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The equation for the average number of particles with energy greater than a given value, pro-
duced in a layer of finite thickness, has been solved with account of collision losses. The solu-
tions obtained are compared with those of the usual cascade theory. An expression has been
obtained for the mean energy of particles of a cascade shuwer at any stage of its development.

EQUATIONS for the distribution function of the mean number of particles produced in a layer of
number of particles produced in a layer of matter thickness dt, taking the ionization losses into ac-
between t and t + dt with energy between E and count, and to compare the results with those of the
E + dE, and their solution for the mean number of usual cascade theory? dealing with the number of

particles € {P( Ey, E, t)} neglecting ionization particles P (E,, E, t) with energy between E
losses, have been given in reference 1. and E +dE at the distance t to t+ dt from the
It is interesting to solve the equations for the considered layer.

The equations in question are (we consider a shower initiated by a primary electron with energy E;):
FO El]
¢ (P (Ey, E, t)) =2% T (Ey E', t)W, (E, E'YdE', (T (E,, Eq, t)) = S P(E, E', t)W.(E'—E, E')dE’, (1)
2 3
where I' denotes the corresponding photon distributions. Equation (1) can be solved easily by means of
the Mellin transformation. For further calculations it is convenient to use the Laplace transforms of the
solutions of Eq. (1). We obtain the following expression for the number of electrons produced in the layer
between 0 and t with energy greater than E (at the place of production):
1 8+ico d+ico
— & | a5 § de(P(Ey s ) B — 1y, @

8—ico d—ico

¢ {Np(Eo, E, 1)} =

where
e{P(Ey s,\)} =T (Eq s, \)B(s), £{[(E, s,1)}) =P (E,y s, \)C(s);

the values of B(s), C(s), and P (E(, s, A) have been determined in reference 2. The explicit expres-
sion for € {N (Eo, E, t)}, accounting for ionization losses, can be written in the form*

64ico
& (Np (Egy E, ) = — 5\ ds20,D (5) Hy' () exp Ay (5) t+ys—In (—h(s)) (3)
o+ico
X Gr (s, 2)/s + 50 S ds20,D (s) Hy'(s) exp {ys — In (— Ay (5))) G (s, €)/s.

Here
1

Hi() = U0a = (0): o= EFGuO)B: Ous, 9 =\t k9| 3} (— 1wl (1= ) — (1= C) o] s

0

C is the Euler constant, and other values are given in reference 2.
For € >1, the function Gk (s, €) can be written in the form

*We use the simplified expressions for B(s) and C(c) given reference 3. These do not differ by more than 3% from the more
accurate values, and greatly simplify the calculations.
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Gr(s,e) = 2 (—hre=sF(s,s+n,s+n+1, —1/e)/nl(l —n)(s +n) +(C—1)=F(s,s+ 1, s +2, —1/e)/(s + 1),
nel (4)
where F (a, b, c, x) is the hypergeometric function; the integral can be evaluated numerically for € < 1

and noninteger s. It should be noted that the expression written is true for y =1n (Ey/8) >1 and t> 1.
The corresponding formulae, obtained neglecting ionization losses, aré

o+ioo
¢ (Np(Eo B, 1)) = — g | ds23,H(s) exp (ha ()¢ + ys (5)
o-}-i;wo
—In (=N DY (L +8) + 5 | ds260H (5) exp (ys—In (—h(s)}/s*(1 +5).

The function € {Np (Ep, E, t)} should not be compared with Np (Eg, E, t) of the usual cascade
theory, as it has been done in reference 2, but with the function
t
Nps(Eo, E, t) =S N, (E,, E, ) dr, (6)
0
which represents the area under the curve Np (Eg, E, t) from 0 to t. Carrying out the necessary com-
putations, we obtain (neglecting the ionization losses):
o+tico o+ico

Nos(Eyp E, ) = — 5\ dsH1(5)exp ()¢ + gs —In(— M (5))/s +5m | dsHa () exp {ys —In(— A (s))}/s ()
27

1
o—ico a—io

and, taking the ionization losses into account:

otico
Nps(Eo v 1) = — 5z | dsHi(s) D (s)exp [y ()¢ + ys —In(— 2y ()} (8
1 o-}ico
x G (s, e)/s + oFT S dsH, (s) D (s) exp {ys — In(— X, (5))} G (s, €)/s.

where term represents the area under the cascade curve

e+1 . from t=0 to t= o, and the first term — from

G(s,e)=e" S (1 — %) e~*dx, t to «. The results of computation of the func-

¢ tions Npg(Ey, E, t) and e {Np(Ey, E, t)}, neg-
and other values have been given in reference 2. lecting and accounting for ionization losses, given
The values of the function Gk (s, €), calculated in Table II, represent, therefore, the area under
according to Eq. (4) for several values of s and the cascade curve and the number of electrons
€, are given in Table 1. produced in the layer t to <, respectively. For

It should be noted that the second term in the functions calculated neglecting ionization losses,

Egs. (3) and (5) gives the number of particles y =1n (Ey/E); for those accounting for ionization
produced in the layer (0 — ) and the first term losses, y = 1n (E;/B). In the latter case, particle
gives the number of particles produced in the energy is measured in units of B/f(A{(s)).
layer (t— ). In Egs. (7) and (8), the second If the range of electrons is determined solely

TABLE I. The function G (s, €)

[
8
1.5 3.18 6.36 12.7 254
1.00 0.329 0.180 0.0950 0.0489 0.0248
1.04 0.303 0.162 0.0835 0.0418 0.0207
1.10 0,268 0.139 0.0690 0.0332 0.0158
1.15 0.244 0.123 0.0590 0.0275 0.0126
1.25 0.200 0.0958 0.0434 0.0190 0.00815
1.35 0.167 0.0754 0.0321 0.0132 0.00530
1.45 0.139 0.0597 0.0240 0.00918 0.00347
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by radiation processes, then the values of Nps(y, t) trons is determined by radiation and ionization

and € {Np (y,t)} should be equal. It can be seen processes, it is necessary to assume that
from Table II that, within the accuracy of calcula- € {Np(Eo, E, t)}> Nps (Eg, E, t). For instance, in
tions (< 5%), such is the case. It can therefore the limiting case E — 0, we have € {Np (Ep, E, t)}
be maintained that if ionization losses are taken — % while Nps remains finite. For € = 1.5, we
into account, the functions Nrg and €{ Nrg(E(, E,t)} have eq Np} 2Nps, and for €= 25.4, € {Np}
for photons should coincide as well. 1.3 Nps It is, therefore, necessary to bear in

In the energy region where the range of elec- mind the difference between the functions

TABLE II* The functions Npg(E, E, t) and € {Np(E, E, t)},
with and without account of ionization losses, giving the area
under the cascade curve, and the number of electrons produced
in the layer from t to =, respectively.

y=15.9
t
: 0 ‘ 4.8 l 7.9 l 12,7 18.4 23.2 21.8
N ps (4, ) 3.61(6) | 3.36(6) | 3.07(6) | 2.29(6) | 9.88(5) | 3.09(5) | 7.06(4)
W@t SO 3 | 75 | BEae | 2486 | 5.055 | 1500
Mo 1.5 | 2. 26§6; 2 12%6; 2.10(6) P26 | 6.265) 18505 | 4.0
Ny | 1.5 | 5.31(6) | 4.80(6) | 4.44(6) | 3.25(6) | 1.36(6) | 4.10(5) | 9.12(4)
Nps | 3018 | 1.64(6) | 1.51(6) | 1.36(6) | 9.68(5) | 3.85(3) | 1.10(5) | 2.28(4)
N2 | 836 | 8840 | Bious | o6t | 5ioac | 2200) | 6ons | .33k
Ny | 6.36 | 1.42(6) | 1.30(6) | 1.14(8) | 7.87(5) | 2. 0(h) 7.91(4) | 1.57(4)
Npo (127 | 5.8(5) | 4.53(5) | 3.98(5) | 2.70(5) | 9.74(4) | 2.53(4) | 4.84(3)
Ny | 1207 | 7.04(5) | 6.26() | 5.51(5) | 3.67(5) | 1. 28 | 37554 | 6.0103)
Nps | 2504 | 260(5) | 2.30(5) | 2.00(3) | 1.31(5) | 4.45(4) | 1.09(4) | 1.97(3)
Ny | 254 | 3.43(5) | 3.03(5) | 2.61(5) | 1.69(5) | 5.52(4) | 1.30(4) | 2.21(3)
y=11.7
t
) 0 2.94 l 7.36 ’ 12.3 I 16.1 | 19.7
Nps (4, 8) 5.35(4) | 4.994) | 3.98(a) | 2.06(4) | 8.253) | 2.61(3)
< (Nply 1) 5.27(4) | 4.9004) | 3.89(4) | 2.00(4) | 7.98(3) | 2.54(3)
Vps 0 | 1.26(5) | 1.19(5) | 9.63(4) | 5.17(4) | 2.14(4) | 7.03(3)
Nos 1.5 | 3.69(4) | 3.4204) | 2.66(4) | 1.30(4) | 4.95(3) | 1.49(3)
Ny 15 | 7.80(4) | 7.22(4) | 5.66(4) | 2.83(4) | 1.09(4) | 3.38(3)
Npe 3.18 | 2:3704) | 2.21(4) | 1.68(4) | 8.02(3) | 2.93(3) | 8.44(2)
iy 3018 | 4.08(4) | 3.74(4) | 2.85(4) | 1.35(4) | 4.96(3) | 1.45(3)
Npe 6.36 | 1.42(4) | 1.30(4) | 9.79(3) | 4.58(3) | 1.6:(3) | 4.93(2)
Ny 6.36 | 2.074) | 1.86(4) | 1.37(4) | 6.12(3) | 2]11(3) | 5.82(2)
N 12,7 | 7.203) | 6.48(3) | 4.70(3) | 2.023) | 6.75(2) | 1.79(2)
Ny 12,7 | 9.98(3) | 8.95(3) | 6.39(3) | 2.68(3) | 8.67(2) | 2.23(2)
N pe 95.4 | 3.66(3) | 3.25(3) | 2.29(3) | 9.28(2) | 2.91(2) | 7.31(1)
Ny 95,4 | 4.84(3) | 4.243) | 2.94(3) | 1.15(3) | 3.48(2) | 8.41(1)
y=9.25
t
: 0 ‘ 4.20 8.68 11.9 14.8
Nps (4, 1) 4.213) | 3.5503) 2.06(3) 9.642) | 3.71(2
R AR Toin | seom | B3 | o 3383 5:080)
Nog 1.5 2.92(3) 2.37(3) 1.31(3) 5.78(2) 2.12(2)
Ny 1.5 6.17(3) 5.06(3) 2.83(3) 1.28(3) 4.79(2)
Nps 3.18 | 1.88(3) 1.50(3) 8.03(2) 3.43(2) 1.20(2)
A IR A A AR AR
4R | A M| fh ) g oh
s . . 1902 .
iy 127 S baea) 7310) . 6800) vone | 3ed)
Npe 25,4 2.08(2) 2.04(2) 92001y | 3.40(1) 1.04(1)
Np 254 3.63(2) 2.62(2) 1.15(2) | 4.07(1) 1.49(1)
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TABLE II. (Continued)*

y=5.94
t
€
0 3,84 ' 6.32 8.43
Nps (4, 1) 1.45(2) 9.94(1) 5.79(1) 2.75(1)
e(Np (4, 1)) 1.43(2) 9.63(1) 5.61(1) 2.67(1)
Nps 0 3.51(2) 2.50(2) 1,50(2) 7.41(1)
Nps 1.5 9.68(1) 6.29(1) 3147(1) 1.57(1)
eNp 1.5 2.06(2) 1.36(2) 7.69(1) 3.56(1)
Nps 3.18 6.14(1) 3.87(1) 2.06(1) 8.88
N 3.18 1.04(2) 6.52(1) 3.48(1) 1.53(1)
Nps 6.36 3.57(1) 2.21(1) 1.17(1) 5.19
eNp 6.36 4.99(1) 29.53 14.84 6.13¢
Nps 12,7 1.71(1) 9,76 4.74 1.89
eNp 12.7 2.33(1) 1.29(1) 6.09 2.34
Nps 25.4 8.33 4.48 2.04 0.769
eNp 25.4 10.70 5,95 2.45 0.89
Y= 3.32
t
€
0 1.89 3.35
Nps (4, 1) 9.15 6.50 4.15
(N, (4, )} 8.87 6.30 4.03
Nps 0 2370 16.9 11,2
Nops 1.5 5,80 3.90 2:37
eNp 1.5 12.6 8.64 5,37
Nps 3.18 3,56 2.31 1.34
eNp 3.18 6,01 3.91, 2.30
Nps 6.36 2,04 1.32 0.78
Np 6.36 272 1.67 0.92
Nps 12.7 0,900 0.53 0.28
Ny 12.7 1.19 0.68 0.35

*The number in parenthesis indicates the power of 10, a factor by which the

corresponding value should be multiplied.

Nps (Eg, E, t) and € {Np(Ey, E, t)} in the in-
terpretation of emulsion and diffusion-chamber
measurements.

It should be noted that while Nps (Eg, 0, t) —
Eo/B for t— «? direct computations according
to Eq. (2) yield a value differing from E;/B by
less than 5% for y > 5, which makes it possible
to appreciate the influence of the approximations
made in the calculation. For y = 3.32, the value
of Npg(0, «) differs from E,/B by 20%, which
indicates that the integrals should be computed
more accurately, i.e., the integrand should be ex-
pressed in the form exp{® (s, y, t)} and the in-
tegral evaluated by the saddle-point method.

It should be noted, furthermore, that the ex-
pressions for the function —I\fps (Eg, E, t) make it
possible to find easily the mean energy of shower
particles at a given depth:

E(f) =Nps(Eg, 0, t)/Np (Eq, 0, ). (9)

Analogous expressions for the distribution function

of electrons in showers initiated by a single pri-
mary photon, as well as for the photon distribution
function, can be obtained easily.

The author wishes to thank T. V. Klopkova for
help in the computations.
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