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On the basis of the general theory,! we have investigated the dependence of the surface imped-
ance of metals in paramagnetic resonance on the dispersion of conduction electrons and on the
angle of inclination of the constant magnetic field to the surface of the metal. The case of reso-

nance saturation is examined.

1. INTRODUCTION

PARAMAGN ETIC resonance occurs in a metal the
electrons of which possess paramagnetic suscepti-
bility when the metal is placed in both a constant
magnetic field H; and an alternating electromag-
netic field H; with the frequency w = Q,= 2uH,/h.
Much experimental work? has been done in recent
years on paramagnetic resonant absorption of elec-
tromagnetic waves impinging on metals.

Dyson® was the first to include electron diffusion
from the skin layer in a theoretical examination of
this effect. His theory is based on the free-electron
model, that is, the conduction electrons were re-
garded as free particles obeying the dispersion law
e(p) = pz/ 2m*. A formula was derived for the sur-
face impedance when the constant magnetic field Hj

is perpendicular to the metal surface and the strength

of the alternating field Hj is such that resonance
saturation is far from being reached.

Inreference 1 the present authors developed a the-
ory of paramagnetic resonance, based on a solution
of the equation for the density operator of electrons
regarded as a gas of noninteracting quasi-particles
with an arbitrary dispersion law € (p). This the-
ory is free of limitations on the direction of the
constant field H, and the strength of the alternat-
ing field H;. However, in the surface impedance
of the metal was not obtained in that article. In
addition to the case considered by Dyson, it is of
interest to consider the dependence of surface im-
pedance on the angle of inclination of the constant
magnetic field to the metal surface, to determine
the influence of dispersion upon impedance, and
to study the case of alternating fields strong
enough to produce resonance saturation. The
present article is devoted to these questions.

We shall make a few preliminary remarks on
the relation of impedance to dispersion and to the
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angle of inclination § of H; to the metal surface.
First, it is clear that in specimens of thickness

d < 6 (6 is the skin thickness) the electron dis-
persion is quite unimportant. This is due to the
fact that an electron is always in a field the am-
plitude and phase of which are identical at all
points of the specimen, so that the probability of
spin reversal per unit time does not have to depend
on the character of electron motion. We shall not
consider the question of the influence of dispersion
on the spin relaxation time Tgp, which is always
included in the theory as a parameter. It is also
evident that impedance will not depend on the angle
of inclination of H, to the surface.

The situation changes when we pass to bulk
metal, where Og¢r << d (0eff is the electron dif-
fusion depth; it will be shown below that for metals
we almost always have 6 < dg¢r). In a strong
field H,, when the radius r of the electron orbit
is much shorter than the mean free path I, we
can expect the impedance to depend on the angle .
Indeed, in a strong field (r < I) an electron can
perform I/r revolutions between two successive
collisions with the lattice. It is also easily seen
that for a strong field the resonance frequency
w = Qy is in the region of the anomalous skin ef-
fect. For all actually obtainable fields r > 6.
Therefore when the field H, is almost parallel
to the metal surface (3 < r/l) electrons which
are close to the surface in a layer with thickness
of the order of r will return !/r times to the
skin layer, that is, they will remain in the skin
layer I/r times longer than in the case of a per-
pendicular field. Correspondingly, the resonance
amplitude will be enhanced by a factor of I/r
compared with the effect when the field H; is
perpendicular to the metal surface. Stronger
resonance results from the fact that the proba-
bility of spin reversal increases with the time
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that an electron spends in the skin layer. Ina
weak magnetic field (r > I) the resonance is
not enhanced because collisions with the lattice
will prevent an electron from continually return-
ing to the skin layer.

It must be noted that the picture of resonance
which has just been given becomes somewhat com-
plicated for the following reasons. We know that
electron energy levels € are isoenergetic sur-
faces €(p) = € in momentum space possessing
a definite orientation with respect to the axes of
the reciprocal lattice. Two kinds of surfaces can
be distinguished—closed and opened surfaces. In
the first case for any orientation of the constant
magnetic field H, with respect to the crystal axes
the electron trajectory in the momentum space
(the cross section of the surface €(p) =€ with
the plane pgz = const, where pz is the conserved
projection of the quasi-momentum on the direction
of H,) will be closed, that is, the electron will
perform a finite (periodic) motion in a plane per-
pendicular to the field. For open surfaces both
closed and open trajectories in momentum space
are possible depending on the orientation of the
magnetic field; in the latter case the electron will
perform an infinite motion in a plane perpendicular
to the field. We now note that because of the
Fermi-Dirac distribution a contribution to reso-
nance will not be given by all conduction electrons
but only by those with energy in the range Ae ~
kT close to the Fermi energy limit ¢;,, where
kT > uH, (or in the range Ae ~uH;,, where kT
< uHg). Therefore the following cases are pos-
sible:

(a2) In the interval Ae there are no open sur-
faces. Then in a strong field H; parallel to the
metal surface we can expect intensified resonance
compared with the case of a field perpendicular to
the surface.

(b) In the interval Ae we have open and closed
isoenergetic surfaces. Here also resonance will
be intensified in a strong field H, parallel to the
metal surface because of the electrons with closed
trajectories in momentum space.

(c) In the interval Ae there are only open iso-
energetic surfaces. If the orientation of the metal
surface plane is then such that in a field parallel
to the surface the electron trajectories in momen-
tum space are open, in any field H, the electrons
cannot repeatedly return to the skin layer because
of infinite motion in a plane normal to the metal
surface; therefore the resonance cannot be inten-
sified. This is to some extent a special case be-

cause of the strict conditions under which it occurs.

Thus we can almost always expect that in a

strong magnetic field H, the surface impedance
will depend essentially on the inclination of the
field to the surface of the metal.

2. A GENERAL EXPRESSION FOR THE IMPED-
ANCE

Let the test specimen be a flat plate of thick-
ness d which is infinite in the two other dimen-
sions. We shall use two coordinate systems,
(éyZ) and (xyz), with the same origin. The ¢
axis is directed into the metal normal to its sur-
face; z is in the direction of H,. The slope of
the magnetic field H, with respect to the metal
surface is given by the angle 3 between the &
and z axes. The incident plane electromagnetic
wave is normal to the metal surface.

In reference 1 it was shown that the field H;
inside the metal can be represented in the form
H, ~ H) — 47M, thatis, B =H, + 4mM ~ H). Here
H‘{ is the field in the absence of paramagnetic res-
onance (attenuated at the depth 6); M is the res-
onance magnetization, which is attenuated (near
resonance) at the depth Segf ~ I(Tgp/tg)V% to
is the mean free electron time. The relation B
~ H} holds true when the following inequality is
satisfied:*

|x182<<82eﬁ1 x=1—iTsp(0—Qy),

i.e., the frequency difference Aw =w — Q; is sub-
ject to the limitation |Aw|Tgp « ob¢f 6%, How-
ever this limitation is not important since the res-
onance width is determined mainly by the spin re-
laxation time: |Aw|Tgp~1, and the inequality

0 K Oeff is almost always satisfied for metals.
Indeed, in the anomalous skin effect 6 < I, while
Seff > I for all actually attainable fieldst Hy, so
that obviously 0 <« deff. In the normal skin effect
6/deff < 1071/t) (for wTgp 2 10), so that & <
Oeff fails to hold only at temperatures which are
higher or of the order of room temperature, in
which case t, < 107! sec.

We shall now use the relation B ~ H} to deter-
mine the surface impedance of a metal under the
given limiting conditions. The impedance when
6 R dgff is found in Appendix (a). We define the

*In reference 1 the interaction Hamiltonian H = p.u-ﬁ
(p = —| e|fi/2mc) did not take the sign of p into account
explicitly. When this is done and by y we mean | u|,'then in the
final formulas for the magnetization we must make the substi-
tutions Qy = 2uH,/h » = Qy = ~ 2 |H and @ > - w. These
substitutions do not affect the results for nuclear polarization
and the selective transparency of films. This comment will be
taken into account in the present article.

tIn a strong field H, the part of ! is played by r, the
radius of the electron orbit in a magnetic field.
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surface impedance tensor zj; by means of

= (c/41r) ZinHy (i, k=g, y)‘

(We perform a summation over repeated subscripts.)

In the absence of resonance EJ = (c/4m)Z} H.
Since B~ H{ and E=E"+ E' where E’ ~ cZ’
(6/6eff) M, neglecting terms of the order of E’,
we have

E;= -ZCE Br = -:—ﬁz‘i)h (Han + 4mMp).

(1)
Using the results obtained in reference 1, we can
write

4tMy = apnEn (0) = apnZniH31.

Substituting this expression into (1), we obtain ac-
curately to within linear terms in a:

E;= (Zlk + = Z?nwnzzo u) Hyp.

Hence we obtain the surface impedance tensor in
paramagnetic resonance (for 6 <K deff):

Iy = Z?h + Z‘l)n“nlzok. ’ (2)

where Z° is the impedance in the absence of reso-
nance. In the present case

ogg = ay, = lasing, «g, = —asin?Y, «z=a.

For a specimen of thickness d > 6 (far from reso-
nance saturation)

d .-
a=— A2y eﬁv coth 5 -V (3)
where A is a numerical coefficient of the order
of unity which is associated with the conditions for
electron reflection from the metal boundary (see
Appendix b); Sgff = A(Tgp/ t,)V? is the distance
traversed by an electron during diffusion in the
time. Tgp. The magnitude of A depends essen-
tially on the strength and inclination to the metal
surface of the field H; and the electron dispersion
law.

For closed Fermi surfaces

xz=259’;p S(TY;_——&Sdrgdte"{Vz(e”e 12
— Wie™® (e — 1) + V3™ (e + 1)),
where
DB _0® G T var VetV de
=y n=Tgl, V= §de, V—§Vdr,
y="To/toey ro=1,T¢;
0= T(0)/Ts T(p) =< ; asa(:z) 2ncr:1;£pz);
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T =t/T, is the dimensionless time which denotes
the position of the electron in an orbit in momen-
tum space; T (pz) is the orbital period of elec-
trons with given p, in the magnetic field Hy;

S(pz) is the area of the intersection of the surface
€ (p) = € with the plane p, = const; T, is the char-
acteristic time of revolution of an electron in the
magnetic field, say on the order of T(p,); vq is the
characteristic electron velocity on the Fermi sur-

_face. Specifically, for quadratic dispersion € =

m*v%/2, (2m)7'8s/0¢ = m*, i.e., m*(p,) is in-
dependent of py; therefore it is convenient to set
Ty = T = 2mm*c/eH, and vy =v. It is easily seen
that in actuality T, and v, do not enter into A
and are introduced only for convenience in obtain-
ing values.

In the selected coordinate systems Vg =
Vz sin  — Vx cos 3. Therefore, remembering
that Vyx = 0 in virtue of the periodic motion of
electrons in the xy plane, we obtain

A% = [25in%) + s? sin ¢ cos ¢ + 7% cos?}, 4).

where
6 0
% dr % dr’evt’

0

2 = ’O'Y 8 dp,
~ 2f0dp, d (70 18

X {[(e® — 1)V, — e"®V,]2 + eV}

o [}
2 _ToY dp
s Tod S(eYe:der

de’ eYT'V {eYOVz - (e‘YO —_— 1) Vz} ’

Qe @

o 6 0
= ig dp. S drg de'er 2
1

2{0dp, ) o¥6 —1 p

For weak magnetic fields H, (y > 1):

l~S~r~ro/Y=UOt0v

so that for any angle § the magnitude of A is of
the order of the mean free electron path.
For strong fields Hy (y < 1):

L~roly, s~ro/ VY, r~ro (5)

so that for angles ¥ > y the magnitude of A is
of the order of the mean free electron path and
for y < yA it is of the order of the radius of the
electron orbit in the magnetic field.

For quadratic dispersion in any field H, (as- '
suming Ty=T and vy =v) we have

To

l= ro_, =0, Y ——————
YV3 s r V3t +7vd)
i3 2 in2
o P P4 sind
or A= R Sy

In the case of an open Fermi surface when the
field H, is oriented with respect to this surface
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in such a way that the electron performs periodic
motion in the xy plane, thatis, V4 =0, a is also
given by (3). When Vyx= 0, a is given by (3) with
the following substitution for A:

T

o Vel § aceremn (fraae)
0 T

—a0

N=r2 Y lim

6+ o
This expression is obtained for A when we seek
a solution of Eq. (30) in reference 1 which is
aperiodic and bounded with respect to 7. Similarly
to (4),

22 = [2sin2} + s?sin ¢ cos ¢ + r2cos? ¢,

where, as is easily seen, for any field H; (with
arbitrary v)

L~ s~r~roy= 0.

Ifin Ae ~ KT (or Ae ~ puHy, with kT <« uHy)
there are both closed and open surfaces €(p) =€,
then generally the magnetization can be represented
in the form

M (%) = My (€) + M. (%), (6)

where M; and M, are the contributions to the
magnetization from the groups of electrons the
energy levels of which are represented in momen-
tum space by closed and open isoenergetic sur-
faces, respectively. Keeping in mind all that has
been said above regarding resonance, we can infer
that for a weak field H, (y > 1), independently

of the angle ¥;, M; and M, attenuate at the depth
0%¢¢ ~ Voto (Tgp/tg)/%, with M;~ M,. For a
strong field Hy (v < 1) and 3 >y we again have
M; ~ M, and the attenuation depth of both expres-
sions is of the order of 63¢r. For angles p <y
when the field orientation with respect to open sur-
faces is such that Vx = 0, the attenuation depth of
M; and M, of the order of y8%¢; if Vi =0, M
attenuates at the depth 'yéeff and M, at the depth
8%¢f. Then M;(0) ~ My(0)/y > M, (0).

When Ae has only open surfaces M(¢) =
M;(¢) and M,(¢) has the previous properties.
It was stated above that the resonance part of the
impedance is given by M (0). We can therefore
affirm that the specific form of the dispersion law
does not essentially affect the dependence of the
impedance on the angle @ (with the exception of
the “special” case). The presence of both closed
and open surfaces in the interval Ae when the
magnetization is given by (6) could, for example,
affect the selective transparency of films.!

We now note that for films with d < deff, as
can easily be seen from (3), impedance is inde-
pendent of ¥. Therefore the most interesting
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case is that of bulk metal (d > dgff), which we
shall consider hereafter.

3. SURFACE IMPEDANCE IN AN OBLIQUE FIELD

In the general case the formulas for surface im-
pedance are very complicated. Therefore for sim-
plicity we shall consider only the case in which the
incident wave in linearly polarized (with non-van-
ishing components E £ and H1y ). Then the absorp-
tion of electromagnetic energy is given by the com-
ponent Zgy of the impedance tensor:

= (c/4)*| H1 |* Re Zy.

From (2) and (3) we have (omitting the sub-
scripts &, y)
QT €2
7 = Zo{ 1 — A3colsp }

AT i) ()

It is easily seen that Z will depend on ¢ only in
the anomalous skin effect. Equation (5) shows
clearly that this requires a strong magnetic field
Hyp. For y< 1 we have Hy> (3m*/5m,)10 "/t,
oersteds, where m*/m, is the ratio of the affec-
tive mass to the free electron mass; w > 2rm*/
5mgty sec”!. Thus for ty~ 2 X 107! sec and
m*/m ~ 1 we must have fields Hy > 3000 Oe and
resonance frequencies w >» 27 x 1010 sec™!.

Two cases are conveniently distinguished: (a) An
oblique field and (b) a parallel field.

(a) As shown in reference 5, the impedance VA
in a field H, inclined to the metal surface differs
from the impedance for Hy =0 only in a very nar-
row range of angles ¥ < Py ~ (ry/1) 6/ro)2/3
Therefore when ¥ > y; we use for Z° the famil-
iar expression

2= GO0 (4 1y3),c= & (4 Vo 8)

From (7) and (8) we obtain

Re Z — Clo @) 1 yQTsp (32"  a+V3p
- i/__ ¢t G A(Tsp ! 1)l V:W} ’
(9)
C? o@Nh V3 xQT, (32" V3e— 8
mZ=_t—b—[—— : ___—} ,
V2 ¢ G A (Tsp 1t0) l2 V1+Ts2p Aw?
where

& = (Vl + Eszwz + 1)‘,'s
B =signAw (V1 + T2 Aw?— 1),

Equation (9) shows that the width of the resonance
curve is independent of ¥ while the resonance in-
tensity changes considerably as ¥ is varied from

(10)
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0 to m/2 (for closed electron trajectories in mo-
mentum space). The ratio of the ordinate of the
resonance curve at = m/2 to the ordinate for
arbitrary @ will be

Re Z eg(T/2)

Im Z,eq(7/2)
YO =%z @ = -

Im Zres (9)

= 11 (2sin?¢ + s?sincos ¢ + r2cos® ),

where Y varies between r/l and 1 (see the
figure).

"

05t a
24
a3t
a2 :
a1

%5 25 50 7% W0 ¢°

Y() for the quadratic dispersion law: a) — y = 0.5;
b)y=0.2; c)y=0.1.

(b) In a strong field Hy (y < 1) which is almost
parallel (¥ < ;) to the metal surface the imped-
ance Z° depends on the magnetic field. We note
that in such a field cyclotron resonance occurs at
frequencies w which are multiples of 27/T, and
that this resonance depends essentially on the law of

electron dispersion in the metal. Paramagnetic res-
onance occurs at frequencies w = Q; which generally

do not coincide with the frequencies 27/T, since T,
involves the effective electron mass while
clearly involves the free electron mass. Therefore
for Z° (Hy) we can use the expression for nonreso-
nant impedance in a parallel field with quadratic
dispersion (dispersion is not important far from
resonance® ):

20 (Hy) = (14022 2::) 16 (Vimol}Voyp {; motten afo]

cic 3

Here

Ey—y i |
H="7, voV2ﬂmN|1+mLto1 > Hy> H| 1+ ioty.
When wty < 1 the corresponding formulas for
Re Z and Im Z are obtained from (9) after the
substitution ! — 127H/H, with A =r; = v,T,.

4. RESONANCE SATURATION

In the calculation of energy absorption in quite
strong fields H; we must take resonance absorp-
tion into account. Here again we shall consider
for simplicity the incident wave to be linearly po-
larized. For a specimen of thickness d < 6 the
expression for the resonance part of the absorption
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is analogous to the corresponding expression in the
theory of nuclear resonance:

P _‘*’_Hj QoxTsp _ 2uH,
res 4 ’K|2+Q§Ts2p, 1 -h .

Resonance absorption occurs when H; > 5 X 107%
X Tgh oersteds.
For bulk metal (d > degff) in the limiting case
5 > Oeff the absorption is given by P = (c/4m)?H!R,
where

4 E (0)

. —_— - 4 M (0)

H3(0)

The magnetization M (0) with resonance satura-
tion taken into account will be!

cQ,Tsp E°(0)

= xHou =
M©) = R R

T+ Re(ug,) ’ Ur = u*

=0

We shall now give the formulas for the reso-
nance part of the impedance. For the normal skin
effect
« V2T% e —1

Qe Qi) '
Xres=— (“/{3) Rees,
where o and B are given by (10); Q4 = 2uH,i/H,
H,i is the strength of the wave impinging on the
metal. We note that both far from resonance and
at resonance Rreg/Xpres = —B/a.
For the anomalous skin effect

C% xQ2oTsp (821)”"" a+V3p

_ = B X0QTgpd?
Rees= — 4xV 2 i 2 —( 14 5

28 ogr

Rte S

=7§ Czseﬁ %]
C2V 2T, w (52)h -1 V3 —
{14220 @ o __V3a—pp
{ t 420082 oo IMIQU} » Kres at V33 TS

The ratio Rpeg/Xres is independent of Hyj just
as for the normal skin effect.

We note that for bulk metal resonance satura-
tion requires considerably higher incident field
strength than in the homogeneous case. Thus for
the normal skin effect with w ~ 10% sec™, t) ~
107 sec and Tgp~ 107" sec we have H;j > 5 Oe,
whereas in the homogeneous case under the same
conditions we have H;j > 0.4 oersteds.

APPENDIX

(a) The region where (2) can be applied is
bounded by the inequality 6 < Sgff. 6 R Ogff refers
entirely to the region of the normal skin effect
(j = cE), where without any special difficulty we
can obtain an exact expression for the impedance
through simultaneous solution of the equations!

0E _ o 0H, _ 4rmic .
0z ¢ By; dz ¢ E; (1a)
ou u u 2uBy |
Uz5 + ’g =% +
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1 (02, 0) = qu (— vz, 0)+ (1 —q)u(0), (2a)

where
B, = H, + 4=M, M = iyHu,
1/ty = 1/to + 1/Tep — i (0 — Q).

Equation (2a) applies to a field H, prependicular
to the metal surface with quadratic dispersion.
For simplicity we also assume d = «. Electron
reflection from the metal boundary is character-
ized by the reflection coefficient q, with q=1
for specular reflection and q = 0 for diffuse re-
flections.

Solving (2a) and averaging the solution over the
Fermi surface, for the magnetization M with spec-
ular reflection we obtain the integral equation

)

h

M (2) =
o (32)
X § RUZ— DL + 4mixtolo) M (O + ixtoa: () &2,

—00

where

1 ¢ 2x\ dx - .
R (Z) = ’Z—IOS exp (-—-—- 'K> =’ lO = Uto, lO = Uto.
1

Performing a Fourier transformation of (3a) and
of the equation for H;, we obtain

t—t;’ M (k) = R (k) {(1 + 4rixtoQo) M (k) + ixtoQoH, (B)},
0

OH! (0) + PH, (k) — 2i872H, (k) = S=id M (B), %)
where
v tan™ &l
R(b)= | eteR(|2))de = —=_ "0,
- ° (5a)
o= — ¢
V 2rnwc
Hence
252H" (0)
(0= e—r
8yt QoR (k) | (3% — 2i)
x{—1+ =R [1 + g 0 (8 — )} - (62)

The second term within square brackets in the de-
nominator can always be neglected compared with
unity since usually ty2; £ 1, whereas x ~ 1078,
Performing the inverse Fourier transformation

of (6a) and remembering that Hi(0) = — (4mic/c) x
E(0), for the impedance Z = (4n/c)E(0)/H;(0)
we obtain

Z=Z°{l—-—iZ°~M°f—
)
o (7a)
R (k) dk
X —
(S [1 'T‘to/rsp

i@ —0y) — RE)|[1— k2R |’

where Z°=47mwé/ic®V2i. In deriving this expres-
sion we have assumed the second term in curly

485

brackets to be small compared with unity. Equa-
tion (7a) agrees, as was to be expected, with (71)
in Dyson’s article® for d = =,

The integration in (7a) is easily performed if
we note that for t;|Aw| < 1 we can use the reso-
lution R(k) =1 — kzl(’,"z/ 3, since under this condi-
tion only small values of kij* are significant in the
integrand. The integral then becomes

- S

3% dk R YALS
. o ————, Setr. = o 3ty
L) Gt Sk (1 — 82)

For 0 <« Oqff, subject to the condition || «
(Seff/6)%, we obtain for the impedance:

1Q2eTsp c'-"\}
©d e ff)V; “

Z=Z°{1—izo

which agrees exactly with (7). (The appearance of
the factor i in this and subsequent equations of the
Appendix is associated with circular polarization of
the incident wave.)

We note that for the magnetization M we obtain
from (4a)
xTsp e (0)

ox {~ 2V
08 eV % p ‘

8et’f'
(8a)

(b) We shall now show that the conditions for
electron reflection from the metal boundary affect
only the numerical coefficient in the magnetization
(assuming that the electron spin does not change
in collisions with the surface). For this purpose
it is sufficient to obtain a solution of (2a) when
q = 0 and to compare this solution with (8a). Solv-
ing (2a) and averaging the solution over the Fermi
surface, we obtain for M the integral equation

M) = o S e=itz M (k) dk ~ —i

o

M(2) = K (2) M(0)+ | R (z—1) (M (D) + i126Q0Bs ()

0

where

R (2) =—2ll;§°exp {——zé}d%

1 )

ko= oo (-4,

Following Fock,? the solution of this equation can
be written as

M(2) = M(0) ]2 (2) + 11 (2), (1b)
1 b ® dx
LA =g | @t § 606w LEmE,
bt e (2b)
’ btico i dx
1O =G5 Sm ene (k) dk §m b (9N (1) 2, Red>0.
(3b)

Here
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, ____k_m dx __i tan"t [px
In ¢ k) = n§x=+k21“(l b I ):
$y (R) = b (— &),

< £ 14 Lk
= —k - % "~ In—"9
LB = _Sm eHR (e a2 o 2k In 1—0p’

o

G (k) = ixto S e—*2B, (2) dz,
0

e £ Ck4ln(4 L)
N(k)=\e™K@) dze = 5 ———m !
0 0

The functions #,(k) and ¥;(k) have simple
poles at the points

k= ko= (1/15) V 3tx/Tep=V n/Segs and k= —kq

respectively. We shall now obtain the magnetiza-
tion M. For calculation of the integrals in (1b) it
is convenient to expand #;(k) in a series with
respect to € = (t)/Tgp)(1 +iTgpAw) (€ < 1,
when t)|Aw| «1). We now have

V3e S

T

tan™ X >
X

Ind, (k) = — —= 1n(1+._

x24 3¢

L=}

to S
t 23’

0

ln

By adding and subtracting the integral

mio ln( +i;—)=ln21/§,

T

¥F 3
we obtain

Ing, (k) =—1n2Ve
e+ x2/3

14+e—x1tantx

In +-In(l +e).

+V?e‘§’ dx

= ) xF 3
0

It can be shown that

e+ x%/3

In 14+ ec—xltantx

S x24 3¢

— (36 T

By numerical integration we find that

(AT S .

X2 1 —xLtant x

20+

0
(7 < 107% the requirement for resonance leads to
n =0). Thus, confining ourselves to terms of the
expansion which are of the order of e,

GERASIMENKO, and LIFSHITZ

2 - 17
In ¢, (ko) =—1n2]/;+17-—§]/e—2—0 €

1 17V_5). (5b)

~In (2;/' +y3
It can be shown similarly that for small k
- k
In g, (k) = — 1n[1/e(1+ —k:)]

+h(3—5V/3)+ 5 signk

%V@ > + 5 sign k] (1 + —k—’i—)_l} .
(6b)

We shall now calculate the integrals J;(z) and
Jy(z). We apply the residue theorem to the inner
integral in (2b). The integrand possesses poles in
the right half plane at the points x =k and x =k
because of the functions 1/(x—k) and ¢, (x). The
function G (x) has poles only in the left half plane.
The “distant” pole x = I/If of L(x) can be neg-
lected since 1/If> k. Then

. b+ico
h@A =45 | ey

b—ico

~1In {‘—}—_[1 +k(§—

x {0 (®) G (B L () + SELLED Resy k) }.

The residue theorem can also be applied to this
integral. G(k) has a pole at k=—1/6 and ¥; (k)
has a pole at k= —k). If 6 < 1/|kq| = eff/| Vk |
the pole at G (k) like that of L (k) can be neg-
lected. Noting that L(kj)=L(-ky) =1, we
obtain

J1(2) = emoe {y (— ky) G (—ko)
g5 G (k) Resba (ko) Res g (—ko).

Hence, using (5b) and (6b) and retaining only zero
order terms in (5), we obtain

J1(2) =2G (0) e~*, G (0) = — ixt,QocE (0) fwoly.  (TD)
Similarly
1@ = (1—-35V3%) e (8b)
From (1b), (7b) and (8b) we have

160 iXTsp QycE (0) 2V x
M@ = =31 a5 vx { 5eff}

which agrees with (8a) except for the coefficient.
Thus the coefficient A in (3) equals unity for spec-
ular reflection of electrons from a metal boundary,
while A =160/211 for diffuse reflection.
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