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A phenomenological theory is given for coupled magnetoacoustic waves in ferromagnetic media
and ferrites (the coupling between the elastic and magnetic waves is due to magnetostriction
and spontaneous magnetization). The acoustic velocity in ferromagnetic media is determined
and is found to be a function of the magnetization and longitudinal magnetic field. The acoustic
absorption factor associated with the electrical conductivity and relaxation of the magnetiza-
tion is determined. The possibility of resonant ultrasonic excitation of magnetic waves is in-

dicated.

].. As is well known, any deviation of the magnetiza-
tion from the equilibrium value (at a given temper-
ature) in ferromagnetic media and ferrites is prop-
agated in the form of waves, the dispersion proper-
ties of which are similar to those of spin waves.!

Because of magnetostriction and ponderomotive
effects due to spontaneous magnetization, there is
coupling in an elastically deformed ferromagnetic
material between what we shall call “magnetic”
waves and the elastic waves. In media of high
conductivity, the coupled magnetoelastic waves
produced in this way are similar to the magneto-
elastic waves that propagate in metals in an ex-
ternal magnetic field and to the magnetohydrody-
namic waves in liquid conductors. However, in
contrast with magnetohydrodynamic waves, the
magnetoelastic waves considered here can propa-
gate in both ferromagnetic media and ferrites and,
in addition, do not require an external magnetic
field.

The coupling between magnetic and elastic
waves offers the possibility of acoustic excitation
of magnetic waves; moreover, the excitation should
be especially intense in those cases in which the
frequency and wave vector of the magnetic wave
coincide with the frequency and wave vector of
the elastic wave.

The interaction between magnetic and elastic
waves leads to a dependence of the acoustic ve-
locity in ferromagnetic media on the spontaneous
magnetization and the external magnetic field.

This interaction means additional acoustic absorp-
tion in ferromagnetic media; this absorption de-
pends on the electrical conductivity of the medium
and the magnetization relaxation mechanism. It
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is to be distinguished from another acoustic ab-
sorption mechanism, also characteristic of ferro-
magnetic media, in which the presence of an ex-
ternal acoustic field causes a deviation in the spin
wave distribution function from the equilibrium
value by virtue of the increased entropy.2

In the present paper we present a phenomeno-
logical theory of coupled magnetoelastic waves in
ferromagnetic media and ferrites. Pure magnetic
waves are considered first.

2. The free energy in a ferromagnetic medium
can be given in the form:

1 oM oM h? 4 ed
%’:8{7“&—6;@;4‘@(“‘)%' ;;e —M-HO}dV.

(1)

Here the first term represents the exchange energy
associated with inhomogeneity of the magnetization
M (the ajk are the exchange integrals*), the
second term includes the exchange energy which
depends on M and the anisotropy energy, while
the third and fourth terms are the energy of the
electromagnetic field and the energy of the mag-
netic moment in the external magnetic field H;
(h and e are the magnetic and electric fields
respectively, d is the induction associated with
the changing magnetization).

In the case of a uniaxial crystal the function
B(M) can be given by

3 (M) = By (M2) + 8 (Men/ M), (2)

*In order-of-magnitude the quantities oy ~ @.a*/figh,,
where @, is the Curie temperature, a is the lattice constant,
and M, is the saturation magnetization.
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where n is a unit vector in the direction of easi-
est magnetization.

The time derivative of the magnetization of the
ferromagnetic medium is determined by the Landau-
Lifshitz equation®

M/t = g [MxH®] — M2 [Mx [MxH?]],  (3)

where H(®) is the effective magnetic field, an ex-
pression for which is given below, A is the damp-
ing factor and g is the gyromagnetic ratio.

We determine the time derivative of the energy
in a volume V. Using Maxwell’s equations we
have:

oM B M -
; [HO + h— o T % ———ax[axk~] —j e} av
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where j is the density of the conduction current
and S is the surface which encloses the volume V.

If A\=0 and o=0, from energy conservation
considerations, the exchange integral must vanish.
Whence, using Eq. (3) for 8M/dt with A =0, itis
easy to obtain the following expression for the ef-
fective magnetic field:

H® = Hy+h—03 (M) /OM + «,0®°M / 0x,0x,.  (4)

For finite values of A and o the time deriva-
tive of the energy is

Zo—(La-|n

at [MxH2ay
4

(5)

+ 8{4 [hxe]h + %R gi“ aévt‘ } dsh,
S

where o is the electrical conductivity of the
media.

3. We now explain the dispersion properties
of the magnetic waves. We use the symbol M,
to denote the equilibrium value of the magnetiza-
tion per unit volume of the ferromagnetic medium
at a given temperature and u(r,t) to express
the deviation of the magnetization from the equi-
librium value at a point r and time t.

The quantity M, can be determined from the
minimum energy condition which yields

(0B/OM)m—m, = H,. (6)

Assuming that u < M,, from Egs. (2), (4) and
(6) we obtain the following expression for the ef-
fective magnetic field in the case of a uniaxial
crystal with Hjlln:

H = h— Hop/ My — By — an () + g,

AKHIEZER, BAR’TAKHTAR, and PELETMINSKII

where B is the anisotropy constant g8= —p85(1)/
M} and a = 4M3g7 (M3).

With A = 0 the complete system of linearized
equations is

o —eMfpx—

1
curlh = 7‘

Ho

b — o+ xdp)]
a 4w,
o T 7],
a

7 (h+ 4zp).

(7)

curle =

We seek a solution for this system in the form
of plane waves e‘i(""t‘k *T), First we consider
the case o= 0. Neglecting the displacement cur-
rent, the relation between w and k is of the form:

© = (QQ)':, (8)
where

Q= gM, (ak® + B - H, ! My + 4=sin29),
Q, = gM, (uk? + B+ H,/ M,) 9
and ¢ is the angle between k and M,.

This relation is the same as the well known re-
lation between frequency and wave vector for Bloch
spin waves.! It is valid when ew < o < c¢?k¥/w.

We now consider the magnetic and electromag-
netic waves in ferrites, taking the displacement
current into account. Writing d = € (w)e, where
€ (w) is the dielectric constant, the following dis-
persion equation is obtained from Eq. (7):

52 T .92
{I‘I" 'xzigz}{l+ E 52 cos* 3} '20’ (10)
where
- 4rgM,. v 'r2 ck \2 - ®
S Mt O S T (lmgMo) v T ey

If £2> 1, Eq. (10) leads to the solution:

2 = c2k2? {1 +471'gM0 cos 3} 2 = QQI (11)
The first of these equations determines the fre-
quency of the electromagnetic waves which propa-
gate in a medium of anisotropic magnetic suscep-
tibility with the following values for the two waves
(right-handed and left-handed circular polariza-
tion):

gy (w) =1 — (4=gM, | w) cos ¥,

(12)
Yo (w) =1 4 (4=gM, / w) cos 9.
The second solution coincides with (8).
If £ «< 1, Eq. (10) has the following roots:
1—7 1 —7Tcos?d
(.0=Ckl/——€—, O)—Ckl/ e (13)

o = 4zgM, /= Q; + 4=gM, = g (Bo + BM,).



COUPLED MAGNETOELASTIC WAVES 159

If the conductivity of the medium is high,
(0> ew, 0> c*k?/w) the frequency of the mag-
netic waves is

o =Q, + 4=gM,. (14)

4. We now determine the damping of the mag-
netic waves due to the finite conductivity and re-
laxation processes.

If the absorption is small, the damping factor
can be defined as

I'=—(1/%)d% ] dt,

where the bar denotes time averages of expres-
sions defined in Egs. (1) and (5); in place of the
fields e and h we substitute their values for
0=0, A=0 or o= and A =0.

If ew << o< ck®/w~ czﬁ2/®caz, it can be
shown that:

(15)

T =16:2 M0 (Q 4 0, cos9) + 2 g’/% (Q, 4 2=gM, sin? ).
(16)

If o> 4mgM, and o >» c’k?*/4mgM,

1 M . A
I'= T(Ck)znl—fﬁ'}To (1 4 sin®9) + 2 3 (O + 4mgM,).
(17)

6. It can be easily shown that the absorption of
the magnetic waves is small (' K w) if

N gM, o< ck]gM,.

These inequalities are obviously the existence
conditions for Bloch spin waves.
It follows from the second condition that

B> k,,

where
— {80_1, l << a0
N C) O

l is the electron free path length and 6, is the
depth of the skin layer corresponding to the fre-
quency w = gM, (63 = c*/2mgM,0y, 0, is the static
conductivity; when I > §, the expression for k,
corresponds to the anomalous skin effect).

Thus, there are no spin waves for wavelengths
large compared with Ay = 1/k,.

If k <k, the magnetic wave spectrum is de-
termined by Eq. (14). In this case the frequency
is a weak function of wave vector.

The dependence of spin-wave frequency on wave
vector, as is well known, is associated with the de-
pendence of the magnetization and other thermody-
namic quantities on temperature. A Bloch law

(18)

(T3/2) for the magnetization corresponds to the
spectrum w =0¢ ( ak)z/ﬁ which is obtained if we
neglect the terms g + Hy/M, and 4 sin’ ¢ in
Eq. (9), i.e., if the magnetic interaction and aniso-
tropy are neglected. It can be shown that frequen-
cies w= ®c(ak)2/ﬁ are excited-at temperatures
much higher than 4mgMyh (~ 1°K).

At temperatures T =< 4mgMyh the magnetic in-
teraction plays an important role in the spectrum
and the frequency is determined by Eq. (8). In’
this case we have a T? relation for the magneti-
zation instead of the T2 relation.’ Equation (8)
applies only when k > k,. Whence it may be con-
cluded that the spectrum w ~ k sin ¢ is excited
at temperatures which satisfy the condition

gBoh (a%38,/4c?)* < T < gBh.

In the temperature region T < gBli (a20®c/hc? yWe,
in place of the spectrum given in (8) we must use
that given in (14) which yields an exponential de-
pendence for deviations of the magnetization from
the saturation value.

6. We now investigate coupled magnetoacoustic
waves in ferromagnetic media.

The equation of motion for the magnetization
and the elasticity equation are:

M L (M) = g [MXH) — o (M (M), (19)
ou = f,

where u is the elastic displacement, H(®) is the
effective magnetic field and f is the force which
acts on a unit volume of the medium (expressions
for these are given below).

The energy in the ferromagnetic medium can be
given in the form:

-75=S{1 OMOM | h*ted

7 %38 EC_; axk + o + ﬁ (M) b M,'HO

(20)

1 - 1
+3 pu® + 5 Nrtmtinthim + F un (M) ulm} dv.

This expression differs from that given in (1) in
the presence of the three last terms; the first two
represent elastic energy and the third the magneto-
striction energy (Ajklm is the elasticity tensor).

Using Maxwell’s equations and (19), and assum-
ing that the current density is

j=ole+¢limBl}, B=H+4zM,

it is easy to show that
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%"_ = S{—- (g MxH®] — . [Mx[MxH“”]l) (Ho +h—2

oM
M 1. . acih 1..
+ g — G) = [ G — L (3B,
a a3 oM
_MTx,<H° +h M + apraxpax,—‘ G):I}dv
+§ {T”,, [hxelh + a3y 51 + e [oin -+ 3M (H, +
a3 M
—m + apr 0—",,5",: - G)]} dsky

where

ik = Nintmltm + Fie (M), G = uyn0F 1, (M)/OM. (21)

When o =A =0 the volume integral vanishes.
Whence it is easy to show that the effective mag-
netic field H(®) and the volume force f are.

H® — H _ o oMT
0+h oM + “thah‘—xiaxk G,

N ) (22)
f"zﬁch_TTUXB]"—"MaT‘.H' .

Thus, for finite values of A and o the time deriv-
ative of the energy is given by

ax i? A .
2 oL (e menoray
1
. o M oM
+ S{ui (o + 8HOM) +- {; [hxelr + aux g—xi%t"}ds“'

S

7. We consider first coupled magnetoacoustic
waves with A = 0.

For simplicity it will be assumed that the me-
dium is isotropic in both its elastic and magneto-
strictive properties. The last condition means
that Fijx (M) is of the form

Fin (M) = 80 M?Fy (M?) + M:MyF o (M?), (23)

where F; and F, are certain functions of M?2.

Assuming that at equilibrium ujk = 0, from
the minimum energy condition it is easy to show
that Fix(Mg) = 0.

Linearizing Eq. (22) and assuming for simplicity that F; and F, are constant, we obtain the follow-

ing expressions for H(®) and f:

e o . 1 &
H® =h—pp, —p %’ —an (1) +adp—3,M, div u— 3 8:M,(nV)u+V (n-u)),

0 .. 1 d e N~ 0 3 .
fr=pc3Au, +o(ct—c2) éxjdlvu + - [ixBol: + M, o, H® +3, Ex—,.(M"'p‘) -+ 72 (Mo,- divp + Mo

where 6; and 6, are the magnetostriction constants

oy,
)

8, = 2F; and %, = 2F,.

The linearized equations of motion for the magnetization and elasticity are of the form:

%’—:— + Mydivu = gM, |nxH®],

- . 5 ) .
u=ctAu+ (¢z—c?) Vdivu + —g—V (M, p) + -;;—p- <M0d1v TR (MOV)'P‘) + — [§xB,] + % VM,-H®, (24)

1
ce

where B, =H, + 47M,, c; and c; are the velocities of the longitudinal and transverse acoustic oscilla-
tions. Assuming that all quantities vary as e~ H@t=K*T) an4 that o =0, we obtain the following dis-

persion relation

(0% — )(v® — €3 (0® — QQ/k?) — L (0* — ¢)) fr— 32 = 0, (25)
where
® 2 ~ M2 H
_— 0 o 2 ~ -~
v="%, C=—4—P~o§, 2 =cj ——9—0[2(02—2ﬂ)cos23+ 201——a—/—w-2——ock2] ,
M2 16 2

{02 — 3 + (¢ — ¢2) cos?2% + Q% (v — ¢?) cos?d +

3 .
2 ( —2?2/\(02—05)5”1223},

Fo = EM (02 2) cos29 cos?29.

k2

From this equation it is easy to obtain the velocities for the longitudinal (v;) and transverse (vj, v3)

acoustic waves: s
My
4oc?

@:%ﬁ+

Q .
o . . .
(32 — 47)* 7 sin 23] ,

02 =c?{1 1

2 t ! 2 2
8pc;

2 2 2

v2=c?{l

gMS 52 Q) cos229 + Q cos29 + [(Qq cos?29 — Q cos?9)? 4 4w? cos?y c0522«‘)]"2
2

o' — 00, } (26)

8ped ~

{ + gMﬁ 52 Q5 cos229 + Q cos?9 — [(Qy cos229 — Q c0s29)2 + 4w? cos? 9 005221‘)]1’z
9

(.02 -_ QQl }.
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These formulas apply if w® is not close to Q;.

If w® is approximately the same as Q%; the magnetic and acoustic branches of the oscillations
“cross”; this effect is now considered for #=7/2 and ¢ =0.%

If ¢#=n/2, the roots of the dispersion equation are:

2

~

S,
~10

)
~ o

) (a9 [ Gy R (27)
‘l(c +QQl)__ [( QQI>2+ﬁg—Agg&]'.

The first two roots determine the phase velocities of the longitudinal and one of the transverse acoustic
waves. When ket < VQQ; the third root determines the phase velocity of the magnetic wave while the
fourth determines that of the other transverse wave. When kct >V Q€; , on the other hand, the fourth
root determines the phase velocity of the magnetic wave while the third determines the phase velocity
of the acoustic wave.

If 4=0, the roots of the dispersion equation are:

Ci
c ___1_E_ M,
P2 e ke, + Oy
=11 O 1¢ gM, 1 ¢ gMo3ke + 0 s
~2—(Ct+7_77tk0,+9>+ [(Cl_ﬁ> +t ke kct—i-Ql] (28)
3key + Q41
_1..(0!+_Q_1‘__1_£ _.g_lw_"__) 1[|/Ct___) +C gMo ++ 1] ’.
2\ k2 ke, + 1) 21\ ke, ey + Oy

When ket < @4, the third root determines the phase velocity of the magnetic wave while the fourth de-

termines that of the transverse acoustic wave; if, however, kct > Q; the third root determines the phase

velocity of the transverse acoustic wave while the fourth determines that of the magnetic wave.
Equations (27) and (28) apply if

(MgM,)*<< 3 (Mg/4pct2) My/(Hy+ BM,).

It can be shown that the transverse waves are elliptically polarized and are of the following form:

k k
u="U {(—L — —”) cos (et — ker) —Ksin (of — ke r)};
k? _Lv)

KR

M2
p= g2 62 Ucosd {— sin (ot — ker) + ]cos 29 cos (wf — k'r)} ,

ot L cos29 # (29)

where U is a constant,
Q 2 cos?9 2--QQ
7,:75{1‘* 3 0 o | cos 29
@ cos?29 + =% cos?9 + [(005223— ek cos29) +4.9 cos?y c0522«‘)] f (30)
Ql Ql Ql

and k; and k, are the longitudinal and transverse components of k (with respect to M,). The ratio
of the semi-axes of the ellipse is

bja = cos 8/n (29')
(the semi-axis a lies in the (n, k) plane and is perpendicular to k).

When 6 =0 we obtain two cylindrically polarized waves; with 6 = 7/2 we have two linearally polar-
ized waves for which the vector u has components along M, and M, X k.

8. We can analyze coupled magnetoacoustic oscillations in the high-conductivity case ¢ > wc?/c? c{ in
similar fashion.

y Here we present only the formulas for the phase velocities of the acoustic waves for 4 =0 and & =

/2. If 4=0,
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U= Cz[l — ——(201 +239_a_4- ZZ)]
(31)
B- 1 gM, o B
Ug == Ug = (¢ { + _29_ct [m - —4—_'—‘"——91 + drgh, (\’Jz— 2]/-1‘:;)]} '
e Tr/z M2 o H, \2
nT Cl[  2p0} (02 " My ] ’ (31%)

vz=ct[1

Taking My =0 and 61 =

M
Soct 01 + gy

M,
g ],03=Ct,

8y = 0 in these expressions we obtain the ve1001ty of acoustic waves in a

high conductivity metal located in an external magnetic field H,. If H / 87rpct <« 1 these expressions

assume the following form: for 4 =10

Uy = 1, Uy =05 = ¢; (1 + Ho/8=pci); (32)

for 4 =17/2

0y = 1 (1 + Ho/8xpcl), vy =03 =cr.

(32)

9. In the previous formulas we have neglected terms containing A and o¢. Taking these terms into
account leads, firstly, to damping and, secondly, to an additional variation in phase velocity. We con-
sider the second problem, having in mind a number of effects for which the condition (A/gM, 2 >
o3 (M3 /4pc%) M, (Hy + BMy)~! is satisfied. It can be shown that if this condition is satisfied the disper-
sion equation leads to the following expression for the phase velocity of the acoustic wave when 4 = 0

g
v§=v§=c§[l——~c?—gMo

©—O ] (33)

(@ ~ )2+ (W/gM,)? QF

The relative change in the acoustic velocity Av/v for A/gMg ~ 107! and B~ 107! is approximately

0.1%.

10. We now consider the absorption factor for magnetoacoustic oscillations.

For this purpose, in

accordance with Eq. (15), we compute the quantities 3¢ and d3¢/dt with values of the field correspond-
ing to A=0 and o =0. Here we present only the final results.
For small o the absorption factors for longitudinal D) and transverse r®) waves are

M2
= m2_°2(4“_02) [

drg My

+c.’"_‘2’{[ T+ (4w —iy) TEMO coszs]

pc?

2
T — e Mq 52 72 4 cos? 29

"’+1

———m sin?$

(4r — 02)2[ g Mo J cosza} sin29,

(34)

B2
cos*9 o cos?9

4pc? 2 M+ cos?d

gM, cos?y

[wn — Q; cos 29]2 + pc? 12 4 cos?9

gM, cos 29

__2mM, o 2 21:M0~ 2 2
X{[l B, 0271(:)-—91(:0529:' +[1'— B, nm——QlcOS28:| COS'S‘}.

It is apparent that the acoustic absorption is
highly anisotropic and that the absorption is espe-
cially high at resonances at which the magnetic
and acoustic frequencies coincide.

To determine the acoustic absorption coeffi-
cient in the resonance region it is necessary to
use the exact dispersion equation, which takes
account of the conductivity ¢ and the absorption
factor A. It can be shown that in this case the ab-
sorption factor is given by (30) and (34) if in the
denominators of these expressions we replace

Tw?- Q0 by [w?- Q94]% + TQQ, where T is

the damping factor for the magnetic wave as given
by Eq. (16).

The longitudinal absorption factor for acoustic
waves at resonance when ¢ = 7/2 is given by

I~ ﬂﬁ_@n—sg)z o

= wl = QQ,. (35).

We compare the damping at resonance with the
damping due to thermal conductivity. The latter
is determined from the expression’
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v = (QQ,/C?) xTaip, (36)

where k is the thermal conductivity, T is the
temperature in degrees, C is the heat capacity
per unit volume and a7 is the thermal expansion
coefficient.

The ratio T®)/y is

Iy = (47 — 3,)® C2M3/4maiheciT; 37)

with

a, =107, C =105, x~10%, T ~10*°K,

NgMy~ 1071, 33~ 1, ¢, ~5-10°5, My~ 103,

this ratio becomes I'D)/y ~ 102.

Finally, we present the formulas which deter-
mine the acoustic absorption in ferromagnetic
media of high conductivity ¢ > c*w/c}. When
4=0
/

R B, \2 Mg
r® - l(°2_2ﬁ?{)2 hoc? (B + 3M0) (%T)z

oﬂﬁl *{ B, My (s Bol® oy
+ opc <6t> {4”Mo+ 2Bo+BM0\)2_2m>}, e
when 4= m/2

r(t) 0, 1"(’) = \w? (M0/4OCt) 2/927 (38')
'Y = (0?/16 =26) (c/c1)® Hyjpch.

We see that the acoustic. absorption is non-resonant
at high values of o.

We compare this absorption factor (38) with that
associated with thermal conductivity and internal
viscosity. In metals the latter is determined from
the expression:®

v ~ tw?ne,/pc?, ot <& cifv,, (39)

where ¢, is the Fermi energy and v, is the cor-
responding limiting electron velocity, n is the
number of conduction electrons per unit volume
and T is the relaxation time. The ratio of the
absorption factors (38) and (39) is

r (gMo) c?\? («
Y c (ctvo/ [41:M0+ ZBO+BM

With o~ 10! and w < 107 both factors are of the
same order of magnitude.

11. In conclusion, we consider the problem of
exciting magnetic waves by means of an external

20

2
2 ®? c?

1= 5

C? C%——C (Xxx—

Vxxyxyx) ,

If ul,_, =u, is given,

z=0

k==

acoustic field.

Suppose that the half-space z > 0 is filled with
a ferromagnetic medium at the external surface of
which (z = 0) is applied a displacement u = uoe‘“"’t
or a stress oj; = fje”1¥t (u; and f are assumed
constant). It is required to determine u(r, t)
and u(r,t).

Since we wish to consider low resonance fre-
quencies, the magnetization vector M, will be
taken perpendicular to the boundary z =0 (to
satisfy this condition we imagine a magnetization
equal to M, in the region z < 0).

It follows from Eq. (28) that when 4 =0 the
interaction of the transverse sound with magnetic
waves is distinctive only in the resonance effect.
Hence we will assume that u, and f are in the
(X, y) plane which contains the vector u.

In our case, the basic equations (24) can be
written in the form:

_ 3yM, ou

()
h T2 0z

o+ )

It follows from the second equation that

y Wy =g

po= '\Xh(S),

where the tensor X is of the form:

~ — gMyo,
/ = o - A \2
ma—(w—iwo qu)
1 i A e _L( A )2 l.m_
gMy @, " \gM, @ .
X — 2 | —i > @ <_7‘_>2
®, gMo v, gM,

.Assuming that u and p are proportional to
e~lwt  we have

@ + (¢} — Cy) 0%u/dz2% = 0,
whence

u= cleik,z + czeik,z,

where c; and c, are integration constants and

2

»? t

(yx,\ + V Xxyxy,\)

C; C“

C1x = Cox = ICyy =—1Coy= Up/2
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(uy is taken along the x axis) and
u(z, t) = % u, {et (hz—ot) L pi (hz—ot)} j 4 %uo (el kz=ot) __ of (hz—oD)} j,
(2, 1) = — 1y Myiyy0u/oz.

Here 1 and j are unit vectors along the x and y axes. Whence:

\" 0 M'? 0 ( Bl &) : 2
. (2, t)y = Srww,gMu T Jl(w- — (oa) sin (of — kz) — 200, _g;‘w cos (wt — kz))} ,
2¢c, [(oﬁ — o)g)2 + 4o?0f (——gMo) ] °
. (41)
Sr002g M, 5 o v Ao }
¢ z’ t = - — e - T Y - I
u,(z0) e (o —aR + hwtel GIgM] {(w o?) cos (ot — kz) + 200, gaf; Sin (wf — k2)

u(z, t) = u,cos (wt — kz)
(here we have made use of the fact that k; and k, are approximately the same; thus k; = ky =k = w/c¢).
The equations in (41) apply if:
MNgM,> (C/Crf) gM, /e,

At resonance:
es/Mo = 85 (gMo)? Uo/rc,-

res

Assuming A/gMj ~ 107!, wy~ 107, -and wyuy/cy ~ 107 we find ppeg /My ~ 1072,
If the stress is given at the boundary,

Sa0gMaf (02— )) cos (f — kz) -+ 206 (A/gM) sin {wf — k2)

b (2 ) = 2pc? (0% — )2 + 402wl (AMgM,)? ’
‘o‘gm,,gM%f (0? — ) sin (of — kz) — 20, (\/gM,) cos (of — kz2)
y (2, t) = 290? (0% — mg)" -+ 4w? wg (A /gMy)? ’
u(z t) = ;it»sin(wt — k2).
These formulas apply when A/gM; > (¢/ c%) gM, / wy. 5M. I. Kaganov and V. M. Tsukernik, J. Exptl.
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