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EXPERIMENTAL RESULTS 

Our results are plotted in Table I and those of 
Gutowsky and Woessner5 in Table II. Numerical 
comparison of theory with experiment for 
C3F50H2COOH gives 

(R-1)theor=0.147; (R-1)exptl =0.29. 

The theoretical calculation made here is very ap
proximate. It is assumed that the value of the 
anisotropy of the chemical shift tensor of fluorine 
is of the order of the shift itself, i.e., 7 x 10-4• 

The correlation time was estimated from the Debye 
formula and taken equal to 10-10 sec. The differ
ence in results by a factor of two can be regarded 
as a good approximation of theory to experiment 
for the estimate given. From Tables I and II it is 
seen that the value of R decreases with increas
ing number of fluorine nuclei in a molecule in 
which the number of nuclei of another halide re
mains the same. This, apparently, is a consequence 
of the reduced screening of fluorine. An increase 
in the number of chlorine nuclei in a molecule leads 
to an increase in R. The relaxation mechanism in 
question, connected in all probability with the prop
erties of chlorine atoms, is for the time being still 
not clear. 

Thus, the theory of Gutowsky and Woessner can 

explain only the not-too-large values of R. Very 
large values of R are observed, as a rule, in the 
presence of chlorine atoms in a molecule. There
fore, further development of the theory is required 
for the detailed explanation of the observed effects. 
The problem at hand is made difficult at the pres
ent time, however, by the fact that no complete 
theory of screening exists. 

In conclusion, I express my thanks to F. I. 
Skripov and P. M. Borodin for their interest in 
the work and its evaluation. 
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The distribution of the orbital moments in nuclei is considered on the basis of the statistical 
nuclear model using various distribution functions of the nucleon density. It is shown that 
reasonable nucleon density distribution functions can be found, satisfying the experiments on 
scattering of fast electrons on nuclei, the saturation properties of nuclear forces, and the 
fundamental requirements of the shell model. 

THE problem of nuclear structure, namely the dis
tribution of nucleons in the nucleus' is being studied 
at present from different angles of approach. 

Experimental and theoretical investigations of 
the scattering of fast electrons on nuclei1- 4 have 
shown that the proton density is approximately con
stant over the main part of the nuclear volume and 

falls off smoothly at its boundary. The most char
acteristic feature of the distribution function, found 
as the result of the above investigations, is the fact 
that the thickness of the surface layer is constant 
-independent of the mass number A in a wide 
range of A - and that the mean (proton) radius 
of the nucleus varies as At/3,4 i.e. that there is no 
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affinity of proton distribution in various nuclei. 
Such a distribution, both for protons and neutrons, 
is consistent with the saturation properties of nu
clear forces5- 7 and with the experiments on the 
scattering of fast nucleons on nuclei.8 

The problem of the nucleon distribution is con
nected with the problem of the distribution of the 
orbital moments in the nucleus. A series of pub
lications has been devoted to the latter subject7•9- 14 

dealing, partly, with the determination of nz' the 
number of nucleons with a given Z. The results, 
obtained from statistical considerations, have 
been compared with those of the shell model. The 
assumed nucleon distribution is anisotropic, the 
density falling off according to a Gaussian7 or ex
ponential13•14 law for r :::::: R0 (where R0 is the 
region of constant density). 

In the present work, the maximum number of 
nucleons of one kind (protons or neutrons ) , with 
orbital moment < l, present in a nucleus has been 
calculated by means of a statistical method, using 
various nucleon distribution functions. The differ
ent types of distributions are investigated for the 
correct interpretation of results on the scattering 
of fast electrons on nuclei, and the values Nz ob
tained are compared with these predicted by the 
shell model. Such a comparison is of a special 
interest, since the empirical values of N z are 
given sufficiently accurately by the Mayer scheme, 
while, at the same time, a statistical ( quasi-clas
sical) treatment of the orbital moments can be 
applied for the calculation of N z for heavy and 
even medium nuclei in view of the large values 
of l = Zlim. It is shown that the value of the func
tional K, which determines the value of N z ac
cording to the statistical theory, and which is cal
culated on the basis of empirical values of N z and 
l taken from the shell model, is approximately con
stant for all nuclei. At the same time, the value of 
K obtained by means of the statistical theory de
pends both on the nucleon distribution function and 
on the parameter of that function representing the 
ratio of the thickness of the surface layer to the 
radius R0 of the constant-density region (the 
"mean" nuclear radius). The value of K is con
stant when the above parameter remains constant, 
i.e., when there is an "affinity" of the nucleon den-

TABLE I 

I Nz I Kemp 

3 20 0.058 
4 40 0.055 
5 70 0.053 
6 112 0.051 

sity distribution in various nuclei. This, however, 
is not a necessary condition. The possibility is 
also discussed of selecting a nucleon distribution 
function leading to a value of K, calculated by the 
statistical method, constant for all nuclei, adjust
ing the parameter of the distribution function for 
agreement with the experimental results of elec
tron scattering on nuclei. 

It follows from the Fermi statistics15 that the 
number of nucleons of one kind in a nucleus nz, 
having the moment of momentum between l and 
l + 1, can be given by the expression 

n = i(2l + 1)? 5( 3113 \'J,- .!!"-. l(l + 1}"'dr 
1 h j l Srt P) 4rt2 r 2 ' 

r, 
(1) 

where p ( r) is the density of nucleons of the 
given kind; the integration is extended over real 
values of the integrand. For the maximum value 
of l in the nucleus we have r 1 = r 2 and nz = 0 
which, according to Eq. (1), corresponds to the 
maximum of F ( r ) = r 3 p ( r ) . 

The limiting value of l for particles of a given 
kind in a nucleus is, therefore, connected with the 
density distribution function p ( r) of these par
ticles, by the following relation (for sufficiently 
large l): 

(2) 

The function p ( r) must satisfy also the condition 

"' 
47t~p(r)r2 dr = Nz. 

0 

From Eqs. (2) and (3) we obtain 

N z = K (2l -!- 1 )3, 

(3) 

(4) 

(5) 

Equations (4) and (5) are correct for sufficiently 
heavy spherical or almost spherical nuclei to which 
can be applied, on the one hand, the statistical 
method and, on the other, the notion of the orbital 
momentum of a particle characterized by an indi
vidual quantum number l . The second condition, 
however, is exactly the one necessary for the ap
plicability of the shell model. 

The values N and l based on the Mayer level 
scheme, and the corresponding empirical values 
of Kemp= Nz/( 2l + 1 )3, K being defined by Eqs. 
(4) and (5), are given in Table I. It can be seen 
that K is almost constant for all nuclei, decreas
ing slowly for heavier nuclei (larger Nz). 

For the calculation of K according to Eq. (5), 
let us consider the following distribution functions 
( similar for protons and neutrons ) : 
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p (r) = p0 = const for r < R0 ; 

( r- R \ P (r) = Pof __ o I = Pof (x) for r :> R0 , 
U I 

where f ( x) is a decreasing function. We also 
consider functions of the Fermi type 

p (r) = ('ol [ 1 + e<r-c)lbj, 

which are similar to (6) for b/ c « 1. 

(6) 

(7) 

We introduce the following definitions of the 
thickness of the surface layer d and of the mean 
nuclear radius Rc: 4 

d = r0•1 - ro.9 ; r = Rc for p =p0 I 2, (8) 

where r 0,1 and r 0 ,9 are the distances from the 
center of the nucleus, corresponding to the densi
ties 0.1 Po and 0.9 p0; Po is the density in the 
central region of the nucleus. 

According to Eq. (8), d is connected with the 
parameter b of Eq. (7) by the expression 

d =bIn 9 = 4.4 b. (9) 

The relation between d and the parameter a 
of Eq. (6) depends on the function f ( x) in Eq. (6). 

For the case of a Fermi-type distribution 
[Eq. (7)], we obtain from Eqs. (5) and (8) the fol
lowing expression for K 

K = _J_ (1 + e<xm-1)1•), E = .!!_' 
6~x~ c 

00 

\ x2dx r m 
J = ) 1 + e(X-1)1< ' Xm = c ' 

0 

(10) 

where rm is the value of r corresponding to the 
maximum of the function r 3p ( r). 

From Eqs. (7) and (10) we have 

Xm = EYm + 1, 

where Ym is the root of the equation 

eYm lYm + (1 I z)- 3] = 3. 

(11) 

(12) 

Eq. (12) was solved numerically for various 
values of E, and the corresponding values of Xm 
were used to calculate K according to Eq. (10). 
The value of J, which enters the expression for 
K, was also determined for various E by means 
of numerical integration. 

Let us introduce a parameter y, which de
scribes the nucleon distribution. By definition: 

00 

y= Rd , {11:R!ff p0 =41i:~r2p(r)dr. (13) 
eff 0 

For the case of the Fermi-type distribution (7) 
we have 

Rerr = c (3J)'1', y = 4.4z I (3J)'1'. (14) 

TABLE II 

I 
y I J( Reff I 

A 

0.088 0.38 0.035 1.02c 197 
0.120 0.51 0.038 1.01•c 77 
0.151 0.62 0.041 1.06c 40 

Numerical integration of J yields a number of 
values of y according to Eq. (14) and the relation 
between y and K, the latter being defined by 
Eq. (10). The computed values of K for certain 
values of the parameter E = b/ c of the function 
(7), and the corresponding values of y, are given 
in Table II. The corresponding values of A are 
also given in the table. The relation between the 
parameters E, y, and A is given by Eq. (9) and 
(14), and the experimental values of d and c 
have been taken from reference 4, devoted to the 
scattering of fast electrons on protons: 

d = (2.4 + 0.3) 10-13 em, 

c = ( 1.07 + 0.02 A'1•) 1 o-13 em; 
(15) 

The relative error of y and E computed using 
the experimental values (15) is less than 15%. The 
values of Reff calculated according to Eq. (14) and 
(1,5) are given in th13 fourth column of Table II. It 
can be seen that Reff is not very different from 
c r:::J Rc, The data in Table II indicate a low sensi
tivity of the value of K, calculated from the Fermi
type distribution function, with respect to the pa
rameter y. 

The dependence of K on y has also been cal
culated using the distribution function (6), for 
three types of density fall-off at r 2: R 0: (a) for 
a Gaussian fall-off: 

p (r) = p0 exp{- ('~Ron for r :>R0 ; 

(b) for a linear fall-off 

p (r) =Po (R0 +a- r) I a for R0 < r < R0 +a; 

p (r) = 0 for r > Ro + a; 
(c) for an exponential fall-off: 

(16) 

(17) 

p(r)=p0 exp{-(r-R0).1a} for r:>Ro· (18) 

The functions K ( y) obtained for the cases (a), 
(b), and (c) are represented graphically in the fig
ure ( curves A, B, and C, respectively). The 
function K ( y) based upon the Fermi-type dis
tribution is also shown in the figure ( curve F). 
For comparison of the results obtained with those 
of the shell model, the function Kemp ( y) based 
upon the relations Kemp ( N z) (Table I) and y (A) 
(Table II) is included. For small Nz ( 20, 40, 70) 
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it has been assumed that A RJ 2Z (taking into ac
count that Nz is the number of either the protons 
or the neutrons, the value of A for real stable 
nuclei with Nz = 70 is in the range from 120 to 
176); for N z = 112 it has been assumed that 
A = 188 (the mean of the values 186, 188, and 
190 for stable nuclei with 112 neutrons). It should 
be noted that the spread of the values of A for 
Nz = 70 ( 120 to 176) corresponds to a variation 
of 'Y from 0.40 to 0 .45. 

It can be seen that in the case (a) and, especially, 
in the case (b), K is not sensitive to the variation 
of 'Y, as in the case of distribution (7): for 'Y 
changing form 0.38 to 0.62, the value of K varies 
between 0.036 and 0.048 in the case (a), between 
0.036 and 0.042 in the case (c), and between 0.035 
and 0.041 for the Fermi-type distribution. It has 
been shown, on the basis of Eqs. (6), (16), and (17) 
that, like in the case of the Fermi-type distribution, 
Reff is not much different from Rc in the cases 
(a) and (b). Furthermore, it can be seen that the 
curves A, B, and F are approximately parallel 
to Kemp ( 'Y), although the corresponding theoret
ical values of K are by ,.., 30% less than those of 

Kemp· 
The result for the relation K ( 'Y) in the case 

(c) is different. Curve C rises sharply, in con
trast with the empirical curve, and the values 
'Y < 0.51, which correspond to a= a/R0 < Ya ac
cording to Eqs. (6), (8), (13), and (18) are not con
sistent with Eq. (5). At the same time, according 
to experimental results on electron scatter
ing,4 the values of y > 0.51 correspond to 
A < 77. The statistical determination of N z using 
the distribution fuhction with an exponential den
sity fall-off and with parameters determined from 
electron scattering phenomena is not applicable to 
heavy nuclei for which, in general, the statistical 
method is most appropriate. It should be noted 
also that, independently of the value of the param
eters determined from electron scattering experi
ments, the condition a ~ 1,13 for the function with 
an exponential density fall-off requires, according 
to Eq. (8), that the minimum value of the ratio of 

the surface layer thickness d to the radius of the 
constant density region Ro were greater than 0. 73. 
For other cases, the above ratio is either unre
stricted [case (a)], or sufficiently small [0.23 for 
the case (b)]. 

The Fermi -type distribution function and the 
distribution functions with a Gaussian or linear 
fall-off at r ~ R0, which describe correctly the 
scattering of electrons on nuclei,2•4 lead to a value 
of K that is almost constant and which varies with 
y in an analogy to the empirical dependence K ( 'Y ) 
corresponding to the shell model, although the the
oretical curves lie somewhat lower than the em
pirical. It can be seen also that the distribution 
function with an exponential fall-off leads to a dis
crepancy with the experiment. 

In conclusion we would like to mention that, al
though neither theoretical nor experimental inves
tigations give at present the exact shape of the 
distribution function of the nucleons in nuclei, the 
present work indicates a possibility of application 
of the statistical method of determining N z to the 
selection of a distribution function. The Nz found 
satisfy both the requirements of the shell model 
( K independent of A) and the saturation property 
of nuclear forces, as well as the experiments on 
scattering of electrons by nuclei (i.e., the require
ment that the effective nuclear radius be propor
tional to A 113 while the thickness of the surface 
layer be independent of A). 
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Mechanism of electron capture in betatrons is discussed. Its basis is the Coulomb interaction 
of the electrons in the beam and the losses of electrons to the walls of the doughnut. The prob
lem is treated exactly for a simplified model. It is shown that the considered capture mechan
ism has a high effectiveness which is in agreement with experiment. An expression for the 
limiting current, valid also for relativistic energies, is given. 

1. INTRODUCTION 

N 0 existing theory explains the capture of elec
trons in betatrons, nor has a satisfactory physical 
picture of this process been developed. However, 
several important experiments 1- 6 performed dur
ing the last years have clarified this problem to 
a considerable extent. Thev have confirmed that 
the capture of electrons in betatrons is due to 
their collective interactions. It is therefore un
necessary to consider one-electron theories of 
electron capture. 7-8 Their applicability is limited 
to rather small injection currents. 

One can subdivide the capture mechanisms 
based on collective interactions into three groups: 
(a) mechanisms connected with the action of self
induction of the non-stationary electron current 
in the doughnut;9"" 10 (b) mechanisms based on the 
interaction of the electrons with the Coulomb field 
of the space charge; 10• 11• 13 - 15 (c) statistical cap
ture mechanisms. 111 

Experimental models have shown that the 
mechanism based on the self induction of the non
stationary current4 cannot explain, at the actual 
strengths of the injection currents, the observed 
effectiveness of the capture and does not play an 
important part in the capture process. Its ef
fectiveness is similar to that of the adiabatic 
contraction of the orbit and of the adiabatic 
damping of the betatron oscillations. Thus, one 

can consider it to be sufficently well established 
at present that the induction-type mechanism 
does not play an essential part in the overall 
picture of the electron capture. 

As to the statistical capture mechanism, it 
has been shown earlier17 that it can work only at 
sufficiently small injection currents, in the re
gion between the single-electron capture and the 
collective capture. At such injection currents 
where the capture process is particularly effec
tive, this mechanism does not play an essential 
part. 

It appears thus that the most likely injection 
mechanism is that which takes into account the 
Coulomb interaction of the electrons. The dif
ferent effects associated with the Coulomb inter
action at injection time are discussed in refer
ences 10, 11, and 13 to 15. The mechanism 
treated by Wideroe is based on the energy lost by 
electrons passing through a space-charge cloud 
whose charge density decreases in time. This 
process cannot be decisive since it does not ex
plain the capture on the leading side of the injec
tion pulse. Bardeen has proposed a mechanism 
based on the use of the azimuthal inhomogeneity of 
the space charge. This mechanism is in disagree
ment with the well-known fact that the capture 
works equally well with injection from the outside 
(where n :::::1) as from the inside (where n::::: 0.5}. It 
also is in disagreement with the fact that if 


