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Radiation corrections to the differential cross section for bremsstrahlung are computed using 
the mass operator method. A general formula is obtained and some limiting cases are con­
sidered. 

FOR the calculation of radiation corrections to 
cross sections one ordinarily makes use of Feyn­
man techniques which are described in greatest 
detail by Brown and Feynmani as applied to the 
Compton effect. By comparison with the Compton 
effect an additional parameter appears in brems­
strahlung which is associated with the momentum 
transferred to the nucleus, and as a result of this 
the calculation of integrals by the Feynman method 
and also the evaluation of the traces of matrices 
becomes considerably more complicated. In the 
present article radiation corrections to brems­
strahlung are calculated by means of the mass 
operator method. 2•3 The main advantage of this 
method is the fact that in it one can make use of 
the expression for the mass operator obtained by 
Newton3 in which the integration over the momenta 
of the virtual particles is carried out in a general 
way. This, in turn, facilitates the calculation of 
the traces of matrices. Moreover, it was also 
possible to develop a quite convenient technique 
for the evaluation of integrals which remain in 
the mass operator after the integrations over the 
momenta have been carried out. 

1. O:ENERAL FORMULAS AND THE CROSS SEC­
TION FOR THE FUNDAMENTAL PROCESS 

As is well known,2•3 single electron processes 
may be described taking radiation corrections into 
account, by means of the modified Dirac equation* 

(yp + m -t V) ~ = 0 (1) 
where V = eyA + .C:.M; .C:.M is the regularized mass 
operator; A includes the radiation field Ar, the 
external field A e and the regularized vacuum 
polarization field A': 

A = Ar + Ae + A'; 

ya = y~_a,, = Y1a1 + Yzaz + y3a3 + y4a4, 

Y,,Y,, + YvY1, = - 2ol'''' (fL, ~ = 1, 2, 3, 4). 

*We employ units in which n= c = 1, e2/4rr = 1/137. 
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On the basis of Eq. (1) it is possible to obtain 
the following formula for the bremsstrahlung cross 
section averaged over the electron spins 

de; = ~'"- dp2dk 
4 "'"2 I Pl I 

(2) 

where 

H=(l+VGr1V=V-VGV+···, (3) 

Here G = ( yp + m) -i is the Green's function of 
the Dirac equation; ( p2l H I Pi) is the matrix ele­
ment of H between the eigenfunctions of the mo­
mentum operator normalized in such a way that 
(P21 Pd = o (P2 -pt); Pi= (Ph iEt} and P2 = 
(p2, iE2) are the initial and final electron momen­
ta; k = (k, iw) is the photon momentum. It is as­
sumed in formula (2) that one of the o -functions 
with respect to energy arising here should be re­
placed by ( 21r) -i ( cf., for example, Akhiezer and 
Berestetskii, 4 § 28). 

The radiation field in (2) should be written in 
the form 

The external field (the field of the nucleus at 
rest) satisfies the equation 

OA~ (x) =- Zev,,o (x), v[L = (0, 0, 0, i), 

from which we obtain 

where 

a (k1) = (Ze! 2"') o (k10) I ki. 

(4) 

The bremsstrahlung is described by the terms 
in H quadratic in the field A. By separating out 
in .C:.M the terms .C:.Mi and .C:.M2 which are linear 
and quadratic in the field respectively, we can write 
on the basis of (3) 
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H =- e2yAGyA + ilM2 + e (yAG!lMI + !lMIGyA). 

Newton3 has shown [formula (2.19)] that the term 
e (yAG~Mt + ~M1GyA) cancels with a part of ~M2 
which is defined by formula (2 .16). The remaining 
part of ~M2 which we shall denote by H M is 
broken up into two terms [cf. Newton3 (2.14) and 
(2.17)]: 

H M = .:\ ·.~~ + !lM~. 
In H one should make the substitution A = A r 

+ Ae +A'. However, the process which is of inter­
est to us is described only by the cross terms: 

H=Ho+HM+HA'; 

Ho =- e2 (yA'GyAe + yAeGyA'), (6) 

HA' = -e2 (yA'GyA' + yA'GyA'), 

while in HM one should also retain only the cross 
terms in Ar and Ae. H0 describes the fundamen­
tal bremmstrahlung process: 

dcro = n 2 _ dp2dk 
4 we, I P1 I 

X Sp tPz/ Ho /PI) (YPI- m) (PI i Y4Hd 14/ P2) (m- YP2)· (7) 

The radiation corrections "' e2 are determined by 
the interference of HM and HA' with H0: 

n 2 dp.dk s ' 
dcr R = - 4 ---1 - 1 2 Re p (p2/ H M + H A' 1 PI) 

we2 P1 · 
(8) 

X (YPI- m) (PI/ Y4ifdY4 / P2)' (m- YP2)- daM+ acrA'· 

Taking (4) and (5) into account we can easily obtain 
(P2!H/PI) = -(ej2o.)2 a(q) 

(9) 

where 

q=p2+k-pi, p3=P2+k, P4=PI-k. (10) 

From this it follows that 

where 

Q = yv (yp3 + mtiye + ye (yp4 + mtiyv. (12) 

The evaluation of the traces of matrices in (7) 
is easily carried out after summing over the pho­
ton polarizations which, as is well known, consists 
of replacing el-t - OJ.tA. (and at the same time 
ye ... ye - 'YA, ... 'YA.). As a result of this we obtain 
the Bethe-Heitler formula which may be conven­
iently written for future use in the following form 
[cf. Akhiezer and Berestetskii4 (31.12)]* 

de _ _ !'._ ( !'_ \3 dp2dkl) (e1 - e2 - w) U 
o- "' \4n J wo,: p, 1 q4 o: (13) 

*We shall take m = 1 in all specific calculations and results. 

where 
U0 = P- pS 2 - R. 2 I 2x":, (14) 

R = RI- Rz, S = (R1 I"' + Rz I x) / 2N, (15) 

T=(z2 RJ/-r.+zJRz/x)jN, RI=2[kXpr], R2 =2[kXp2 ], 

with 
x = P~ + 1, 1: = P! + 1, p = q2 , 

R.i '= 4N (zl-;;- N)- 1:2 , m =- 4N (Zzl< + N)- x2 ; 

R.1R.2 = 2N (z1t- z2x- Np- 2N) + l<'t:, 

(16) 

(17) 

2. GENERAL EXPRESSION FOR THE RADIATION 
CORRECTIONS 

Let us examine first the contribution to the cross 
section made by HA'. It is determined by the sec­
ond term in formula (8) and is denoted by daA'. We 
note that HA' differs from H0 merely by replac­
ing A e by A' . The Fourier components oa ( q) 
and a(q) ofthequantities A((x) and Ar(x) are 
related in the static case by the following expres­
sion ( Akhiezer and Berestetskii,4 § 43 ): 

oa(q) = -(ej27t)2a(q) W(x), (18) 

where 

W (x) = (1- x coth x) ( 1 - j coth2 x)-{, (19) 

4 sinh 2 x = q2 , q = P2 + k- P1· 

From this, after taking into account (6), (7), and 
(8), it follows that 

dcrA'=dcr0 [-(e/2rr)22W(x)]. (20) 

Let us now write the sum da = da0 + daR in the 
form 

dcr = dcr0 [1- (e I 2rr)2 (2W (x) + U I U0)J, (21) 

where 

( 27t\4 1 (22) 
u = e) 4a (q) ReSp (P2/ HAl/ PI) (YPI- m) Q (YPz- m). 

According to Newton3 [formula (2.10) and further], 

"' 1 

HM =LlM~+ilM~=(~)2 ~ ids~duexp{-is(u+)·2 1 u)} 

0 0 (23) 

I dk, dk. ik X [MI ( k k ) + .'1" ' k k . X J (2rr)2 (2rr-)2, e • 2 p, 1> 2 IV. 2 ~p, I• 2)1 etk,x, 

where M~ and M~ are given by Newton's formu­
las3 (2.14) and (2.17). The factor exp (-isA.2/u) 
added by us (A. is the fictitious photon mass) 
guarantees the convergence of the integrals over 
u at the lower limit. This factor arises if in the 
mass operator the photon Green's function is taken 
to be of the form ( k2 + A. 2 ) -l, instead of k-2, in 
order to eliminate the infrared divergence. 

We shall illustrate the method of evaluating U 
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on the example of one of the terms from M~ which 
we shall denote by B ( p, kit k2): 

l v, 

B (p, k1, k2) = ~ dv1 ~ dvz<l> (k1, k2) [fB(v1, V2) iyf.LJ[J. (k1) G (p) 
0 0 

where 

V= v1 - v2, 

<I> (k1, kz) = exp {- isu [v1 ( 1 - v1) ki + V2 ( 1 - Vz) k~ 

+ V2 (1 -vi) 2k1k2l},, 

E (p2 ) = exp {-is (1- u) V (p2 + m2)}; 

in which, in accordance with (4) and (5), 

F~.~ (kl) = (2>=)-2 ~ F~v (x) e-ik,xdx 

= i (2 .. )28 (kl + k) (e(,ki- evk(t), 

k~2 J~ (k1) = (2r.) 21l (k1 + k) e1"' J~ (k1) = 0, . 
(25) 

F~v (k1) =- ia (k1) (vfJ.klv- Vvklf.l.), J~ (k1) =a (kl) kivw 

A contribution to bremsstrahlung will be made only 
by the terms 

F' (k1) ... J" (k2) and J" (k1) .• • F' (k2). 

Corresponding to this B ( p, kit k2) will be broken 
up into two terms: 

(26) 

We consider 

HB=(Pz~~dkldk2eik,xB(p, k1 , k 2)eik,xl p1 ) 

= ~ dkldkzdpll (p- P1- k2) ll (p- Pz + k1 ) B (p, k1, k2). 

In accordance with (26) and (24) we can easily obtain 

HB=H'B+H'B. (27) 

where 
1 '1:'1 

H'B = (2r.) 2a(q) q2 ~ dv 1 ~ dvz<D (q, - k) 

l v, 

H'Jl = (2>=) 2a (q) q2 ~ dv1 ~ dvz<D (- k, q) E (p;) 
u 0 

X fn(i-Vz, 1- vl) [ye(kq) -yk(eq)l (yp3 + J)Lyv. 

We denote the contributions of HB, H~e and 

er . re er 
HB to U respectively by UB, UB and UB . 
After the evaluation of traces UB will be expressed 
only in terms of the quantities K, T, p, E1t and 
E2. Therefore 

'Us= U'/3 (x, 't, p, 2 1 , 8 2) + Ui{ (x, 't, p, 21 , s2). 

We shall now show that 

(28) 

Indeed, if in Uf[{ we replace k - - k, q - - q, 
p1 ~ p2 (and at the same time p3 ~ p4 ), and if 
in the integrals we introduce new variables v 1 -

1-v2, v2-1-Vt [with <I>(q, -k) -<I>(-k, q)], 
we shall obtain under the trace sign in u~r the 
same factors as in u~e, but written out in inverted 
order. After the evaluation of the trace the two ex­
pressions will become the same. The replacement 
of the momenta indicated above is equivalent to the 
replacement K ~ T, E1 ~ E2 in the final result, 
and this completes the proof of assertion (28). This 
property is common to all the terms in ~M~ and 
~M~ and may be easily checked for each term. 
Thus 

and therefore it is sufficient to evaluate only 
Ure(K, T, p, E1> E2). 

The quantity u~e may be written in the form 

where 
00 1 1 'Vl 

J B = Re ~ ids ~ due-isu ~ dv1 ~ dv2<l> (- k, q) 
0 0 0 0 

hn = Sp q2 (yi, (kq) 

- qi,(yk) (yp3 + l)-1yv (YPl- 1) Q;>.(ypz- 1 ), 

Q~..=yv(yp3+ if 1'{i.+Yi.(/P4+ 1)1yv. 

The evaluation of the trace of hB leads to the 
result 

where 

hE= (2p lx) (2pb lx":. +'tO() 

- 4p {pw (21 I": + z2 I x) + (2p I x) (2i + 8~) 
+(z1 lx+z2 l't)[z1 (1 +4Q(Ix)-82't]}, 

(30) 

(31) 

(32) 

(33) 

With the aid of (15) and (17) this may be written 
in the form 

(34) 
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We introduce the notation JB =2J[isu(u-2)(1-vi)l 

00 1 1 V1 + 2 :~J (u2) + 2 ~ [J (u2) - 2J (u2V)J. 

J [f (vi, v2)J = ~ ids ~ du exp {-is (u + /..2 j u)} ~ dv1 ~ dv2 

0 0 0 0 

X <I> (q, - k) E (P~) f (v1 , v2), (35) 

It is shown in the Appendix [cf. (A.6) and (A.5)] 
that 

where 

<I> (q, - k) = exp {-is [v1 (1- vr) p- v2 (1- v1) IX] u}, 

E (p~) = exp {-is (I- u) Vx}. 

J [isu2 (1- v1)] = -x£_J [isu (I- <."1)], 

r a\ 2J (u2) = 1 1 -x 8-1J (u). 
\ xI . 

Thus it now remains to calculate J ( isu ) , 
J (isuvt), J (u) and J (u2V). The method of 
carrying out these calculations is given in the 
Appendix. 

After introducing in (31) new variables v 1 -

1- v2, v2 -1- vi> (with <P ( -k, q)- <P (q, -k), 
while E ( p~) remains unchanged) we obtain: 

JB =J({fB(Vl, V2)J 

= J {-2isu (1- v1) [2- u + u2V (l- 2v1)]}. 

Making use of obvious properties of the integrals 
J (f) we can easily rewrite JB in the form 

It turns out that all the integrals appearing in 
~Mi with the exception of J (ise-isl\.2ju) can be 
expressed in a similar manner in terms of these 
four integrals and their derivatives with respect 
to the parameters K, a and p. The integrals 
appearing in ~Ml, and likewise J (ise-isA.2/u), 
may be evaluated directly; the results are given 
in the Appendix. 

We have described the method of calculating the contribution to ure of the term B. The contribution 
made by the remaining terms may be evaluated in an analogous manner. As a result of all these calcula­
tions the following result has been obtained for ure 

2Ure (x, 't, p, s1 , s 2) = P (2y/sinh 2y) + U0 {2 (I- 2y coth 2y) ln t..+ 4ycoth 2y [h (2y)- h (y)] + 2- y coth y 

where 

- (4 + p) yf sinh 2y + 2"M + antisymm. terms - ("Uo + S1ajax) J [u2 (1- V)J + (S2a;ax + S3ajaiX 

+ S4ajap) J (u) + (S5ajax + S6ajaiX + S7ajap) J (u2) + (S8ajaiX + S9afa?) J (u2V) + (S10 - S11xajax 

+ 1/2 S12x2a2jax2) J (isu) + (S13 - S14wjax + 1/ 2 S15x2a2jax2) J (isuv1), 

2bJ (u) = [x (IX- p) -21X] L- x (p-IX) (p-IX+ 4) M + x [(p-IX) (p -x + 4) + 21X] N; 

2bJ (isu) = IXL + (x- 't) (p-IX) M + [(x- 't) (IX- p) + IX't] N, 

2bJ (isuv 1) = 't[- ['t (p-IX)+ 21X] M + ['t (p- x) + 21X] N, 

1XJ(u2V)=(p-1X)[x(:"-+ :P)J(u)-J(u2)]- ~:-((p-x) a: -N+ ~~~~]--~ [F(x-1)-F(-1)] 

_(x-;-/;~1)><1 +x cothx+ 2 (p;oc)_(xcothx-ycothy); 

1 

(36) 

(37) 

(38) 

(39) 

(40) 

M = ~ 1 +(1-~;v(p-«) In \ 1 +(1x;v)vp I= 2(sinh 2yp {(y + x)h(y + x) + (y -x)h(y -x)- yh(y)- yin lx I }, 
0 

1 !/ X 

N = ~ 1 + ( 1 -d~)vp-xv Iri \ 1 + (ix; v)vp \; yh(y) = ~ u cothudu, F (x) =~In liu+u ldu, F (-1) =- "'2/6, 
0 

4sinh 2 x=p, 4sinh 2 y=p-1X; IX=x+'t, b=IX2 +x't(p-1X) 
and 
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S3 =- (rJ./x"-) R2- 6w:pS2 + (iX- 4) RT + 2pTR1 + 2p (w- 4s1) RS, 
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S1 = S3 + (1 + rJ./z"=) R2 + 4RT + x-rrJ.S2- p (Ri/"- + R~/x)- 2P, 

s5 =- 2-:Uo +X": [P + (p + x) S2]- (1/x + rJ./2x':) R2- 2RT - p [TR1 + 221S (R2- R)J, 

S6 = "i'Uo- (1 + rJ./x-r) R2 + ><"- (4p- :x) S2- (4 + iX) RT -t- p [2 (21 + 22) RS + Ri/-: + R~jx], 

S1o = (3x- 2p- 2) -rU0 + rJ.R.2/2x-: + 2RT, 

Su =- "=pU0 - S15 + 2P, 

The cross section for the fundamental process 
d0"0 vanishes for zero angles when k x p1 = k x p2 

= 0. At the same time the radiation corrections 
found by us also vanish, as should have been ex­
pected, since they are determined by interference 
with the matrix element of the fundamental process. 

If the accuracy with which the energy is meas­
ured does not exceed a certain value b.E « m 
then in actual fact the quantity which will be meas­
ured will be the total cross section of the ordinary 
bremsstrahlung of a single photon of momentum k 
and of processes in which additional soft photo~s 
are emitted whose total energy does not exceed 
b.E. To the order in e 2 which we are at present 
considering we should also add to dO" the cross 
section dO"D of double bremsstrahlung when the 
additional radiation consists of the emission of a 
single photon of low energy w1 < b.E. According 
to the general rule5 

(42) 

where 

(4.3) 

The expression for D may be written in the 
following form ( Akhiezer and Berestetskii, 4 § 32.4): 

D = 2 ( 1 - 2ycoth2y) ln -L.~E (44) 

+ :, [-L Jn 1 + v~_ + .. 1 ln 1 + v2 - coth 2y · Y (y, 21, 2 2)1 • 
.c. v1 1 - v1 v 2 1 - v2 

where 

1 I 

Y ( ) ~ dz 8z 8 z --,- flz 
y, 21, s2 = . .. . .. -In-----~- , 

coth2 Y- z- smh· Y /'- <2 -- Pz 
1 -

(45) 

(41) 

It may be easily seen that the term in ln A. 
cancels out in the total cross section dO" +dan. 
3. LIMITING CASES 

On the basis of the general formulas (36) and 
(42) we can easily obtain certain limiting expres­
sions for the radiation corrections to bremsstrahl­
ung. Five independent parameters: e: 1, w, 81 = 

A /"- A 

kp1, 82 = kp2, and e = P1 p2 appear in the cross 
section. All the other parameters may be expressed 
in terms of them: 

x=-2w(z2 -p2 cosfi2), 2 2 =21 -<>J, 

"==2w(s1 -p1 cosfi1), p1 =Vzi-l, 
p =- 2 +X+":+ 2 (2182- P1P2 cos 0), P2 = v 2~- I. 

We consider four particularly interesting limit­
ing cases in which the general formula can be con­
siderably simplified. We write the total cross sec­
tion dO' = dO" + dO"D in the form 

dcr == dcr 0 [1- (ej2.:f0J, (46) 

where 
o = U /U0 + 2W (x)- D. (47) 

(1) The case of low frequencies ( we:1 « 1 ). In 
the limiting case of almost elastic scattering, i.e., 
for radiation of low frequencies, we should expect 
a simple relation between the radiation corrections 
to bremsstrahlung and the radiation corrections to 
elastic scattering. 6 Indeed, in the limit w -0 
( P2- Pt = p, e:2- Et = e:) the bremsstrahlung 
cross section may be represented in the form of 
the product 

(48) 

of the elastic scattering cross section 

dCio = (_!!!__)2 1- v2 sin2 (6/2) dO. 
Y 8rtpv sin4 (6/2) 2 (49) 
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by the probability of radiation occurring during 
scattering 

wo = ~ ~- dwdO ( 4 2 sin2 _!l__ + 2- _II_,_ - _10_) (50) 
"' 2 (27t)3 p2 wV1V2 \ p 2 V2 V1 ' 

where 

V=pjz, V1 =1-vcos01 , V2 =1-vcosB2 • 

On taking radiation corrections into account 

d'J~ ~ d~y = d~~ [ 1- (e/2-;;:)213y]', 

w~ ~ Ww = w~ [ 1 - (e/2-rr)213"'], 

so that our formula (46) should in the limit w- 0 
reduce to 

d; = do~·W~ [1- (e/2-;;:) 2 (3u + C.w)J. (51) 

where oy is determined by Schwinger's formula6 

(cf. also Akhiezer and Berestetskii,4 §45). 
If we assume WEi « 1 [and at the same time 

IKI, T«l, p=4p2 sin2 (8/2)], weobtainthe 
following value* for o 

o = 2 (I - 2x coth 2x) In 2!!..£ + x tanh x 
2x o + 4xcoth 2x [h (2x)- h (x)] + 2\\7 (x) + sinh2x 4e' :_ P 

+_1_ 1n 1+v +(1-v2)coth2xG( () (52) 
v 1-v vsin6;2 V1J 

Here 
1 

G (v, (J) = ~ 
cos 0/2 

du 1nt + vu 
(1- v2u2) (u2- cos' (6, 2))':, 1- vu 

Thus, ow= 0 (WE, ln w ), i.e., it behaves like 
w ln w as w- 0. In the non-relativistic limit 
(cf. below) 

(53) 

(2) Relativistic case ( Et> E2 » 1 ). At high en­
ergies, small angles ( 8, 8 i, 82 "' 1/ E) play the 
principal role in the cross section da0• For these 
values of the angles the formula for the corrections 
is considerably simplified only if we assume w « 
Et> in which case we may impose on the angles the 
less restrictive condition e~ « 1/wEt> e~ « 1/wE2. 

Under these conditions I K I, T « 1, p = EiE282 « 
Ei/w, and 

o = 2 (I- 2x coth 2x) (1n ~~ + I)+ x tanh x 

(54) 

In order to estimate the order of magnitude of the 
corrections we take Ei = 100, x = 1. In this case 

(e/2-;;:) 20?:0.02(1-0.25ln2D.£). (55) -----
*cf. also Fomin.' 

(3) Ultrarelativistic case. It is of interest to 
investigate the behavior of the corrections for 
angles which are not too small. In this case, to 
achieve simplification, we take energies so large 
that 

1n (p- a), 1np, 1n I x 1, 1wc2> I, 

but at the same time 

I p-0( 1 p-0( 1 p p 
n-1"1' n-~-· n-- 1n--~1. 

h • I X I ' 'r 

At the same time 

o = 2 (I - 2y) 1n 2!!..£ + 4y2 - 3y- 2y 1n P-"' + -:'- x 
4e1 e:~ . 3 

-1nzrZz+O(I), 2x=1np, 2y=1n(p-a). 
(56) 

From this it follows that, roughly speaking, the de­
pendence on the energy is Of the form 

o =A 1n2 z1 + B 1n z1 +C. 

Such behavior is characteristic in general for all 
the radiation corrections of order e2 which we 
are at the moment discussing. At sufficiently high 
energies the correction may attain values of 10 to 
20%. 

(4) Nonrelativistic case (Pi « 1). At low en­
ergies we obtain 

0 = - ~-- {CP1- Pz)2 (.1! - 1n 2!!..£) .) \30 

+ 2 (PI- Pz) k 1n w} + 0 (p~). 
(57) 

The fact that the corrections tend to zero as Pi - 0 
is a characteristic feature. We note that in the non­
relativistic limit corrections to the elastic scatter­
ing, 6 to the Compton effect, i and to the Mpller scat­
tering,8 also vanish. The corrections to the two­
photon pair annihilation9 approach a finite limit as 
the relative velocity of the electron and the positron 
tends to zero. However, this limit is not a truly 
nonrelativistic one, but rather a threshold one, 
since in the inverse process of pair creation this 
will correspond to the threshold of the reaction. 
On the basis of these results we may apparently 
make a general assertion that the radiation correc­
tions always vanish in the true nonrelativistic limit, 
while in the case of threshold reactions they ap­
proach a finite limit at the threshold. 
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APPENDIX 

We shall now present the method of evaluating the integrals. We shall first give the values of certain 
auxiliary integrals: 

1 1 'Vl 

~ [l + v (l-v)·4sinh2 yr1 dv = 2y I sinh2y; ~ dv 1 ~ dv2 [1 + (1 -vi) v2 • 4sinh 2yr1 = y2 12 sinh 2y; 
0 () 0 

1 

~Jnv·[1-t- (1-v)v·4sinh.2 y]-1 dv = -2yh(y)(sinh2yf!; (A.1) 

l y 

~ In [1 +(1-v)v·4sinh"Y I 4 ~ nh d 4y 1 h 
1 , (t ) ;. . , Jv =--:---h2 uta u u =-:--nh2 [ z (2y)- (l!)]. --r -VV·>stnhy sm y s1 y • 

0 0 

We now consider J ( isu). First of all, we note that the integral over the proper time s is defined in 
such a way that 

(X) co 

\ idsc·- isa = a-1and ~ idse-isais = a-2 • 

tl 0 

In accordance with this, we have 
1 1 'l't 

J (isu) = ~ du ~ dv1 ~ dv 2 ·u [[I+ (1- v1 ) (v 1p- v2rt:)] u +(I- u) Vxr2 • 

0 0 0 

After introducing the new variable ( 1 - u) u - 1 = t the integration over v2 and T may be easily carried 
out and leads to 

1 

. ~ v,dv, 1 I 11 + (1- vt) v,p 'I J ISU = ll · ( ) 1 + (1- v1) v1p- v1x 1 + ('1- v1 ) v1 (p-I)() xv1 

0 

With the aid of the auxiliary integrals given above this integral may be easily brought to the final form 
(38). The evaluation of J ( isuv 1 ) is carried out in a completely analogous manner. 

After integration over s and after the introduction of the new variable ( 1 - u )/u = t the integral 
J ( u) takes on the form 

00 ] 111 

J (u) = ~ (1 ~t t)' ~ dv1 ~ dv" [ 1 + (1- v 1 ) (v 1~- v2rt:) + xVfr1 • (A.2) 
0 0 0 

Integration by parts with respect to t gives 

J (u) = 2 (x2 - y2)/rt:- xJ (isuV). (A.3) 

By introducing the new variables v1 - v1, v2 - v1 - V and by changing the order of integration over 
V and v 1 the integral J ( isuv) may be brought to the form 

co I I 
. 1 (' dt \ (' [VI)(---(1-:!v1)(p-I)()J+(I-2v1)(p-l)() 

J (tsuV) =. 1)(- J T+T ~dV .\ dvl :I+ (1--vi) [v,~p -I)()+ VI)(] +xVfF • 
0 () v 

(A.4) 

The part of the integral which corresponds to the last term in the numerator is evidently equal to 

~ J [ isu ( 1- 2v1 )] and may be found directly with the aid of (38) and (39). The remaining part of the 
a 

integral assumes the following form after integration over v1 and t has been carried out: 

I { 1 l ---- - · [F (x-I)-- F (- 1)1- Nc. 
I)( x I 

Finally we obtain the result (37) for J ( u). 
By means of differentiating (A.2) with respect to K and then by means of integrating by parts with 

respect to t it can be shown that 

x-8~-J (u) = J (u)- 2J (u 2 ), 

from which it follows that 
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J (u2) = 1/ 2 (I - xojo><) J (u). 
In a similar way it can be shown that 

J (isu 2 ) = - x :x J (isu), J (isu 2v1 ) = - x :x J (isuv 1 ), 

J ( . 3) _ 1 ( 1 a ) J (. 2) _ x" a2 J (. ) 
lSU - 2 - X-ax lSU -2- ax" lSU , 

(A.5) 

(A.6) 

We now consider the integral J ( u2V). It can be shown in a manner similar to that used for deriving 
(A.3) that 

The first integral can be easily evaluated. By carrying out a transformation similar to (A.4) we readily 
obtain for J ( isu2y2 ) 

J(isu 2V2 ) = P-:-"' J[isu 2 (1-2v1 )V] + +{ !-[F(x-1)-F(-1)] +:=;In I xl-2} 

+ _2_ [cr - x) j!!___- N + ~] . 
2p ax X -1 

Further, it can be easily checked that 

J [isu 2 (I- 2v1) V] =- 2 (--~- + _!!_) J (u)- J (isu 2V). a"' ap 

2 1 ( a ) J(isu 2V)=:'J(isuV)--J[isu(l-u)V] =x:~·(x2 -y2)--,;_- 1-xax J(u). 

As a result we obtain for J ( u2V) the value ( 40). 
The evaluation of integrals appearing in .6.M~ and also of J ( ise-isA.2/u) may be easily carried out by 

means of the procedures outlined above. We now give the results: 

J (ise-isi.'l 11 ) = . h2
2 [yh (!!)- (y + x)h (y + x)- (y- x) h (y- x)- yIn l:..

1
J ~ 

X Sln lj 1 X 

I{v(l-2v)[u 2 +2isu(l-u)l)=-1-{1-ycothy+ .h4~, [h(2y)-h(y)J+(1- .nh2~,)(1+1n'A2)}; (A.7) 
p-"' Sill "-Y Sl "-Y ' 

I [u(u-1)] =- y /sinh2y; I(2--u)=. h2.f (2[h(2y)-h(y)]-l-ln'A2}. 
Sill ~Y 

Here we have introduced the notation 

"' I 1 

I [f (s, u, v)] = ~ ids~ du ~ dvf (s, u, v) x exp {- isu [I + ( 1 - v) v (p- ()()] - is'A2 / u} 
0 0 0 

and in the course of the calculation we have neglected all those terms which vanish as A.- 0. 
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