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The surface impedance of a metal is calculated with thermoelectric forces taken into account. 

l. In the calculation of the surface resistance 
(impedance) of metals, one usually starts with 
Ohm's law, 

where aik is the conductivity tensor, and E and 
J are the vector electric field intensity and cur­
rent density.* One thereby neglects the effect of 
heat waves that are produced in the metal by pas­
sage of an electromagnetic wave through it. As 
will be evident later, this is correct only in iso­
tropic metals in the absence of a magnetic field, 
and in anisotropic metals when the surface of the 
metal coincides with a principal plane of the re­
sistivity tensor. 

The complete system of equations describing 
the propagation of waves in a metal, with heat 
flow taken into account, has the form 

Here ® is the high-frequency addition to the 
mean temperature T of the specimen; C is 
the heat capacity of unit volume of the metal; 
q is the heat current; Pik is the resistivity 
tensor; Kik is the heat conductivity tensor; and 

*We are interested here in the range of frequencies and tem­
peratures in which there is a normal skin effect. 

Qlik is the tensor of thermoelectric coefficients. 
The tensor aik• in general, is not symmetric. 

However, all metals possess lattice symmetry that 
excludes an antisymmetric part of the tensor aik· 
Therefore we shall hereafter suppose, in the ab­
sence of a magnetic field, that Qlik = aki. 

Besides the usual boundary conditions of con­
tinuity of the tangential components of the vectors 
E and H, we must add to the system of equa­
tions (1) boundary conditions for the temperature. 
We shall consider two limiting cases: 

(a) Heat current equal to zero at the surface: 

Q•D = 0 (2a) 

(n =unit vector normal to the surface). 
(b) Surface temperature maintained constant 

and equal to T: 

8 = 0. (2b) 

2. We consider normal incidence of a plane 
monochromatic electromagnetic wave, of fre-. 
quency w, on the surface of a uniaxial metal, 
whose principal axis ( 1 in the figure) makes 
an angle cp with the normal to the surface of the 
metal; we choose for the z axis the direction 
of the normal. Then all quantities ( E, H, ®) 
depend on the coordinate z alone. With the x 
and y axes chosen as shown in the figure, it is 
easy to show that Pxy = Pyx = Pxz = 0 and axy 
= ayx = azx = 0. It follows furthermore from 
Maxwell's equations, in this case, that h = 0 
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and Hz = 0. Therefore the complete system 
of equations takes the form 

ae a £ f. + · CCI · qz y = Puu y rx.yz (fZ' - lW '7 + az = 0, 

. ae 
qz = Trx.yz]y- Xzz az 

z 

(3) 

(4) 

As is evident from (3) and (4), the complete sys­
tem of equations separates into two independent 
systems. If the incident electromagnetic wave is 
so polarized that the vector E is parallel to the 
x axis, the field in the metal is described by the 
system (3). In this case no heat flow occurs, and 
the surface impedance is determined by the usual 
formula* 

(5) 

where p 1 is one of the principal values of the ten­
sor Pik (the principal values of the tensor Pik 
are equal to p22 = p33 = p 1 and Ptt = Pll). 

Now let the electric field of the incident wave 
be directed along the y axis. On eliminating the 
magnetic field from the system (4) and represent­
ing - Cl!yzB®/az by ET, we get 

(k~ + :;.)Eu+k~Er=O, 
2 a (d" k2 b-a)E - kp --r+c!Ey + dF + p · 1·+a r = 0, (6) 

Here kp = ( 47liw/c2Pyy )1ft is the complex wave 
vector of the electromagnetic wave in the metal 
without allowance for thermoelectric forces (with 
Cl!yz = 0 ). 

From the system (6) we get for the half-space 
( z > 0 ) occupied by the metal 

(7) 

*We define the impedance as follows: 

~x =Ex (0) /fly (0); ~!/=- £ 11 (0)! fix (0). 

where 

k _ k [ 1 + b + V"{1 - b)2- 4ab ]''• (8) 
1.2 - P 2 (1 + a) ' 

and where A and B are constants, a relation be­
tween which is determined by the boundary condi­
tions for the temperature. The sign of the root in 
formula (8) must be so chosen that the imaginary 
parts of the wave vectors k1 and k2 are positive. 

According to the definition of the impendance 
we have 

(9) 

In the case in which the heat current vanishes on 
the surface (2a), 

,.ad_ I" v' 1 +a 
"Y - ~Oy -2- (lla) 

(1 +a+ ¥(1- b)2 - 4ab)''• + (1 +a- V(i -;- b)2 - 4ab)'f, 
X 1 + V{a+ 1) b 

where toy= ..J wpyy/41li 
Under the condition (2b) (isothermal surface), 

we obtain similarly 

ris I" v-2 o,y = ~ov 

(llb) 

VIJ+V1+a 
x --:-:< 1-+-:-:-b-:+-cy~--;:::< 1=-==:=b J""• =-=4""a7b "'rc:-,, +--:-:< 1:--_j_-:-, -:-b-_-:;JI7 (co=1=-=b:;=c);;=' =-=4:=ab:;=;):;-;-:-., • • 

For a« 1, formulas (lla) and (llb) simplify 
considerably: 

'ad::::::~ {I+ _c:_ 1 +2VIJ } . 
u ou 2 (1 + V b )2 ' (12a) 

. { a 1 } 
~ts= Cou I + 2 (1 + Vb )• . . (12b) 

We remark that the dependence of the impedance 
ty on the angle between the normal to the metal 
surface and the crystal axis, in contrast to toy• 
is determined not solely by the quantity 

Puu = p _!_ cos2 cp + p 6 sin2 cp, (13) 

but also by the parameters a and b, which vary 
with the angle as follows: 

T(a:_!_ -a: 1 )2sin2 cpcos2 cp 
a= (p _!_ cos2 cp + p 11 sin2 cp) (x _!_ sin2 cp +xu cos2 cp) 

c2C (p _!_ cos2 cp + p 11 sin2 cp) 
b= . 

47t (x _!_ sin2 cp + x li cos2 'P) 

(14) 

From the first formula (14) it is clear that a van­
ishes when q; = 0 or rr/2. Then heat current is 
absent, and the expression for the surface imped­
ance ty coincides with the ordinary toy· We 
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write an expression for the impedance near these 
values of the angle. For cp « 1, 

~~d= 1 f Pj_~ {j + :' [__!t_-j V 4m 2 p j_ 

+ T("II-C£_L)2 1+Yc2Cp_L/1t><u ]}· 

P _L ><11 (1 + Yc'Cp 1. I 47tX 11 )' ' 

(15a) 

(15b) 

(16a) 

3. The effect under consideration can be ob­
served even in anisotropic metal ( polycrystal) 
if the latter is placed in a constant magnetic field. 
In this case the most general possible linear re­
lation between the electric field and heat current, 
on the one hand, and the electric current and tern­
perature gradient, on the other, has the form 

E = pj + R [H 0 x j] + ~H0 (H0• j) 

+ rxvT + N [H0vT] + yH0 (H0vT), 
q = Trxj- x\!T +NT [H0 xj] 

+ L [H0VTJ+ TyH0 (H0 - j)- oH0 (H0 vT). 

The phenomenological constants introduced (p, R, 
a, {3, etc.) may, in general, depend on the magni­
tude of the magnetic field. 

The greatest change of surface resistance re­
sulting from the effect of the heat wave will occu1 
in a magnetic field parallel to the metal surface. 
After a calculation similar to that carried out 
above, we get 

raa_r ~/1-a' 
'ox -"'o v-2-

(17a) 

X (1 + b' + V(1- b')" + 4a'b')'/, + (1 + b' - V(i - b')• + 4a' b') '/,. 

1+Y(1-a')b' ' 

ris r v-2 
~x- == ~u (17b) 

VI?+ Vt- a' X . 
(1 + b'+ v (1 b')2 + 4a'b'/'' + (1 + b'- V(i -· b')2 + 4a'b')'l, 

Here 

r,ad ris r V 1 4 · 
"'Y = "'u = "'o = wp; ..-:t. 

a'= (NH0 ) 2 Tl px; b' = c2Cp I 4..-:x. 

It is interesting to note that for a' = 1, t~d = O; 
i.e., the metal behaves in this case like an ideal 
conductor. The vanishing of the impedance ( t~d) 
is essentially connected with the rigorous vanishing 
of the heat current on the surface. Actually, when 
account is taken of heat radiation, qz always dif­
fers from zero. Therefore even for a' = 0, tx"' 0; 
but it has a minimum there. 

4. As is clear from the formulas presented, the 
magnitude of the expected effect (the dependence 
of the surface resistance on the heat emission con­
ditions) is determined by the value of the constant 

a= Trx~z I Pvv Xzz· 

The parameter a can be estimated only in 
order of magnitude, since there are no direct 
measurements of the components of the tensor 
aik· If we suppose that the quantities aik have 
the same order of magnitude as the Thomson co­
efficient and that pK/T has the order of magni­
tude of the constant in the Wiedemann-Franz law, 
then a has a value of order 10-2 for ordinary 
metals ( Pt, Pd, W). For metals such as Bi, 
the Thomson coefficient is anomalously large 
( ~ 103 ),2 and a may be of order unity (or even 
greater). 

In the case of small a, observation of the de­
scribed effect by reflection is difficult. However, 
if the length of the heat wave in the metal is much 
larger than the skin depth (for a « 1, this cor­
responds to a small value of the parameter b), 
then there can be a peculiar "pulling" of the elec­
tromagnetic wave by the heat wave. For films 
whose thickness d satisfies the condition 

( Osk = .../ c2Pyy /27rw is the thickness of the skin 
layer, oT = V 2K zz I we is the depth of penetra­
tion of the heat wave), the amplitude of the trans­
mitted wave is expressed in terms of the ampli­
tude of the incident wave by the equation 

E tr IE inc= - (c2Crx~T I 2 7tX;z) ~oy· (18) 

The last formula was obtained on the assumption 
that the heat current vanishes on both sides of 
the film. We have neglected terms of order 
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exp (- d/osk>· 
5. We further consider oblique incidence of an 

electromagnetic wave on an isotropic conductor. 
In metals the surface impedance is independent of 
the angle of incidence cp and of the polarization 
of the wave because of the fact that 4Tra/ w » 1. 
Therefore the following consideration relates to 
semiconductors, for which the dependence on angle 
of incidence is appreciable. On representing by 
E = E' + iE" the complex dielectric constant 
( E" = 4Tra/w ), we get the known value for the im­
pedance in the case in which the electric field E 
of the incident wave is perpendicular to the plane 
of incidence: 

In the case in which E lies in the plane of in­
cidence, consideration of thermoelectric forces 
naturally changes the value of the impedance: 

~ad=-~{ Vc-sin2cp 

TarJ.2 ie" sin2 cp [ ic2C 1 J 'I } 
- -x- e + TarJ.2e' I x -----;;;x 1 + TrJ.•ae' 1 xe - sin2 Cfl - 2 

• 

This expression corresponds to absence of heat 
current at the surface. Under isothermal condi­
tions at the surface, no heat wave is produced, 
and therefore 

In closing, the authors express their gratitude 
to L. D. Landau for helpful discussions. 
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