PHENOMENOLOGICAL THEORY OF SUPERFLUIDITY NEAR THE A POINT

being described appears in processes which take
place in the presence of vortices in which high
gradients of pg exist. Under these conditions the
quantum terms in the equations turn out to be im-
portant. The equations which have been derived
make it possible to compute the coefficients B
and B! of Hall and Vinen® because of friction be-
tween the superfluid part and the normal part in
the presence of a vortex; it is proposed to carry
out this calculation in a subsequent paper.

In conclusion the authors wish to express their
gratitude to L. D. Landau and V. L. Ginzburg for
help and advice in the course of this work.
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A spectral representation has been found for the two-meson Green’s function which is analo-
gous to that found earlier!™ for the vertex part. The analytic properties of this function are
~examined. It follows from the representations that dispersion relations exist for the scatter-
ing amplitude for a fixed scattering angle in the center-of-mass system. These relations are

obtained and discussed.
1. INTRODUCTION

IN a previous paper by the writer® the causality
conditions were used to obtain the spectral repre-
sentation of the vacuum expectation value of the

T -product of three Heisenberg operators. In the
present paper this same method is used to obtain
the spectral representation of the vacuum expec-
tation value of the T -product of four operators,
i.e., for the two-particle Green’s function. In
order not to encumber the discussion with elab-

orate computations associated with the spinor
character of the meson-nucleon Green’s function
and its possession of poles, we shall confine our-
selves in this paper to the derivation of the spec-
tral representation for the two-meson Green’s
function and the study of the analytical properties
of the meson-meson scattering amplitude.

From the spectral representation it follows
that the scattering amplitude is an analytic func-
tion in the upper half-plane and has no essential
singularity at infinity, not only for a fixed pre-
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288 V. N. GRIBOV

assigned momentum, but also for a fixed scatter- the scattering amplitude in the region of imagi-
ing angle in the center-of-mass system. Owing nary angles. Analytic continuation into this re-

to this, it is possible to write dispersion rela- gion by means of expansion in Legendre polynomi-
tions for a fixed value of the scattering angle. als is evidently impossible.

These relations are written out, but they contain

2. THE SPECTRAL REPRESENTATION FOR < | Tjj (Xy)Jj(%z) Jk (%g) 3z (%) | >

Let us consider the symmetrical pseudoscalar meson theory. In this theory one ordinarily takes the
two-meson Green’s function to mean the expression

T oi(x1)2j(x2)Pr(X3)Pr(xa) >y

with terms corresponding to unconnected diagrams removed. The ; are meson field operators, which
can be taken to be Hermitian. This quantity, however, does not occur directly in the scattering amplitude,
and it contains singularities not related to the interaction of the mesons. A more interesting quantity,
with its Fourier components proportional to the matrix elements of the S matrix is (cf. reference 4)

K1 Ks K3 Ky {| Toi (%1) 91 (%2) 9r (%3) 91 (X4)> = Tijrr (X1, X2, X3, Xa), Ky =0 —pt 1)
The differentiations in this expression are easily performed if we use the formula
Ky (| Toi (1) A (x3) B (x3) C (x4)]) = <J Tj: (x1) A (x5) B (x3) C (x4)])
+ 3t —£) I T 92 (%1) A (%2)] B (%3) C (x4)> + (2> 3) + (2> 4), ji (x1) = K1 9: (%),

for which the proof is simple if we use the fact that the operators commute on a space-like surface. Here
A, B, C are arbitrary operators.

Using Eq. (2) and dropping terms that are of the form f;(x; — x3)* [ (x3 — X4) (these correspond to
unconnected diagrams and make no contribution to the scattering amplitude), we get after simple calcu-
lations:

(2

K1 K3 K3 Ky (| Toi (x1) 0 (x2) @n (¥s) @1 (x2)> =<| Tje (%1) Jj (X2) Ju (%a) Jr (%a) [> + - . (3)

The terms not written out here are given in detail in Appendix I and correspond to diagrams in which two,
three, or four external meson lines emerge from a single point. All these terms can be expressed in
terms of vacuum expectation values of two or three operators for which the spectral representations are
known. We note that they are all equal to zero if there is no contact interaction of the mesons described
by a term A@j@k@k in the current jj.

We assume that terms corresponding to the mass renormalization and a term A@! are introduced
into the Hamiltonian, but the multiplicative renormalization is carried out only in the final result.

We note that the essential part of all the following does not depend on the explicit form of the interac-
tion.

To establish the spectral representation for <| Tjj (%) jj(X;)* ik (X3)jz(%4) | > we first consider,
as in reference 3, the simple product:

L (1) Jj (%2) Jr (X3) i (xa) > = &d4p1 d*pyd*p exp {ip; (X1 — Xa) +ip (X2 — X3)

+ ipy (x5 — x4)} ¥ (P1o) (Pao) ¥ (o) 2 (i2)op, (1) psp (Ir)ope (J1) puos (i)ow = <p11i; (0)] P>.

The summation is taken over all states with given p;, p, ps;. In virtue of the properties of the operators
ji (X) the smallest possible values of —p% and —pﬁ correspond to three-meson states, and the four-
dimensional momentum p can correspond either to the vacuum state or to states beginning with the two
meson states. To the vacuum state there corresponds the term in Eq. (4)

(4).

3(0) [ (2)on (1m0 ][ 2 (ope (i0)po] -

For what follows it is convenient to split off this term and consider it separately. Individually, how-
ever, this term does not satisfy the causality condition (that the operators commute on a space-like sur-
face). Therefore we also separate from Eq. (4) a number of further terms, which will satisfy the causal-
ity condition together with the above term. If we imagine the operators jj(xy), jj(%z), jk(X3), and
j7(X4) expanded in terms of creation and annihilation operators, then the term that has been written out
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corresponds to those terms of Eq. (4) in which the creation and annihilation operators of jj (x;) are con-
tracted completely with corresponding operators of jj(x;) and are not contracted with any others. There
also exist other terms in which the operators of jj (X;) are contracted only with operators of jk(x3), or
only with those of j7(x,). They contain the respective factors 6(p — p; — py) and 6(p; — py). Separat-
ing out these terms also, we can write:

3(p—

oo
_(_P__Pl__&lp‘_k (— P2 e, (—pd) + _W P (= P o (— P7)

3 (oo, G (00 (0) 0 = i eur (— ) o (— ) + 2
+ ot (03 7% P (0, — PV (5, — P (0 == pus (—R2) = (227 (o (o (%)

After the vacuum state has been separated out, the smallest value of — p? belongs to a two-meson state,

and consequently
Prjin (P P% P (P — )% (P, — P (P —p,)*) =0,

if one of the inequalities

—pr9:,  —p2Ot  —pt <4t (6)
is satisfied. Substituting Eq. (5) into Eq. (4), and Eq. (4) into the causality condition, written in the form
(for example for x3, > 0)

<| i (xx) i (%2) i (%3) Ju (%a) [> = <] (%2) i (%1) Jr (%3) Jo (x4) [, M
one can easily show that the terms that have been separated out satisfy this condition automatically. In
addition they make no contribution to the scattering amplitude (they correspond to unconnected diagrams),
and therefore they can be omitted from the further treatment.

In order to satlsfy the causahty condition, in analogy with reference 3 we shall write P1]lk(Pis P, p4,
(P1-P)% (P1—py)% (P—Py)?) in the form:

Pijin (P P P) = 83 (yg) ¥ (Ryg) D(ky) 3 (Ryg) (k) & (fegy) fiilh (=K — Ko — R (p,— Ry — kg —ky) (8)
X 8 (p — k1s — k1a — kog — k1) 8(Pa — k1a — kag — ksa) (dR); 9 (k) = {] ky >0
0 &, <O,

regarding this relation as an equation with respect to fjjk (— Ky, —kis, ..., —Kk)).
From the invariance of pulk it follows that fl_]lk 0 if any one of its arguments is smaller than zero

(if k}, >0, then #(k;,) is a noninvariant quantity).

We shall not carry out a detailed analysis of the equation (8), as was done at the corresponding point
in the argument of reference 3, but we shall assume that it has a solution. We remark only that if we
write Eq. (8) in the form

Pijin (pl’ p, p4) = S ’ 'def - g K(p1’ P, p4’ 12° 134) fz‘jlh (”‘%2’ xfa e KSA);
0 0
K (pyy Py Py iy 2y 2= (BB (2, + 1) 9 (k) 3 (2, +2) .. ©
(k) B (RS A+ 2) 8 (p, — Ry, —k,—k ) (p—k— bk, — Ry — k,,) 3 (pa— kia — koy — ks4) (dF),
then it is easy to see that K(p;, P, Py, K%z cee K§4) # 0 only if

— P> (%, 2+ “14)2§ —p> (”14 Fo ) —pi> (13 =+ %114+ %93 + %a4)”. (10)

In order that the function Pijlk (P1, P, Pyg) automatically satisfy the conditions (6), we set, as in refer-
ence 3,

Fopn OG0 5 3 = 0,
whenever even a single one of the conditions
%1z + %15 4 *1g 2> 35 *1s + *1a - Rag + % 2> 205 %1g + %eq - xgq > 35 (11)

is not satisfied.
Substituting Eq. (9) into Eq. (5) and then into Eq. (4), we get:

] i (xl) ji (xz) jl (xs) Ju(xy) = R . .gdxfz v du§4A+( . 1°) LAY (xa4, %xy,) f[jlk (%2, AN #2);

0 0 12
A* (x,, %) = (27) Sd‘*ke”*xua (k4 2) 9 (k). 12
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Substituting Eq. (12) into the causality condition (7) and using the fact that A*(x, k) =A% (-x, k) for
x% >0, we get

S ' S dxfz‘ : ‘dK§4A+ (C xm) e AT (g %) fulh( te iy o X ¥ G — fjilk (%l %59 X500 X0 *io> )] = 0 (13)
0 0
and other analogous conditions from which if follows that fjjzk ( ks, K%s, - .k§4) is a symmetric function
with respect to simultaneous interchange of any two of the indices ijlk and the corresponding indices on
the kik.
From the symmetry of fjjz ( k%p,...k%) and the conditions (11) it follows that fjjzic (r3p, «ls, ... %)
= 0 if any one of the conditions
nyg + 235 F %0 > 31, %yg + Ao - %94 > 31, %13 + %3 - %54 > 3p2, %14 %aq ~F %34 > 3, (14)
%3 + %1g + %o & %og 2> 20, yp + %3 o %aq + %34 > 24, %ag - 34 + %15 + ¥4 > 2“-
is not satisfied. .
We obtain further information about fjjyk ( K%z, Kizs e .- K§4) if we use the fact that the operators ¢j (x),
and consequently also jj(x), can be chosen to be Hermitian. With such a choice it follows from Egs.
(4) and (5) that .
Pijir (plr Py Py) = Ppiji (p4v P, pl)v (15)

but from symmetry of fjjik ( K%, ... k%) it follows that
pijin (P1s Py Ps) = priji (Pas Py P1)- (16)

Consequently the pjjik (P, P, Pg) are real, and therefore the fjjzk ( k3, ...k%) can also be taken to be
real.

Using the symmetry of the function fijlk ( K%z, K%s yees K§4), we can go over to the representation of the
vacuum expectation value of the T -product of the operators jj(x). To do this we have only to replace
the functions A"'(x, k) in Eq. (12) by functions

Ar (%) = & (x) A* (1) + 9 (— x) A* (— ). (17)
Making this replacement, we obtain the desired spectral representation in the coordinate space

<I Tj,r (xl) jj (xg) jk (xg) jz (x4) I> = S 'Sd"fz cee dxgjijlh (xfz, x?s e xgd)
0 o (18)

X Ap (%13, %12) AF (X135 %13) AF (X14, %14) AF (Xa3, %a3) AF (X4, %24) Ar (X34, %34)-

Equation (18) follows directly from Eqgs. (12), (17) and the definition of the T -product when account is
taken of the symmetry properties of fijlk ( K%z, e K§4 ).

To obtain the spectral representation in the momentum space it is necessary to calculate the following
integral

(2m)12 S dkys . . . dkg, 8 (ly — k1o — kg — k1a) 8 (I + k1s — kg — k14) 8 (I3 - Rig +kog—Fksa) 3 (la+R1a+Roa+Esa)

(25 + %3,) (kg + *Tg) (kY4 + %3y) (k35 + *3q) (K3y + %39) (k§4 + "24) (19)

which diverges logarithmically. Since, however, we assume that the meson-meson scattering amplitude
exists, this divergence must not appear in the result. If to remove the divergence we introduce a cut-off
radius A, then the term that goes to infinity for A — « will be proportional to In A and will not de-
pend on kjx. When substituted into the integral with respect to K%k it gives a contribution proportional to

lnAdefg ey (2, 2, L 2,).
In order for this term to make no contribution to the scattering amplitude, it must either be equal to zero
or else cancel with the infinite terms written out in Appendix 1.

As is shown in Appendix 2, the integral (19) can be brought into a simpler form. We thus get the follow-
ing spectral representation in momentum space:
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-] ]

—1i
(U Ly Iy 1) = s (,m),g- Nty it 2,2
0 0

(20)
1 -]
X S' 'Sdﬁlz cee dau& (0112 + %33 + e + Xgq — 1) ?_zln(D—iB)a(ll+ lz+la+l4)w
0 0
(The factor 6 (I + 1y +13+1;) will be omitted hereafter). Here
@ () = 019013093 +- 00 30ay - G1altystlay | Gya0lygOag —F 1ol gOlag - 00t 40ag - Kyglaggy + Gialas®ay 1)

+ 33014 %og | 1301 g0ag - Oy30140a4 - R33%agiog —F Kyglo,Oag = O1aKagtas - G4 Oagsy + GogllogXgg

(the sum of all products of three different variables aj, under the condition that no index can occur
more than twice in a given term);

O = Bayaozog (%es + %oq + %34) + [30%12030%04 (13 + %14 + %g4) + [2oy3093054 (%12 + 14 + %) + P2y 4024034 (12 + 13 + Otg3)
—+ eagotyatagling (ly + 1a)? + taattngtagtios (Lt lo)2+ %rotaadagtion (ot )2 + 0(0) %% x? = xbyyy + gty . o« gty (22)

Formulas (20) to (22) provide a convenient means for studying the analytical properties of 7 (1, &, I3, 1)
as affected by the variation of any one of the independent invariants. Since, however, we shall be inter-
ested in the scattering amplitude, we set % =% =12 =1 = —u? and consider 7 as a function of (I, + 1),
(L + l3)2, and (I + l3)2, regarding them at first as independent.

The behavior of 7 ((I; + lz)z, (Il + la)z, (I + l3)2) depends essentially on whether, for given values of
(L+1 )2, (L +1 )%, and (%, + l3)2, the quantity 0 can vanish for any particular values of the variables
@i and K%k We shall show that O >0 if

— L+ lz)2 <A4p% — (L L) <du?h — (L + L) <<4p2 (23)

The proof reduces to a matter of regrouping the terms in Eq. (22) and using the conditions (14).
Let us first consider those terms ¢(a) which, when multiplied by %, can give terms containing
Q43044 093094. These are the following terms:

1
030y 4%z T Xyg%iaaq —H 01g%agiag -t %14%o3%ag.

Multiplying them by k2

on, we get

and adding and subtracting terms containing the products «;3k4, Ki3ka3, and so

O33%14%ag0%0q (¥13 -+ %14 + Xag + %2q)? + y3%1a (%ag%as — %aa%aq)® 4 Xy3tag (X140 — Xaglag) - Cgllag (X1a%4 — %23%a3)?
+ o403 ("13“13 — “24“24)2 + oty q%aq (3% — xza“zs)z —+ a5ty (K13°C13 - x140114)2 -+ "fz (@t12%13%14 (“23 + ayy)
+ 01309300 (%15 + %14)] + x24["‘130‘23‘3‘34(°‘14 + tag) - 014%2q034 (g5 + oag)].
2

Selecting in the same way the terms of ¢ (a) which when multiplied by «* will contain ;0409303
and oy043094034, and grouping the remaining terms not containing squares of differences, we get

O = ayattyqttogtiog [(1y + 13)? + (%13 + %14 4 %ag +%20)?] + %19%1005%0a[(L + 12)? 4 (12 + 14 + o5 = #04)?] + G12®15%29%aq [(L2 + 15)?
+ (%12 = %13 + *oq + %34)%] + Hpattyg%yg (%eg + %og + ge) (lf +Kfz + xf3 + "h) +(1=2)+(1—=>3)+(1—>4)

+ 2 (@im%in)? i10tn —+ 2 %1 (Xmp%mk — %mi%ni)?. (24)
iRl L:r;z .
From the condition kyy + Kky3 + k4 = 3u it follows marsh’s theorem) that on the hypothesis of uni-
that k3, + K%a + K%4 = 3u?. Since # = —u?, all the form convergence of the integrals with respect
terms in Eq. (24) except the first three are always to K%k for real (1 + lz)2 this formula defines
positive. The condition that the first three terms a function analytic in the entire plane with the ex-
be positive, together with the second group of con- ception of those points of the real axis for which
ditions (14), reduces to Eq. (23). O can be equal to zero.
If we regard T as a function of one of the vari- If these singularities are removed by the intro-
ables [for example (I; + lz)z] for fixed values of duction of a term —ie, then at the corresponding
the others, then starting from Eq. (20) we can points Re T # 0. It is easy to show, by using the

easily show (for example, by means of Titch- results of reference 3, that terms depending on a
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contact interaction Ag* do not change this result.

In concluding this section we point out the fol-
lowing important fact. The expression (20) has a
direct meaning provided that

(In Gee) (2,

In cases in which f(k%,...x%) does not decrease
rapidly enough, the integral must be regularized,
and its divergent terms must be cancelled with
the infinite terms written out in Appendix 1. The
degree of divergence of the integral is closely
connected with the behavior of 7jji; at large en-
ergies. Therefore in obtaining spectral represen-
tations, just as in the derivation of dispersion re-
lations, it is necessary to make an assumption
about the behavior of the quantity in question at
large energies.

. x§4) du’fz - dx§4< oo.

3. THE DISPERSION RELATIONS FOR THE SCAT-
TERING AMPLITUDE FOR CONSTANT SCAT-
TERING ANGLE IN THE CENTER-OF-MASS
SYSTEM

In order to go over directly to the relations for
the scattering amplitude, we take I; and I, as
the four-momenta of the mesons in the initial
state. Then

(L + ) = — 4o¥;
(I + L)? = 2p* (1 — cos §) = 2 (w2 —p2) (I — cos 9); (25)

(s + ) = 2p* (1 + cos §) = 2 (w* — p2) (I 4 cos 9);

w is the energy of one of the mesons in the center-
of-mass system, and ¢ is the scattering angle.
The scattering amplitude is

Thl, ij (u), cos '9)

= g “int [+ )% (L + L)% (o + 1))

From the formulas of the preceding section it
follows that the function 7((I; + [, )%, (L + l3)2,
(Il + l3)2) is analytic not only as a function of one
of the invariants for fixed values of the others,
but also as a function of w? for fixed cos ¢, if
we draw the cuts along the real axis from w? = p?
to w?=w and, depending on whether # < n/2 or
4> /2, from w?=-p?tan? $/2 or w?=—p? x
cot? $/2 to —. The position of the cuts is de-
termined by means of the conditions (23) and the
formulas (25).

Using these analytic properties or, with a pro-
cedure like that of Goldberger,® changing the order
of integration in Eq. (20), we can write the follow-
ing dispersion relations for "'ijkl("-” cos ¢) for
< /2

—i

(26)

GRIBOV

Im ;4 (@, cos 8) Im ;g (@10, cOS 9)

YY) 3
(@2 — o} (@2 — o) (0 — ) (@] — wy)

o«

Im ;51 (0020, cOs 9) Re T,y (@', cos 9) do'?

=7 R (@2 — 0?) (0" — 02 (0 —wl)
B

(27)

(@2 — )2 (05, — o)

—u? tan? (92)
te Re 7, (0, cos §) de’?

P

B D (02— 0?) (07— o) (02— o) )

In obtaining this formula we have made the same
assumption about the behavior of 7 for large w
as is made (cf. reference 5) for the scattering
amplitude of 7 mesons on nucleons. w?};, w},
are so far arbitrary.

The second term of the right member appears
with a minus sign, since in the derivation of the
dispersion relations we integrate along the top
edge of the cut, whereas for (1; + l3)2 < - 4u? or
(I + I3)? < — 4p® the function T ((1 + L)?, (4 + I3)%,
(L +1 )2) is defined by Eq. (20) as the value on
the bottom side of the cut.

The first integral in the right member contains
the scattering amplitude in the physical region.

The second contains the scattering amplitude for
imaginary energies. Using the symmetry of the
function Tijkl(ll’ b, 13, 1), we transform it into
an integral over real energies, but containing the
scattering angle for an imaginary angle. For this
purpose we change the variable in the second in-
tegral of Eq. (27) in the following way:

2

2 (02— 2) (1 4 cos 9) = — 4o, (28)
and define a quantity cos ¢; by the relation:
— 40" = 2 (0F — p2) (1 4 cos 9y). (29)
In the new variables
(I + 15)2 = 2 (@ — ) (1 + cos 8y), (I + Lo)?
= 2 (0; — p2) (1 —cos y); (30)
(I + ;)2 = — 4o},
Since
int (L4 L) (L + 1)% (L + 15)°)
= il + L) (h+ ) b+ 1, G
we get
Tk (@, €0SY) = T (0, COsy). (32)
In particular
ne (— tan , cos s) = i (s 00), (33)
where use has been made of the fact that
cos® =1+ mg"’_% " tan?® 5 . (34)

Since, however, the scattering amplitude at zero
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energy does not depend on the angle, we have
it (B 00) = Tyjrs (2 0) =T (). (35)

Using these equations, we take w}; = u?, w}, =
—u? tan® $/2. Then, using also Eq. (26), we can
write instead of Eq. (27)

o Re Ty (@, cos 9)
(@ —i®) (@F + pPtan? (9/2))

cos? (3 /2)rRe Ty ij(W)  Re Ty (1)
— = [ — eon)
(36)
o'%de’ Im Ty, ;; (0, cos )
(0”2 — 0?) (02 — u?) ('2+p2tan’($/2))

2 [=>]
-2 p&
™
w
Im T,y gy (@1, cos 9y) dexy
(©* + 0 — p2 cos? ($/2)) (@2 —p?)

o
_E_ 54_“_}_
—n_CO 2
w

For m/2 < ¢ < m one gets analogous relations dif-
fering only in the replacement of ¢ by 7-4.

By taking advantage of isotopic invariance, we
can express the amplitudes Tk, ij in terms of the
scattering amplitudes in the states with total iso-
topic spins Ty, T;, and T, and reduce the sys-
tem of equations (36) to three equations for T,
Ty, and T,. It is easy to show that

2
Tht iy = 5 TodujOrt + T1 (3irdjs — 8u18x)

s 2. (37)
+ Tz‘{Othajt + 38 — 3 Sijokl} .

Substituting this expression into Eq. (36), we get
the following system of equations:

®R2T; (w, cosd)

(02— p?) ( w? + u’tan’%‘))

0% — p?

__cos?(9/2) [Re T, ; Ajp ReT, (u)]
w

w?4- ;than’%’-

2 & o'%dw’ ImT; (w’, cos ) (38)
=z P S (02 —a?) (@ — p2) (0 2+ p*tani(9/2))

123
2 9 Im T (o, cos 9;) do,
———cos“—z——z“AihS CRRTP PR
™ - o (0 + o] —plcos? (9/2) (0 —v?)

2/ 3 _—1/ 2 5/ 6
(Aw)=|—2) 1 %s|.
s 1 s
The equations that have been obtained would be

APPENDIX 1

of considerably greater interest if one could indi-
cate a simple method for analytic continuation of
the scattering amplitude into the region of imagi-
nary angles. It seems natural to use for this pur-
pose an expansion of the scattering amplitude in
series of Legendre polynomials
1

T, (w, cos9) ?}Tl () Pt (cos 9). (39)
Such an expansion is especially attractive because
the conditions for the S matrix to be unitary have
a simple form for the quantities T%. Such an ex-
pansion, however, can scarcely allow us to continue
the scattering amplitude into a region of values of
cos 4 that are much larger than 1. Namely, it fol-
lows from Eqgs. (23) and (24) that the scattering
amplitude has singularities of the type of branch
points for those values of the variables at which
one of the invariants (I; + [, )%, (Li+1s )%, (l, + 13 )2
becomes equal to —4u?. According to Eq. (25) this
means that as a function of cos ¢ the scattering
amplitude has singularities at

€os & = 4 (0? + p?) / (w? — p?). (40)

Therefore the radius of convergence of the series
(39) cannot exceed this value. This means that we
can use the expansion (39) in the last integral in
the right member of Eq. (38) in the region of val-
ues of w; for which

cos &y < (o + p?)/ (0f — p?).

Recalling the expression (34) for cos 4;, we
get the condition

ol <preot? o, (41)

which shows that the expansion can be used only
for the forward scattering amplitude, since the
contribution to the integral in question from the
region w; > u cot ($/2) is of the order

weot o)~ (1 —cos 9),
(weot5)

i.e., of the order of the first term of the expansion
of Tj(w, cos #) in powers of 1-cos #. There-
fore in order to give meaning to the dispersion re-
lations for the scattering amplitude one must find
some other method of analytic continuation.

Let us write out the formula (3) in detail using the fact that when we introduce a contact interaction

[0 (%), jr ()] |e=tr = 28 (x — 1') {G30:k + 20:04);

this gives
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K KoKsKa <] Tos (x1) @1 (%2) @n (%3) 91 (%a) [> = LI The (x1) ij (%2) Ju (%3) jr (%a) [>
+ M {8 (%1 — %2) < T {% (%2) iy + 292 (%2) @7 (x1)} i (%5) 1 (%0) [> ++ + Yaym
+ 20 {8 (x — %3) 8 (%2 — %5) Bny < T'9u (%1) Ju (%a) >+ 8in <[ Ty (%2) Ju (xa)
+ 81 < Toon (%5) j1 (%) [D] 4+ + Joym + N2 (B (%1 — X2) 3 (x5 — %) <| T {3 (%2) 3i + 29z (%1) @ (%2)} {93 (%) 8wt
+ 20k (%) @1 (%3)} > 4+ Jeym =+ 208 (%, — X2) 8 (X2 — X3) 8 (X3 — X4) (8481 + Bundj1 + Bndur].

Here { }sym means that we are to take the sum of terms corresponding to all permutations of x;, x,,
X3, X4 together with the associated isotopic indices.

APPENDIX 2
The integral (19) can be easily reduced to integrations over parameters if we use the formula

1 S@a+ztznt.. 2z, )

11
P n—l)l§§dzldzz T . (A.1)
Denoting the integral (19) by I and dropping the factor 6 (I + Iy + I3+ I;), we can write
5! dkigdhisdhesd (13 + dig+. . . 4-oge—1)
I = ——5\dod .d ,
(2 )IZS 12 “12 “34& [kfzﬂlg-*—.-.+k§4¢3¢+1€?2¢13+...+X§4a3dﬂ (A.2)

k14 = ll - km - kxar kz4 = la + klz - kzs; ks4 = ls + k1s + kza'

Instead of the variables z, z,,...,2zg we have here introduced the variables aj;, a3, 044, Qa3, Qgq, Qg4-

If in the denominator of the expression (A.2) we insert instead of k;,, kg4, and kj, their expressions
in terms of I, Iy, I3 and kyy, ki3, kys, then besides quadratic terms the denominator will contain linear
terms in kjy, kg3, and ky3. To get rid of these terms we make the change of variables

ki = Gia + Ay Ris = G1s + Aiay Ras = Gag + Ags. (A.3)
The conditions for the determination of Ajix have the form:
Aga (gp + ogg + ®pg) + o1gAss — togBog + latteg — Liogg = 07 atgqAgg + (g + %1g + %ga) Arg + %3qlog + Lgttgy — Loty = 0;

— OtggAys 4 Ugel g + (ag F ag + ga) Agg + lzotgy — Lyttaq = 0. (A.-4)

The determinant ¢ (a) of this system is the sum (21). Then
Apy = {L101095s — lattag®la + Laotas (%as%g — %13 — 0tag)} / 95 Ays = {honaPsa— Lsosa®Pla + la%a (*1a%e — %1a%30)} /@5 (A.5)
Agg = {ls0oy P — ls%3aPas + [101q (Xy5%ag — 015%34)} / @5 Pag = O13%p3 + Xy30iag - Xyasq + %aallag. (A.6)

(pé,, consists of the products by pairs of all the variables except «;, and a4, taken so that the indices
2 and 4 do not occur twice in any product. Substituting Eqs. (A.5) and (A.6) into the denominator of (A.2),
we get for the latter the expression

(%12 + @14 + %24) Gz + (%13 F %14 + %) Gls + (%23 + %pq + 0sq) Ghs + 2004G10G13 + 2015715723 — 2¥20q12q23 + 01/ @
O = @Ay (Looeq — l1ot1g) + @A15 (— l1%1a + I3%34) + ©Agg ({30t34 — lpttas) (A7)
+ 9 (caall + aals + ea0l3) + 0% = [o1aPrq + [3%aPos + [3%5aPas + 201la%10000015 -+ 2Uil5%1a5001s + 2slstagts Bt -+ X%
@14 is the sum of those terms of ¢ which do not contain ay,; and
*® = a1y + X301 + Xia%1g + X23%03 + X2u%a + ¥esa-

[If in Eq. (A.7) we express Uy, ljly and Ll interms of (I + k)%, (I + %)%, and (I +13)® and
note that

(11 + 12)2 + (11 + 13)2 + (lz + ls)2 = li + 13 + lg + li»
then we can easily get for [0 the expression (22) given in the text.]

It is now easy to carry out the integrations with respect to q;5, qi3, Qa3 by introducing new variables
di2, qi3, 3 in such a way that the quadratic terms reduce to a sum of squares. We thus get

S d‘q;zd‘q'md‘q;s _(im?) g a4

(Mo + Asg + Mo + LU/l SME Y Duagl + Qe
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To perform the last integration we introduce the cut-off parameter A, and then

I = gz @A + 1 —In (0 — i)

12718723

(A.8)

Noting that AjpAq3A93 = —¢ and that the terms that do not depend on kjix make no contribution, we get the

result (20) given in the text.
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The propagation of a thermal wave from an instantaneous point source in a gas is investigated
with account of the temperature dependence of the internal energy of the gas. The case when
the internal energy is associated not only with the matter but also with radiation is considered.
The range of the radiation is assumed to depend on the temperature in accordance with a power
law. An approximate method can also be used in the case of an arbitrary dependence of the in-
ternal energy and of the heat flux on the temperature.

LET a quantity of heat Q; be liberated at a given
initial instant of time within a small volume (at a
point). Then, if the density of the medium is con-
stant, and the thermal conductivity and the specific
heat are each proportional to the temperature
raised to a certain power, the problem is a self-
similar one and its solution can be obtained in
closed form. Such a problem was investigated by
Zel’dovich and Kompaneets.}

If a thermal wave propagates in a gas then, be-
cause of the high temperature, the molecules of
the gas break up into atoms and the latter are
ionized, and this leads to a temperature depend-
ence of the internal energy of the gas. Calcula-
tions?»® show that the internal energy of a gas may
be approximated over a wide range of temperatures
by a power of the temperature (~ aT}‘). However,
at very high temperatures (on the order of several

millions of degrees for air of normal density) it
is necessary to take into account, in addition to the
energy of the matter, also the radiation energy,
which is proportional to the fourth power of the
temperature ~ bT*. Such a problem is no longer
self-similar even if the radiation range is expressed
by a power of the temperature. Another non-self-
similar problem will be one in which the internal
energy is given by a power of the temperature,

but the range of radiation is given not by a single
power, but involves two or more terms.

We shall discuss the problem of the propaga-
tion of a non-self-similar thermal wave by con-
sidering a special case when the internal energy
is expressed by the following two term formula

E = aT*+ bT* (1)
(here K =40/c, c is the velocity of light, ¢ =



