) = @ (k) Ko,

(25)

A contribution to bremsstrahlung will be made only
by the terms

F'(ky). . . J% (ky) and. J° (ky). . .F" (ky).

Corresponding to this B (p, kq, ky) will be broken
up into two terms:

B = B + B”. (26)
We consider

Ha= (po || disdhoeisB (p, by, ) et

Pl)

=\ dldhydpd (p — py— k)8 (p — s + k) B (p, by, k).

In accordance with (26) and (24) we can easily obtain

Hp= H§ + H%, . (27)

where

1 1
H3 = (27)a(q) ¢\ do, | dv.® (g, — k)

0 0

X E(p3) fa (U1, v2) Y0 (Ypa 4 1) X [ve (kq) — vk (eq)],

1 v.

H% = (2=)2a(q) ¢* gdvl deg‘b (— &, q)E (p3)

(1] 0
X [8(l—v,y, 1 —0y)[ye(kq) — vk (eq)] (vps 4 1) Iyv.

We denote the contributions of Hp, ng and
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HY to U respectively by Up, UR and Ug.
After the evaluation of traces Up will he expressed
only in terms of the quantities «, 7, p, €, and
€. Therefore

.UB=Uré,(x7 T, Py €1, 32)+U§(K, Ty, Py €1, s2)-
We shall now show that

Ubl’?r(x) T, P) 317 32)=U'B€ (T) %, 97 32v s]_)-

(28)

Indeed, if in UK’ we replace k — -k, q— —q,

p; == p; (and at the same time p; ==p,), and if

in the integrals we introduce new variables v; —
1-vy va—1—vy [with &(q, —k)—2(-k, q)),
we shall obtain under the trace sign in U%r the
same factors as in UR°, but written out in inverted
order. After the evaluation of the trace the two ex-
pressions will become the same. The replacement
of the momenta indicated above is equivalent to the
replacement k <=7, €; <= €y in the final result,
and this completes the proof of assertion (28). This
property is common to all the terms in AM:Z’ and
AM% and may be easily checked for each term.
Thus

U=U"(x, x, p, &1, 8) + U (5, %, p, 82, &), (29)

and therefore it is sufficient to evaluate only
UT® (k, 7, p, €1, €).
The quantity UL® may be written in the form

U% = Jphp/ 16, (30)
where
© 1 Lo
Jg = Rex ids X due—isu \ do, g do,® (— k, )
0 0 (‘)) 0 (31)
XE(pg)fB(l‘—Uz» 1 —uoy),
hg = Sp ¢* [v2 (kq) (32)

— qx(YR) (vyps + 1) yo (ypr — 1) Qa (yp. — 1),
Qu =vo(yps + 1) o + va (ypa + 1) yo.

The evaluation of the trace of hp leads to the
result

he = (20 /) (2pb ] 2= + 52)
—4p{po (o1 /= 22 /) (2 /%) (3 + <))
+ (1 /%4 2o/7) [ea (1 + 4o /%) —257]},

(33)

where
a=x+7% b=a>+x(p—a).
With the aid of (15) and (17) this may be written
in the form

hp = 20 (2, 4 T (Ry + R,) —2wRS]. (34)
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We introduce the notation Jp = 2J [isu(u—2) (1 —v,)]
P
+22 0w +2 566 [ (u?) — 2J (u2V)].

1 v,

e

JIf (0 v2)] =& ids \duexp {—is(u+2/u)} del S do, It is shown in the Appendix [cf. (A.6) and (A.5)]
)

0 0

that
@ (q, —k)E(P3) ] (01, v,),
X0 —RER] e w) (39) Jlisu? (1 —03)] = —» 2 I [isu (1 — )],
where 2/ (u?) = (1 _ua%>J ().

Thus it now remains to calculate J (isu),

D(q, —k) = —i 1— — (1 — ,
(@ )= expi=isfo( 2a)p o vl ) J(isuvy), J(u) and J(u®V). The method of

E (p3) = exp {—is (1 —u) V). carrying out these calculations is given in the
Appendix.
After introducing in (31) new variables v; — It turns out that all the integrals appearing in
1-vy, v—1-vy, (with &(-k,q)—&(q, k), AM} with the exception of J (ise~18A%U) can be
while E (p%) remains unchanged) we obtain: expressed in a similar manner in terms of these

four integrals and their derivatives with respect

o =J(fs (01, v2)] to the parameters k, a and p. The integrals

=J{—=2isu(1 —v,)[2—u+ u’V (I — 20,)]}. appearing in AMj}, and likewise J (ise~isSA%/u),
Making use of obvious properties of the integrals may be evaluated directly; the results are given
J (f) we can easily rewrite Jpg in the form in the Appendix.

We have described the method of calculating the contribution to UT® of the term B. The contribution
made by the remaining terms may be evaluated in an analogous manner. As a result of all these calcula-
tions the following result has been obtained for UT®€

2U" (%, =, p, &1, €2) = T2 (2y/sinh 2y) 4+ U, {2 (1 — 2y coth 2y) In k- 4y coth 2y [ (2y) — h (y)] + 2 —y coth y

— (4 +p)y/sinh 2y 4 2tM + antisymm. terms — (xU, + S,0/0%)J [u2 (1 — V)] + (S20/0% + S30/0a

(36)
+ S40/00) J (1) + (S50/0x + Se0/0 + S:0/0p) J () + (Ss0/det + 8,0/0p) J (V) + (S10 — Sy
+ 22 S106%02/0) T (isu) + (S1s — Sypp0/0% + /3 S1920%/0x2) J (isuvy),
where
2bJ (u) =[x (2 —p) —20] L — (o — ) (p— ot + 4) M + % [(p — @) (p — x -+ 4) + 2a] ; 37
96 (isu) = oL, + (x— %) (p — &) M + [(x —5) (2 — g) + ] N, (38)
2bJ (iSuUl) =] — [‘C (P - OC) + 2“] M +‘ [‘C (P - x) + QOC] N’ (39)
) = 0= [x (G 55) 0= 6] [l0— G = N+ XL L ety F (-
_ %‘I +x cothx + 2= (xcoth x — y coth y); (0)

L=2—x)+F(x—1)—F(-1),

1
dv 14(1— . _
M=§ rra—ae— | 2 | = 2(sinh 20) (9 + 9@+ 2) + (9 — 1) Al —2) — gh()—yln | <] ),
1 y x
do . 1= Inj1
N:S 1+(1—Z)vp—xv ln\ +(xv et ;yh(y)=&u00thudu’ F(x)=8“[%ldu’ F(=1)=—=6,
0

0 0
4sinh’x =op, 4sinh®y=p —o; a=x 41, b=+ xt(n —a)
and
Sy = %o + R? + »RT + »waS? — 260SR,, Sy = (v — 2) Uy — (o/2%7) R? — 2RT — 2ut (T2 -+ »S?) 4 402, SR,,
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— (/=) R* — 6x2pS® + (o0 — 4) RT + 20TRy + 20 (0 — 421) RS,

o (Rij= + Rif») — 2P,

S5 = —2:Uq - = [T* 4 (5 4 ) S*] — (1 /¢ + #/24x) R* — 2RT — p[TR; + 25,5 (R, —R)],

So=lUs— (1 + a/ux) R® + #= (dp — 0) S — (4 + «) RT +5[2(e1 + 25) RS + Ri/x + Ri/],

Sy = S; + (1 4 a/«7) R* + 4RT + »taS? —

S, =S¢ + aR*/ux +4RT — 2P, Sg = 200RS + (x — <) RT, Sy = — 2wl + 26 [20RS — T (R, + R»)],

Siy= (0 —») Uy — R¥/x — (0/#=x) RRy — 3TR — 4x0S? —

S10 = (3% — 20 — 2) U, + aR?/2x~ -+ 2RT,
S1e=2Uy + — —

Si3= 2= ’Um

P=

%

The cross section for the fundamental process
do, vanishes for zero angles when k Xp; =k X p,
= 0. At the same time the radiation corrections
found by us also vanish, as should have been ex-
pected, since they are determined by interference

with the matrix element of the fundamental process.

If the accuracy with which the energy is meas-
ured does not exceed a certain value AE <« m
then in actual fact the quantity which will be meas-
ured will be the total cross section of the ordinary
bremsstrahlung of a single photon of momentum k
and of processes in which additional soft photons
are emitted whose total energy does not exceed
AE. To the order in e® which we are at present
considering we should also add to do the cross
section dop of double bremsstrahlung when the
additional radiation consists of the emission of a
single photon of low energy w; < AE. According
to the general rule®

dop = ds (e/27)D, (42)
where
1 dk, [ D2 py N\
D=z S VW \/)2,')131 - P1'k1/‘; '

The expression for D may be written in the

following form (Akhiezer and Berestetskii,*

D = 2(1 — 2ycoth2y) In

(43)

(44)

+i[v1: H‘U‘ + -, lni_*v~—coth2y Y (y, ”l"’)l’
where
ve=|pl, ve=|p:1,
1 ]
Yy e e) = S coth’y—c—lzz‘-’sinh‘-'y /%In ::ZIZZ , (45)

1

2z, =¢, 2 4 0z, p: =22+ 22sinh?y — coth?y.

S11 = —=pUy — Sy5 4 2P

2 {;IZ <J~ — »}) R* — 2T (Ry+ Rs) — 2—“(]0] .

§32.4):

R 3RT + -~ (R*+ -2 RR; + 4uxpS? ) — P

Si5=—10p (yi. RR; + 4:8‘3) + P

(41)

It may be easily seen that the term in In A
cancels out in the total cross section do + dop.
3. LIMITING CASES

On the basis of the general formulas (36) and
(42) we can easily obtain certain limiting expres-
sions for the radiation corrections to bremsstrahl-
ung. Five mdependent parameters €, w, 04=
kpi, 0,y —kpz, and 6 = p1p2 appear in the cross
section. All the other parameters may be expressed
in terms of them:

= — 2w (s, — pycosly), & =2 —o,

=l/3f—1’

p=—2+ %+ 7+ 2(e58, — pypacosb), Pz=]/€§——1-

We consider four particularly interesting limit-
ing cases in which the general formula can be con-
siderably simplified. We write the total cross sec-
tion do =do + dop in the form

<= 20(ey— pyosty), py

do = da, [1 — (e/27)%], (46)

where

6 =UU, + 2W (x) — D. (47)

(1) The case of low frequencies (we; < 1). In
the limiting case of almost elastic scattering, i.e.,
for radiation of low frequencies, we should expect
a simple relation between the radiation corrections
to bremsstrahlung and the radiation corrections to
elastic scattering.® Indeed, in the limit w —0
(P —p1 =P, €3 — €4 =€) the bremsstrahlung
cross section may be represented in the form of
the product

dG’O = dcg.wg (48)
of the elastic scattering cross section
[ Zer \2 1 —v?sin?(6/2)
dsy = ( 8rpu ) Sint (0/2) d0, (49)
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by the probability of radiation occurring during
scattering
where

v=ple, Vi=1—vcosl;, V,=1—wvcosb,.

On taking radiation corrections into account
ds) —dsy = dsf [1 — (e/27)%,1,
w0 —w, = w) [1 — (e/2%)%3],

so that our formula (46) should in the limit w — 0
reduce to

d; — dg?/.wg) [l — ((3/2?)2 (By + E’m)]’ (51)

where 6, is determined by Schwinger’s formula®
(cf. also Akhiezer and Berestetskii,* §45).

If we assume wey; < 1 [and at the same time
k|, T<1, p=4p®sin® (6/2)], we obtain the
following value* for &

6= 2(1 —2x coth2x)In2AE + x tanh x

e

+ 4xcoth 2x [h (2x) — h (x)] + 2W (x) +sinhz§x

4e? — ¢
1 140 , (1—1v®)coth2x .., (52)
+~v_1n 1—uv } vsin6/2 G (v,h)
4 0 (wz; Inw, wz,) =8, + O (0w In o, ws;).
Here
1
G (0, ) = du In 4%

(1 — v?u?) (u2 — cos? (6,2))"*

cos 0,2

Thus, 6y, =0(we, ln w), i.e., it behaves like
wln w as w— 0. In the non-relativistic limit
(cf. below)

3o = 1/ (py— P2 K In 0. (53)

(2) Relativistic case (€, €3> 1). At high en-
ergies, small angles (6, 64, 6, ~ 1/€) play the
principal role in the cross section doy. For these
values of the angles the formula for the corrections
is considerably simplified only if we assume w <«
€4, in which case we may impose on the angles the
less restrictive condition 6% « 1/we;, 6% < 1/we,.
Under these conditions | k|, 7 <1, p = €€,0% «
€;/w, and

8 =2(1 —2x coth 2x)<1n%?+ 1)+xtanh X
(54)
+ 2W () O(—g—lnsl,s—“:/‘,,

In order to estimate the order of magnitude of the
corrections we take €; =100, x= 1. In this case
(e/2w)?6 > 0.02 (1 — 0.25In 2 AE). (55)

*cf, also Fomin.”
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(3) Ultrarelativistic case. It is of interest to
investigate the behavior of the corrections for
angles which are not too small. In this case, to
achieve simplification, we take energies so large
that

In(p—a), Inp, In| x|, Int>1,
but at the same time

P g e

n
I In = ]

At the same time

b=2(1—2y)In2AE +4y* — 3y —2yln £ % 4 % ¢

4epey
56)

—Inegz, 4 0 (1), 2x =Inp, 2y = In(p —a).

From this it follows that, roughly speaking, the de-
pendence on the energy is of the form

3= Aln%, + Blne + C.

Such behavior is characteristic in general for all
the radiation corrections of order e? which we
are at the moment discussing. At sufficiently high
energies the correction may attain values of 10 to
20%.

(4) Nonrelativistic case (p; < 1). At low en-

ergies we obtain

i‘ {(Pl —p2)° (%3‘ —In 2AE>

+2(p—p2) kIno}+0(p?).

The fact that the corrections tend to zero as p; — 0
is a characteristic feature. We note that in the non-
relativistic limit corrections to the elastic scatter-
ing,% to the Compton effect,! and to the Mgller scat-
tering,® also vanish. The corrections to the two-
photon pair annihilation® approach a finite limit as
the relative velocity of the electron and the positron
tends to zero. However, this limit is not a truly
nonrelativistic one, but rather a threshold one,
since in the inverse process of pair creation this
will correspond to the threshold of the reaction.

On the basis of these results we may apparently
make a general assertion that the radiation correc-
tions always vanish in the true nonrelativistic limit,
while in the case of threshold reactions they ap-
proach a finite limit at the threshold.

The author takes this opportunity to express his
gratitude to Prof. A. I. Akhiezer for suggesting the
subject of the present investigation and for valu-
able aid, and also to V. G. Bar’iakhtar and S. V.
Peletminskii for considerable aid in calculations
at the earlier stages of the work, and to V. F.
Aleksin and D. V. Volkov for valuable advice.
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APPENDIX
We shall now present the method of evaluating the integrals. We shall first give the values of certain
auxiliary integrals:

1 1 1
8[1 + v (1 —v)-4sinh? y]1do = 2y / sinh 2y; gdvlg dv,[1 + (1 — 0,) v,-4sinh2y]™ = y2 /2 Sinh?y;
0 0

0
1
&ln v-[1 + (1 —v)0-4sinh.2 y] " do = — 2yh(y) (sinh2y)*; (A.1)
0

1 Yy

Sln|1+(1-v)v-4si.nh'-’y| do — 4 Sutanhudu=mfg—y-[h(2y)—h(y)].
0

1+ (1 —v)v-4sinhZy " sinh2y
0
We now consider J(isu). First of all, we note that the integral over the proper time s is defined in
such a way that

o [e.]
\ idse—is¢ = g1 andg idse—isajs = a2.
0

0

In accordance with this, we have

L

1 1 v,
J (isu) = Sdudelg dvy-u {[1 4 (1 —vy) (v3p — vew)] 1 + (1 — u) V] 72
0 0 0

After introducing the new variable (1 — u)u™! =t the integration over vy, and T may be easily carried

out and leads to
1

, vidoy 1 14+ (1 —uv)ovp
J(lsu)zgl_,_u_vll)vlp—le 14+ —v)u(p—a) In ®Uy )
0
With the aid of the auxiliary integrals given above this integral may be easily brought to the final form
(38). The evaluation of J(isuvy) is carried out in a completely analogous manner.
After integration over s and after the introduction of the new variable (1 — u)/u =1t the integral
J(u) takes on the form

v

do, | do, 11+ (1 —v,) (010 — 0,2) + V1], (A.2)

0

=] 1
dt
Jw =Y )
0 0

Integration by parts with respect to t gives
J(u) = 2 (x® — y?) /o — »J (isuV). (A.3)

By introducing the new variables v; —v;, vy —v; — V and by changing the order of integration over
V and v; the integral J(isuv) may be brought to the form

e 1 1
AT a Vo= (1 —20) (o — )] £ (1 — 20) (6 — )
! (‘s“‘v)“"d‘gmgdvidvl T ey lorte— ) VAl 5T (A.4)
0 0

The part of the integral which corresponds to the last term in the numerator is evidently equal to
L‘J‘l J[isu(1l-2vy)] and may be found directly with the aid of (38) and (39). The remaining part of the

integral assumes the following form after integration over v; and t has been carried out:

R Fe—n—F—1n—n

FRE
Finally we obtain the result (37) for J(u).

By means of differentiating (A.2) with respect to k and then by means of integrating by parts with
respect to t it can be shown that

w2 () = J () — 20 (),

from which it follows that
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J(12) =15 (1 — %0/0%) J (1). (A.5)
In a similar way it can be shown that
J(isu?) = —x 2 J (isu), J (isu%o;) = —x—cJ (isuvy), 4.6)
J (isu3) = ‘17(1 — x~£7_ )J (isu?) = 12% J (isu), J(isyPv,) = l; 6672 J (isuv,).

We now consider the integral J(u?V). It can be shown in a manner similar to that used for deriving
(A.3) that

1 Uy

J (u2V) = Lgdvlg dvs ¢ v — o (isuV?).
0 0

2 1 —v;) (vip — vsat)

The first integral can be easily evaluated. By carrying out a transformation similar to (A.4) we readily
obtain for J(isu?v?)
. — . 1 (2 —2
J (isu?V?) = p—af‘-J[tsuz(l —20) V] + {7 [Fx—1)—F(— D]+ % In|x| —2}

b4

% oN In| x|
+'Z;[(P—”) N+ 5 ]
Further, it can be easily checked that
Jlisu? (1 — 20) V] = — 2 (.3&- + a‘%) T (1) — J (isu2V).

J(isu2V) = J (isuV) = J [isu (1 —u) V] = o (2 — y) ——f;(l —x %)J (w).

As a result we obtain for J(u?V) the value (40). L,
The evaluation of integrals appearing in AM% and also of J( ise~18A%! ) may be easily carried out by

means of the procedures outlined above. We now give the results:

J (ise=isin) = mhz—zy[yh W=+ 0h@G+0) == hy—x) —yin|;

. 1 4 2 N
I{o(l - 20) [u® + 2isu (1 — u)]} = m{l — yeothy + 281k (20) —h (1)) + (1 -—ﬁ)(l + In m)} . (ALT)
: 2 N
Iu(u—1)] = — y/sinh2y; 12 = 1) =rsy (210 (20) — B ()] — 1 — In72),
Here we have introduced the notation
5 1 1
L[f (s, u, v)] = S ids\duxdvf (s, u, v) X exp{—isu[l + (1 —0)v(p —a)] — ish?/u} (A.8)
0 0 0
and in the course of the calculation we have neglected all those terms which vanish as A — 0.

'L. M. Brown and R. P. Feynman, Phys. Rev. 85, 231 (1952).

2J. Schwinger, Proc. Nat. Acad. Sci. 87, 455 (1951).

3R. G. Newton, Phys. Rev. 94, 1773 (1954).

4A. 1. Akhiezer and V. B. Berestetskii, KsanroBasa smexrpogmmamuxa (Quantum Electrodynamics),
M. 1953, (Engl. transl. publ. by U. S. Dept. of Commerce).

5J. M. Jauch and F. Rohrlich, Helv. Phys. Acta. 27, 613 (1954).

8J. Schwinger, Phys. Rev. 76, 790 (1949).

P. I. Fomin, J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 227 (1958), Soviet Phys. JETP 7, 156 (1958).

8M. L. G. Redhead, Proc. Roy. Soc. A220, 219 (1953).

°I. Harris and L. M. Brown, Phys. Rev. 105, 1656 (1957).

Translated by G. Volkoff
141



