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The dielectric permittivity tensor e€jk is usually taken to be a function of frequency alone,
i.e. one neglects spatial dispersion — the dependence of €ji; on the wavelength. However,
even in non-gyrotropic media spatial dispersion must be considered in cases of weak absorp-
tion, when the refractive index increases rapidly and becomes infinite if dispersion and ab-
sorption are not taken into account. Spatial dispersion is also important in the analysis of
longitudinal (plasma) waves which propagate in an isotropic medium or along the principal
dielectric axes in crystals. It is also shown that spatial dispersion leads to a weak optical
anisotropy in cubic crystals. In addition to the above, an analysis is made of the collective

(discrete) energy losses in solids.
1. INTRODUCTION

IN analyzing the propagation of light and electro-
magnetic waves of longer wavelengths in a medium,
one usually uses the local relation

Dy = ep(0)Er, (1.1)

where D and E are taken at w, the frequency of
the Fourier components of the electric induction
and field intensity at the point r. If there is ab-
sorption, the tensor €jx becomes complex and

D must be replaced by D — i(4n/w)j where j

is the density of the conduction current. In order
to simplify the analysis this substitution is implied
below, but not carried out explicitly.

The relation in (1.1) does not reflect the nature
of the field variation in space, that is to say, it ap-
plies only if we neglect spatial dispersion — the
dependence of the tensor €jix on the wavelength.
The spatial dispersion can be characterized by the

parameter a/A =an/Ay,, where a is a character-
istic length for a given medium (molecular dimen-
sions, lattice constants, Debye radius, etc.), Ay =
2mc/w is the wavelength in vacuum, A =2A;/n is
the wavelength in the medium and n is the index
of refraction. In condensed media in the optical
region usually a/A; ~ 1to3 X 1073 so that spatial
dispersion is negligibly small in most cases.*
This, however, is not the case if we are interested
in effects associated with spatial inhomogeneities
of the field. A well-known example of this type is
natural optical activity — an effect which is of order
a/A. It will be shown below that taking terms of
order (a/A)? into account leads to an additional
effect — weak optical anisotropy in cubic crystals.

*The time dispersion, which leads to a dependence of ej;
on w may be large under these same conditions because it is
characterized by the parameter w/(oj, where w;j is a character-
istic frequency of the medium.
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It is also necessary to go beyond the local relation
(1.1), as is well-known, when one considers longi-
tudinal (plasma) waves in a medium (ionized gas,
solids). Finally, in cases of weak absorption, it is
necessary to take account of terms of order (a/A )2
at frequencies close to characteristic frequencies
of the medium, i.e., in regions in which the refrac-
tive index n becomes very large. This situation
is completely understandable because when n — =,
the parameter an/ Ao also increases without limit.
This case has been already considered in an analy-
sis of waves in a magneto-active plasma close to
resonance! and in absorption of light by excitons in
crystals.2 Although calculations involving spatial
dispersion have already been carried out in indi-
vidual cases, it would appear that there are still
a number of points which are not entirely clear.
For this reason certain aspects of this problem
are considered below.

If small, the effect of spatial dispersion can be
taken into account by writing the relation between
D and E in the form

o 0E, 0°E),
D; = gip () Er + Yint (w) ox; + Sinim (@) 0x,0%,, *

(1.2)

The term containing 7vji] is responsible for
optical activity (cf. reference 3, §83) and vanishes
if there is a center of aymmetry in the body. Be-
low we shall assume with one important exception,
that vix7 =0. Considering plane waves, for which
the field is proportional to the factor exp {i(wt-
k-r}=exp{i(wt— wins-r/c)} we write (1.2) in
the form (we consider only plane waves for which
the planes of constant phase coincide with planes
of constant amplitude):

ik = €k — %ikim S1SmN?,

D[ = ;ihEky
1.3
ipim= (®/ ) 8:kim, (1.3)
where s is the unit vector normal to the wave,
n=n — ik is the complex refractive index (n is

the index of refraction, k is the absorption factor).

The coefficient 6 is of the order of the square of

the characteristic length a and |aji/ml ~ (2/A9)%.

It is apparent that the tensor ajk/y;y, can always be
assumed symmetric with respect to the indices [
and m. Using the principal of symmetry for the
kinetic coefficients it can be shown (reference 3,
§83) that the tensor ajk/m is also symmetric
with respect to the indices i and k (it is as-
sumed that there is no external field). In the ab-
sence of absorption, this tensor is real. Further
simplification of the tensor derives from the sym-
metry of the medium.

The expansion given in (1.2) and (1.3) is not
always possible. For example, if one of the com-
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ponents egp of the tensor €jk tends toward in-
finity, terms of order (a/A, )?n? can always be
neglected as compared with it. On the other hand,
the quantity 1/e5p becomes small and the last
term may become important in the expansion

1 /2= 1 [ €ap + pablmslsmf’i2

Thus, the tensor €jx is sometimes replaced by
a=1
€ik*

I - -1 N
E; = ¢y Dy, e = ek + pihlmslsmnzv

(1.4)

The symmetry properties of this tensor are the
same as those of €jk. The introduction of two ten-
sors &k and &jii should not occasion surprise
since the vectors D and E are of equal rank.
In order of magnitude terms the coefficients «
and B are generally the same. The choice of one
or the other-of the expansions (1.3) or (1.4) is dic-
tated by the nature of the individual problem and
will be clarified below.

The propagation of plane waves is determined
by the field equations

H=n[sxE], D= — n[sxH], (1.5)

whence

D = n? {E —s (s-E)). (1.6)

Here H is the magnetic field associated with the

wave, the magnetic permeability p is set equal to

unity and the medium is assumed homogeneous

(the same applies in (1.3), (1.4), and below).
Substituting in Eq. (1.6) the relation given in (1.1),

we obtain the well-known equation for f?:

2 2 2y >
(exSx + 245y + e.87) nt

— [ex (ey+22) Si + &y (e + 52) SZ (1.7

9. A
+ ez (ex +&y) 821 P® 4 exeye, = 0,

where €x, €y and €z are the principal values of
the tensor €jk. It is characteristic that Eq. (1.7)
is quadratic in fi* whereas the system in (1.6) con-
sists of three homogeneous equations and, in the
general case, leads to a cubic equation in 2. The
coefficient for n® can be set equal to zero only
when the local relation in (1.1) applies; if, on the
other hand, (1.3) applies, the equation in i is of
the third degree. This fact is responsible for the
appearance of the additional “proper” wave. These
considerations indicate the need for taking spatial
dispersion into account under certain conditions.

2. ISOTROPIC MEDIUM

In an isotropic medium the tensors €ijk, €ik,
aiklm and Biklm become scalars and from (1.3)
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we have*

D=:E, s=c—an (2.1)

For transverse waves, in which s-E =0, substi-
tution of (2.1) in (1.6) leads to the double root ﬁf,z
=¢/(1+a) which, because « is so small, virtu-
ally coincides with the value ©%= ¢ which is ob-
tained when spatial dispersion is neglected. For
longitudinal waves, in which s(s8-E) =E, we
have:

ni=¢(0)/a.

(2.2)

In a longitudinal wave D=0, as is clear from the
condition divD = - (iw/c)ns+D=0 or, better
still, from Eq. (1.6). However, the field E asso-
ciated with this wave may be different from zero
since the expression in (2.2) is equivalent to € =0,
which, according to Eq. (2.1), is compatible with
the conditions D=0 and E = 0. If spatial disper-
sion is neglected, when € = ¢ a longitudinal wave
is possible only if

e () = 0. (2.3)

This condition is also clear from Eq. (2.2) since
f2 remains finite as @ — 0 only if € — 0.

The existence condition for longitudinal waves
in the form given in (2.3) was given a long time
ago (cf. for example reference 4, §4) but has been
a subject of discussion until very recently.’¢

If spatial dispersion is neglected the longitudi-
nal waves are characterized by a vanishing group
velocity u = dw/dk and are associated only with
discrete frequencies w; which satisfy (2.3). When
a = 0 the longitudinal waves assume the same im-
portance as the proper waves in the medium. Longi-
tudinal waves are well-known in plasmas: if colli-
sions are neglected,

¢(w) =1 —4ze®N [me? =1 — ol [ o’

and, if a Maxwellian velocity distribution obtains
and the quasi-hydrodynamic approximation is used
a = kT/mc?. On the other hand, if the calculation
is carried out using the kinetic equation, «a =
3kT/mc?* where k is the Boltzmann constant and
T is the temperature. In a plasma longitudinal
waves are not strongly attenuated close to the fre-

*In an isotropic medium a tensor of the 4-th rank has two
independent components which, in (1.3) correspond to the ex-
pansion

D = ¢E + 5,AE + 8, grad div E = (¢ — a;n?) E — ays (sE) 2.

Thus, for transverse waves, in Eq. (2.1) a = a,; for longi-
tudinal waves a = o, + a,. In (1.4), because of the condition
div D = 0 in an i sotropic medium, there is only one coefficient
B, i.e., Bikim can be replaced by a scalar unconditionally.
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quency w, only when the index n; is small
(plasma waves are considered in detail in refer-
ence 1). In the general case, in a plasma we have
a ~ (vy/c)? where v, is some characteristic
velocity (in a degenerate gas v, is the order of
the velocity at the Fermi limit). This result for
a is found to be in agreement with an estimate
made earlier o ~ (a/?\o)2 = (wa/2mc )2 since, for
a gas in a high frequency field the characteristic
length a ~ 27mvy/w, that is, the path traversed by
the particle during one oscillation period (in order
of magnitude terms 2mv,/w, is the shielding ra-
dius or Debye radius).

In solids the longitudinal waves are similar to
plasma waves and, as is well known, are described
by “plasmons” when quantized.® Just as in the
plasma case, the attenuation of these longitudinal
waves can be small only in the neighborhood of
frequencies w], at which €(w]) =0. We may
note that in principal « can also be negative, as
in optical vibrations of a solid lattice. When «
< 0 obviously fi§>0 for e(w)<0.

For transverse waves, in the region ﬁ%,z =
€ — « the expansion in (2.1) is not affected al-
though one would expect strong effects due to
spatial dispersion (cf. Introduction). However,
because the quantity €~! is so small it is neces-
sary to use an expansion of form (1.4) which ap-
plies for an isotropic medium (it is assumed that
§-D=0)

E=D/s 1/c=1/z+pn (2.4)

In the case of longitudinal waves, substituting
Eq. (2.4) in Eq. (1.6) we obtain the condition € =0,
that is to say, when € = 0 we have f}= . In
other words, in the resonance region, as well as
at frequencies far from w], it is impossible for
longitudinal waves to exist in an isotropic medium
(keeping in mind the fact that macroscopic waves
exist only when n <« Ay/a; (cf. below). For trans-
verse waves, from Eqgs. (2.4) and (1.6) we obtain
the equation Bt + fi%/e — 1 =0, whence

nt = — 128+ V (1/2p)° + 1.

Having in mind the frequency region close to an ab-
sorption line we may use the following expression
for e:

(2.5)

4re2N eff./ m

m?—wz + iwv

. A — A3 (2.6)
~ =0 £2 - 32 2L 52
E=(o—oy) /o, 3=v/20;, A= 2re?N/mo].

In the absence of absorption, in which case 6 =0,

s (@) = (0) =np=1co—A/E, 2.7
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where fij is the refractive index when both absorp-
tion and spatial dispersion are neglected. From
Eq. (2.5). it is clear that when

e?|Bl€l, (2.8)
M=e(l —eBh..n), nE=—1/B—c+---. (2.9)

With B8 ~ 1078, the condition given in (2.8) becomes

i2 « 103, and when €y ~ 1 and A ~1 [cf. Eq.(2.7)]

we find || = |w—wj|/wj > 1073 in the optical re-

gion, with Ay = 2mc/wj ~5 X 107%cm this means that

the expressions in (2.9) apply at distances AA >
1073A; ~5A from the center of the absorption line.

In this region it is obvious that 1} =4 since, if

absorption is present, the root nf
equal to fiZ which corresponds to the case B =0.
However, the root ﬁ% is very large and, when ¢

~ 1, as can be the case far from the line, |ﬁ%l ~
1/|8| ~ 10%. In this case A =21y/n, ~ 5% 107% and
Egs. (1.3), (1.4), (2.1), and (2.4) no longer apply,
so that macroscopic analysis of the problem is no
longer meaningful. The new root of the dispersion
equation n, is real only close to the line, in the
region where A =21y/ny, ~ V[B[A;>a ~3x1078,
i.e., as long as ny < Ag/a. It will be assumed be-
low that this condition is satisfied.

As is clear from Figs. 1 and 2, close to the ab-
sorption line spatial dispersion has a qualitative
effect on the A’(w) curves. Both of the curves
refer to the case A =1 and 6 =0 but in Fig. 1
the value 8 =10"° has been taken while in Fig. 2
B=-10"%. The dashed curves in both cases rep-
resent the limiting curve (2.7), also for A=1
(generally €, ~ 1 and since we are interested in
the region |e| > 1 we may set ¢, =0 every-
where). We may note that if there is no absorp-
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tion and if A2 is real with #% > 0 it is obvious
that A% =n% for A%< 0 we have Q%= —«%, i.e.,
there is total internal reflection from the medium.
For B=0 and B >0 we are dealing with cases
of this kind since 1’ is real. If, however B< 0
in the region |e| > 1/2V]B] the values (h*=

n — ik)? are complex (in this region of Fig. 2
there are no solid curves).

Thus, when spatial dispersion is taken into ac-
count, near a resonance (absorption line), for a
given value of w we find a new root for #? (more
precisely double roots, because of the two independ-
ent directions of polarization). The peculiar be-
havior of the 72 -curves close to resonance, shown
in Figs. 1 and 2, was known earlier from work on
magneto-active plasmas;! in the crystal case an
expression such as (2.5) has been obtained recently
by Pekar? starting from a concrete model.*

To a considerable degree the possibility of ob-
serving the new wave close to resonance depends
on the amount of absorption. In the absence of ab-
sorption the effect of spatial dispersion is large
in the region in which 4€?|8| ~ 1, i.e., when |£|
~ = 2A~/_|E|- . Furthermore, if

s<<i =24V Bl

at a frequency such that || =|w - wj|l/wj = &k
the absorption has only a small effect on the quan-
tity €; = Re € while €, =Im € < |€;|. Similarly
the curves n’(w) and «k%(w) are not changed if
we neglect the effect of attenuation in the region
which is completely transparent for 6 = 0. Sup-
pose, for example, the condition in (2.10) is satis-
fied, B> 0, and we consider a frequency for which
4€%|B| = 1. Then, with £ <0 we have n ~ 0.6 5" Y/*

(2.10)

*The fact that the results obtained by Pekar? correspond
to an expansion such as that given in (2.4) was noted still
earlier by L. D. Landau in conversation with the author.
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and k ~ 0.2(5/&k) B4, which, for £ ~ 107,
B~10"% and 6 ~ 1077 yields n ~ 20 and k ~
6 X 107, Since the radiation intensity falls off in
accordance with the relation I= [je 2WK%/C =
Ije™MZ, this means that u = (2w/c)n ~ 150 cm™
(for A ~5Xx10"%cm). For the same values but
with 8< 0:

n=1/V2% 3 =[B* =30, x=Ve/e/2(2:I8)"
=V3/&/2|B[*~0.15,

i.e., u ~3x10*cm™!. Thus the intensity is re-

duced by a factor of e in a distance 2y/1.8 =
3x107%cm whereas A =2y/n~ 2 X 10 ¢cm.
Hence, even in the second case, the attenuation in
one wavelength in the medium is relatively small
although it is enormous in terms of macroscopic
distances. With 8< 0 and 4e€?|B| <1 the absorp-
tion is less and in order of magnitude terms is ap-
proximately the same as that for 8> 0. On the
other hand, in actual crystals it is probably always
true that & > 10~7. From these examples it is
clear that the observation of spatial dispersion
close to absorption lines is very much complicated
by absorption effects and would require very spe-
cial and favorable conditions (assuming ordinary
optical methods of observation).

Because of the small spatial dispersion in a non-
gyrotropic medium, it is of special interest to con-
sider the resonance region in naturally active md-
terials in which case the effect of interest is of
order a/A. For optically active isotropic solids
and cubic crystals far from resonance (cf. refer-

ence 3, §83)
D = <E—if [sxE] n. (2.11)

Assuming large values of € it is necessary to use
the related expression

E=D/:+ig[sxD]n. (2.12)
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Substituting this expressioh in (1.6), for transverse
waves we have:

g — (n?/e—1)2=0.
With gnd < 1, n} = ¢ it is easily shown that

(2.13)

o, =ni(l 4 gnd), ni=1/egdh (2.14)

The curves for real values of ﬁ%,z 3 are shown in
Fig. 3 for € =—-1/¢, g?=10"5, We may note that
the multiple root corresponds to the values

3 2 A 2 -~ 1 2
en=2"/3g" nh=(2/0" n*=4(2/g"

whence, with g ~ 3 X 107% we have: €y = —1/&mp
~ 25 and &m = |Aw|/wj ~ 4 x107% or, in the op-
tical region, AA ~ 100 to 200 A. It is also apparent
that in the case of a gyrotropic medium the absorp-
tion will not be as effective in masking the effect of
spatial dispersion simply because the latter effect
is so much stronger.

3. CRYSTALLINE MEDIUM

In rhombic, tetragonal, and cubic crystals the
principle axes of the tensor e€jx coincide with the
symmetry axes (these will also be used as the co-
ordinate axes x, y and z below). Under these
conditions the tensor ajiJy, is simplified and in
rhombic, tetragonal, and cubic crystals has 12, 7
and 3 independent components respectively. Thus,
in the tetragonal case the nonvanishing components
are

Axxyy = Ryyxxy, CKxxzz = Lyyzz,

Xyxzxz = Oyzyz and Lxyxys

Axxxx = %yyyy, Kzzzz,

Xzzxx == Xzzyy,

where the z axis is the axis of 4-th order symme-
try. In a cubic crystal the non-vanishing compo-
nents are

Xy = Ayxxx = Kyyyy == KLzzzz, Ko = Oxyyy = Ayyxx == Ayxzz

== Olgzxx = Ryyzz == Kzzyy and Xy = Uyxyxy = Lyzxz = Xyzyz.

Whence it is clear that a weak optical anisotropy
should be observed in cubic crystals where e€jik =
ebjk. Far from frequencies at which € is zero or
infinite, to a first approximation #?=n}=¢ (itis
assumed that € > 0 and that absorption can be neg-
lected). To take account of the weak anisotropy is
obviously necessary to substitute this value fi%=
nd for &jk in (1.3). The resulting tensor &ik is
of the form:
e =ce [l +aysi + (i + s3)],
eoy = e[l + sy + oz (s + )], (3.1)
ez =[] + a2 + oy (s% 4 sH1, Asxy =2e035,Sy,

o ~
€z =28%38xSz, eyz =28038,S,.
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The principle axes of the tensor &jx depend on the
direction of the normal and in the general case will
not coincide with the axes of 4-th order symmetry
X, y and z. To detect the weak birefringence it
is probably easiest to observe the ellipticity of the
light transmitted through the crystal. The elliptic-
ity is defined by the difference in the refractive in-
dices for waves with different polarization An ~
nyge, where « is a suitable combination of the co-
efficients @j and sj. With nj~1 and « ~ 1078
the phase shift A¢ = (27/A))Anl ~ 0.1] where [
is the path in cm traversed by the light in the crys-
tal. An effect of this order of magnitude is detect-
able. On the other hand it should be kept in mind
that the values of o may be somewhat smaller
than those which have been assumed and that the
observation may be complicated by possible direc-
tional effects and other factors.

When the light propagates along a cubic axis,
there is no birefringence and when € —- 0 or
€ — », one should observe the features discussed
above for the isotropic case. For other directions
of 8 and € =0 all the roots ﬁ"{,z,;, =0 and in
this region one of the waves is like a plasma wave
while the others are like transverse waves. In
other words, the picture is similar to that which
obtains for the isotropic case, being only slightly
complicated by the weak anisotropy. The same
considerations apply to the region € — « in which
it is necessary to make use of the expansion in
(1.4).

In non-cubic crystals, in which the tensor ejxk
is not completely degenerate, in the general case
the situation is entirely different. For a uniaxial
crystal, to which we shall limit ourselves for sim-
plicity, with ajkly = 0:

=<, 1/nt=sin?0/c,+ cos?b/z;,  (3.2)
where
sinb =s,, cosb=3s, s,=0, e, =6, ¢ =¢c,=c¢,.
Suppose that
050, 0=£m/2, o, e, (3.3)

In this case the refractive index for the extraordi-
nary wave ny does not approach infinity as either
€| or €, approach infinity. If, however, the val-
ues of € and €, are finite but of different sign,

fii =« when

e, sin26 4 &, cos? 6 = 0. (3.4)

If either €y or e, is zero, ﬁ% = 0. The cases
6 =0 and 6 =7/2 are degenerate; wave 2 becomes
transverse and there is a longitudinal wave whose
frequency, for a =0, is determined by the condi-
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tions €j(w) =0 or €,(w)=0. Another special
case, which is not realizable, occurs if ¢, =¢, =0
or €, =€, == atthe same frequency (in a biaxial
crystal this refers to all three principal values ex,
€y and €z). In essence, at this frequency the
crystal degenerates into a cubic crystal, with all
the features characteristic of the latter. In par-
ticular, only with ex = €y = €5 for any direction
will there be a wave (longitudinal) characterized
by D =0. In the case indicated by (3.3) D=0,

but if (3.4) is satisfied wave 2 becomes longitudi-
nal. This is due to the fact that as fi? increases,
for a given D the angle between s and E is re-
duced and when n? — o, 8.E— 0 [cf. Eq. (1.6)].
Hence, in non-cubic crystals, with ajk/m =0 in
general there is no new wave analogous to the long-
itudinal wave 3 in an isotropic medium. The lim~-
iting transiton to a cubic crystal is not trivial. If
€y~ 0 and €, >0 the tensor ellipsoid

(22 4 3 [es + 22fey = |

degenerates into a plane disc; if €, — 0 and ¢

> 0, it becomes a line. In other words, as one of
the principal values €j approaches zero the crys-
tal becomes anisotropic in the limit even if the
other principal values are small. Different signs
for €, and €, means that we do not have a tensor
ellipsoid but a tensor hyperboloid, with (3.4) as the
asymptote. As one of the principle values approaches
zero jn the limit the anisotropy is also large in this
case. If ex =€y =€, =0 the tensor ellipsoid or
hyperboloid degenerates to a point.

In the case given by (3.3), which we also con-
sider, if spatial dispersion is taken into account
and the condition in (3.4) is not satisfied there is
a non-real third wave with a very high value of
ﬁg. Only in the region of angles and frequencies
for which the quantity €, sin® 8 + €| cos? § is
very small does spatial dispersion lead to an in-
teresting result.* If the condition in (3.4) is ob-
served the values of €, and €, are different
from zero and finite. In this case the expansions
in (1.3) and (1.4) are equivalent. In the general
case the expressions which are obtained are ex-
tremely complicated. In order to illustrate the
qualitative aspects of the problem we make a
further far-reaching assumption: namely,

A
-
e

-
eg =¢y — an?, ¢ =z, — an’.

The equation for #?

(3.5)

assumes the form:

*The fact that in general the third wave in an anisotropic
medium has a real value only in the region where n, » » was
noted by the author earlier in the case of a magneto-active
plasma (cf. reference 7, $ 75).
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(e, — n?) {ant — [¢, sin? 6+ ¢, cos? b

+ (e +e)aln4e,5,) =0, (3.6)

where small terms have been neglected.

With o =0 Eq. (3.6) becomes Eq. (1.7) with
€x =€y =€, and €z =€ and its solution is given
by (3.2). When

;l'i =¢c, ;lsg,s = /20 4 V(l~'-/2°‘)2 —e e/,

(3.7)
p=c,sin®0 4, cos®f 4 () + ¢ )a.

The dependence of ﬁg’g on angle 6 or frequency
w close to the point p =0 is completely analogous
to the dependence on w in (2.5) close to the point
€ = (cf. Figs. 1 and 2). With p? > |4ae €], it
is apparent that ﬁ% is determined by (3.2) and ﬁ%
~p/a. When 6 —0 and €, ~0: i =€, Di=¢,
as is to be expected. When 6 — 7/2 and €, — 0,
similarly f{=¢€; and n}=¢,/a. Moreover, when
=0 and 6 =7/2, fi{ == correspondingly for

€, —~ and € — = (i} = = for €, = = atall
angles for wave 1). In these cases spatial disper-
sion is taken into account through the use of an ex-
pansion such as that given in (2.4).

As in an isotropic medium and cubic crystals in
non-cubic crystals, spatial dispersion is consider-
ably stronger when the medium is gyrotropic (cf.
Sec. 2). However, we shall not stop here to con-
sider this problem nor a number of other problems
which require special investigation (the behavior
of the rays and the group velocity, gyrotropic ef-
fects under the influence of an external magnetic
field, magnetic media such as ferrites, biaxial
crystals, conical refraction, axial dispersion, dis-
persion relations, artificial anisotropy induced by
electric fields, in which case it is possible to re-
alize the limiting transition to isotropy, a more
detailed analysis of absorption, etc.).

We have considered above only waves in an un-
bounded medium. Any observation of these effects
would always require an examination of the boun-
dary situation (for example, a first step would be
to solve the problem of transmission of light through
a plane slab). Thus boundary conditions must be
considered. The ordinary conditions

Dy = Drm Hon = Hin, Eyt = Eyy, Hyt = Hy,

are valid but not adequate if one is to take account
of the new waves. Within the framework of the
phenomenological approach employed here, addi-
tional boundary conditions can be obtained only by
introducing certain assumptions.

For example, we may consider the boundary
between a medium and vacuum and write the vec-
tor D in the form

V. L. GINZBURG

D; = eiEx + D; = E; + (sin — 8ix) Ex + D;
=E; + D;.
In vacuum D” = 0 and if the boundary is not sharp
D” approaches zero smoothly in the transition

layer. On this basis, one would write at a sharp
boundary:

(3.8)

D"=D —E =4xP = 0. (3.9)

On the other hand, if spatial dispersion is neglected
completely, and D’ =0, (3.9) is no longer correct
(in this case, from the condition Dy, = Dy = Eyp

it is clear that only Pp = 0). Hence, a more rea-
sonable boundary condition is

D’ =0. (3.10)

In his paper Pekar? used a boundary condition which
was an “average” of (3.9) and (3.10) while the vec-
tor P was specifically set equal to zero except for
an indefinite part of local origin. Since the new
waves generally appear only under very special
circumstances, further refinement of the analysis
of boundary conditions will probably result from
the solution of specific problems.

One might also be interested in finding the elec-
tromagnetic field and radiated energy for sources
located in a medium with spatial dispersion. In the
isotropic case this problem can be solved by an ex-
tension of classical methods; in crystals, however,
it is more feasible to use the Hamiltonian method.
This approach was used in reference 8, in which
spatial dispersion was not taken into account.

4. REMARKS ON COLLECTIVE ENERGY LOSSES
AND THE CERENKOV EFFECT

The discrete energy losses of fast electrons or
other charged particles which move in a medium
are related to the excitation of longitudinal waves
(plasmons ).

If spatial dispersion is not taken into account,
the longitudinal oscillations take place at frequen-
cies w] such that e(w]) =0 and the correspond-
ing energy losses are associated with the so-called
polarization or Bohr energy loss in the medium
(cf. reference 9). In the presence of spatial disper-
sion the polarization loss becomes the Cerenkov
effect and is associated with the emission of a
longitudinal wave 3 for which n3 = e(w)/a [cf.

Eq. (2.2)], assuming an isotropic medium. In this
case it is apparent that the following condition must

be satisfied:
cosb =c/vn(v), (4.1)

where 6 is the angle between the normal s and
the particle velocity v, n =n3 and the variation
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in particle energy is neglected (this last condition
assumes that v > vy - the velocity at the Fermi
limit).

Since @ ~ (vy/c)? ~107%, even with Aw/w]
=(w - w])/w] ~0.03t00.1 a macroscopic analy-
sis becomes unfeasible because nz ~ 10%, ¢ ~ 0.1
and A =2¢/n3 ~ 107". As a result the intensity of
the Cerenkov radiation falls off sharply and the
absorption increases. Hence the radiated longi-
tudinal waves (plasmons) are characterized by
a relatively narrow spectrum with Aw = 0.1wj.
Transverse Cerenkov radiation occurs if the con-
dition

e = nis > (c/v)? (4.2)

is satisfied but usually the radiation is character-
ized by a wide spectrum, i.e., non-discrete losses.
An exception might be a medium with weak absorp-
tion in which the condition in (4.2) would be satis-
fied only over a relatively narrow frequency range,
for example close to an absorption line.

In cubic crystals, in the first approximation the
discrete (collective) losses are of the same nature
as those in an isotropic medium. The only distinc-
tion is due to the spatial dispersion which leads to
the weak optical anisotropy for cubic crystals (cf.
Sec. 3). This anisotropy is especially marked in
metals because for a cubic structure the Fermi
surface is not a sphere and the corresponding ve-
locity vy depends on direction. Inasmuch as the
width of the longitudinal Cerenkov radiation in an
isotropic medium is not small in absolute magni-
tude the weak anisotropy which is indicated in the
discrete losses is not of great importance.*

The situation in non-cubic crystals is different
because in the general case there is no specific
individual branch for the longitudinal waves. Even
if spatial dispersion is neglected, there are no po-
larization losses. Hence, all the collective losses
are to be associated with the Cerenkov effect (cf.
also reference 9). On the other hand, in non-cubic
crystals even when €j < 1 there are frequencies
for which the refractive index becomes rather
large. This is the case particularly in a region
which corresponds to the condition in (3.4) or, for
an arbitrary crystal, to the condition

*In this connection the anisotropy in the optical properties
of cubic crystals, which results from spatial dispersion, may be
important in analyzing the interaction of plasmons with an ex-
ternal transverse electromagnetic field and may lead, for ex-
ample, to the excitation of quasi-longitudinal plasmons when
light is incident on the crystal boundary. It is likely that taking
account of spatial dispersion in the macroscopic behavior is, in
some degree, equivalent to the quasi-microscopic analysis of
plasmons as waves in a degenerate electron gas of inhomoge-
‘neous density. 10

ex (0s) s3 + ¢, (0s) 55 + €2 (s) s2=0. (4.3)
Under these conditions, as has already been pointed
out, wave 1 or 2 .is longitudinal and it is important
to take account of spatial dispersion. In solids,
particularly in metals, at frequencies of the order
of 10' (energies of approximately 10 ev) the
Cerenkov condition (4.1) may be satisfied only for
w=wpg [cf. Eq. (4.3)]. As a result the collective
losses are again of discrete nature although, in
addition to spatial dispersion there is one other
effect which tends to broaden the spectrum. This
effect is a result of the fact that the frequency wyg,
as is clear from Eq. (4.3), depends on the direction
of wave propagation in the crystal. If the vector
associated with the normal s approaches the di-
rection of the principal axis i Eq. (4.3) assumes
the form €;(wjj) =0, which is the same as the
existence condition for longitudinal waves along
the i axis. The additional broadening of the dis-
crete line is then due simply to the fact that wjy
# Wiy # Wy, or, in a uniaxial crystal the fact
that wp, = wf, .

In conclusion we may note that the use of the
Cerenkov effect would seem to offer the best ap-
proach to the problem of exciting “spatial disper-
sion” waves although problems such as those
mentioned at the end of Sec. 3 would arise.
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