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We calculate the cross section for the inelastic scattering of neutrons in ferromagnets, ac-
companied by the absorption of one magnon and the emission of another. It is shown that this
cross section is small compared to that for scattering with absorption or emission of a single
magnon. It is also shown that the role of scattering processes in which more than two mag-

nons participate is negligible.

IN a preceding paper of the author! it was shown
that there are two types of multimagnon processes
of scattering of slow neutrons in ferromagnets:
two-magnon scattering, in which one magnon is
absorbed and another emitted, and three-magnon
scattering, in which two magnons are absorbed
and one is emitted.

This result was based on spin wave theory in
the form given by Dyson.2»3 In Dyson’s papers all
types of interactions between atomic spins were
neglected except for exchange interaction (which
can be done only for ferromagnets with a high
Curie point), and it was assumed that the magnetic
atoms (or ions) form a simple Bravais lattice.
Therefore the conclusion in reference 1 concerning
possible multimagnon scattering processes is also
valid only with respect to such ferromagnets.

We shall calculate the cross section for two-
magnon scattering, limiting ourselves for simplic-
ity to a scatterer with a cubic lattice. Using Egs.
(I.5d) and (I.6), we find the following expression
for the two-magnon scattering cross section*

dols, [ dQ = r§F? (q) g LoV 1

m

% [1 —(i;r')z]”("“) [n(p) + 113(q 4 p — p +7) dpdyp,

where, from conservation of energy,

p?=p?+a(@®—yp?, and «>1.
)

From here on, as in reference 1, we replace
q by T everywhere except in the argument of the
6 -function, and then integrate with respect to p.
The result is:

*We use the notation of reference 1, which we cite as I.
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a1 = (5]

(P [n (o) + 11 + (P [n (p) + 1]
aKp [cos { —a~t (a +1) (1 — Q% tK~2)] 't

» o (2)

where
K=P+p.
0% = a1 (Q—pl),
pr = oK (x4 1)1
X {cos? (—[cos? L — a7t (x + 1) (1 — Q1K) "), (3)

and ¢ is the angle between K and p’.

We can now easily integrate (2) over d,
choosing the z axis along the vector K. (The
fact that this integration can be done relatively
simply is the reason why the total cross section
is easier to calculate than the differential cross
section, since integrating (2) with respect to u
is very complicated.) We have to treat two cases:

1) aK2>>Q2, 2) aK*< Q% (4)
In the first case
1> cost > cosly={(e+ 1)at[I — Q2 (K]}

while in the second,* cos ¢ varies from 1 to —1;
also, in the second case p’~< 0 and we need keep
only terms containing p% in (2). In both cases the
integration over df2 reduces to an integration over
dpi. The integral is easily done and the final re-
sult is the same for both cases:

*One can show that the condition q = T is not violated for

any angle ¢
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T 2 —aW.,. U mT\3] =
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Ri=@+ )2 Vet D@ —eKFKE =(757) ©

2
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We still have to integrate (5) with respect to pu.
The integration over the direction of g can be
changed to an integration over the length of the
vector K =P + u, so we must find the limits of
variation of K. But it is obvious, on the one hand,
that

|P—p|<K<P+p, (7)
and, on the other hand, we have from (6) that
K<(1+1/ahQ. (8)

The simultaneous inequalities (7) and (8) give the
following results:

(1) If p> P, K varies between the limits (7)
for all pu.

2) If

P>p>Ve/at])P,

K varies between the limits (7) for all u except
those lying in the interval

«P —V(a+ 1) (P — p?)]
Lp<at P+ Vie+ 1) (PE—pY)], 9)

while for these values of p, K varies in the in-
terval

[P—u|<KLVT+1/aQ. (10)
(3) If
p<Vaj(at+T1)P,
then for
p<<uy <o t[— P+ V(e+ 1) (PP—p?) (11)

no scattering can occur; for values of p in the
range

e <p<la'[P 4V (x4 1) (P*—pY)], (12)

the limits for K are given by (10), while for
larger p they are given by (7).

The shape of the region of integration over K
and p changes when P=p and P =pvV(a+1l)/a.
Considered as a function of P, the total cross
section oll, -1 (p, P) therefore has a kink at these
values of P. One can show, moreover, that for
P=p+0

053, _,(p, P) /0P =T os,

and consequently the cross section is a maximum
for P =p. This is related to the fact that, for
P=p and p =0, both n(u) and the logarithm
in Eq. (5) become infinite (the latter because R}
=0 when P=p and p=0).

From now on we shall assume that

Pla<gd, (p*—P2|/a)h<B,

13
B=31Y DT/ T,. it

Since «a >» 1, these inequalities are valid over a
very wide range of values of p and 7.

When (13) is satisfied, expression (5) simplifies
considerably. In fact, when u 2 B8, Ry~ u¥ K/a,
and the logarithm in (5) becomes

(4p /aP?) Kn (2) 4+ O («72),

while, if p < B, the expression in the logarithm
in (5) can be replaced by R?_Rzi_, since in this case
R: « B

After such a simplification, it is easy to deter-
mine the dependence of the total cross section on
a. First, it is clear from (14) that the contribution
to the cross section from large values of u(ux B)
is proportional to a™.

In the region of small pu, so long as aRy > K,

(14)

In (RZR3?) =~ 4K(«R4)™,
i.e., the contribution to the total cross section is
also proportional to a~! in this case. The condi-
tion aR4y > K is violated if

wr<<at (2P + PP p?) + 0 (),

but the equation Rﬁ, (n) = 0 has roots for just
these values of u, so that in this case (5) has a
logarithmic singularity and the contribution to the
cross section from this region of values of pu is
in order of magnitude no greater than A(aln A
+b), where A gives the dimensions of the region
and a and b do not depend on A. Obviously, if

Pla> Vo[ p*— P,
then A ~ oz‘1, and the contribution to the cross
section is of order
a1 (@ Ina 4 b, (15)
where a’ and b’ do not depend on «. But if
a™'P < V[p2-P?[/a, then from (11),
A=VaT [ P—p + 0(a?) —py = 0 (a)

and the contribution to the cross section has the
same form (15), but with different values of a’

and b’. Finally, the contribution to the total cross
section from the difference R2 — R} which appears
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in (5) is also proportional to 1/@, so that the total
cross section has the form (Aln a+ B)/a.

As already mentioned, for given values of p
and T the cross section is a maximum when P
=p. The cross section in this case is calculated
in the Appendix, where the following result is ob-
tained:

e—V=

%1, =1 (Pr p) = 167°ryF2 (x) 2#3) (16)

D=2 T ) I V )4 L o

One can also show that for the case of long-wave
neutrons (p < 7) and for temperatures which
are not very low (Ta'1/2 < Bi 2), the total cross
section for two-magnon scattering is given by

_, (p, 7) = 16722F2 (x) (200)3 oW [1 _ ('_"?"1)2]

PRECSTRIS. Fwhaia

where C =% +1n2 — 7%/12 ~ 0.37.

For comparison, we give the expressions for
one-magnon scattering in the two cases which we
have treated. Using (I.23) and (I.35), we find for
P =p:

si(p, p)=0¢=,(p, p)+ o7, (P, p)=2xSy’r}
P9 |1 (2 g 7 [ 2 0],

c

(18)

while for p < 7 and ra~V? « 31/2, we find, using
(1.24):

o1 (p, ©) =01 (p, ) (19)

= 2xSrey?F2 (x) e Vs [1 + (El;_‘f.)?-] 1

Tpd?
Comparing (16) with (18) and (17) with (19), we
see that

(P, ©)-(20)

It is obvious that in general two-magnon scattering
is small compared to one-magnon scattering. When
condition (13) is satisfied, this follows from the fact
that in this case o7 +,-1 is proportional to a™l.
Let us now estimate the magnitude of the three-
magnon scattering. Using (I.5d) and (I.5c), it is

easy to show that*

Ty 1 (P ) S (P, P); oy (py7) K07

9%, (P P)

= g5 \dpn () L3, (@ | P+,

where, in general, the region of integration over u
may be smaller than an elementary cell of the re-
ciprocal lattice. Furthermore, it is obvious that

(21)

*For simplicity we assume the scatterer to be unmagnetized.

Frlale 4 0 ().

S. V. MALEEV

oty @1 P+u)<or, (@ Q)
while it follows from (16) that
oy (@ Q<G e,

since p < Q, and therefore

,—1 (p’ p)’

71— (P PY<el, L (P P) g5 dun (o).

Extending the u integration over the whole space,
we obtain finally

5:1,_.2 (pv P)<KG'_T%_L -1 (p’ p)/QS’ (22)

where

% =1/0(3)s) (vy [ B') (29T | Tyl X 1. (23)

Thus we see that the three-magnon scattering is
small compared to one-magnon scattering.

As was stated at the beginning of the paper, all
the possible multi-magnon scattering processes
are included in the two we have treated if we can
neglect all types of interaction of the atomic spins
except thé exchange interaction, and if the mag-
netic atoms form a simple Bravais lattice.

In the general case one can assert! only that the
principal multi-magnon processes will be those in
which the total number of spin waves changes by
no more than unity. This follows from the fact
that the projection of the total spin of the ferro-
magnet on the direction of magnetization is at least
approximately an integral of the motion. In fact,
the scattering amplitude depends linearly on the
operators SZ', S; and Slz. But it was shown in
reference 1 that if the projection of the total spin
of the system is conserved, the matrix elements
of the operator Slz are different from zero only
for transitions involving no change in the projec-
tion of the total spin, while the operators Sf give
non-zero matrix elements only for transitions in
which the projection of the total spin changes by
+1. It follows that the operators Slz are respon-
sible for the scattering without change in the total
number of magnons, and the operators S¥ for the
scattering in which this number changes by =+1.

If, however, we take account of the fact that the
projection of the total spin of the ferromagnet is
not an exact integral of the motion, then obviously
scattering processes are possible in which the
change in the total number of magnons is greater
than unity. The simplest processes of this type
are scattering with absorption of two magnons and
scattering with emission of two magnons. Let us
assume, as before, that the energy of a magnon is
a quadratic function of its momentum and that «
is a large number. Then, just as in the case of
0%1,-1, We can show that o7 , and of _, are pro-
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portional to a~!(provided, of course, that condi-
tlon (13) 1s satisfied), and consequently ag' 00
0'0 - <K 0'+1 -

We now show that if there is scattering with
emission of two magnons and absorption of one
magnon, this cross section is small compared to
011,_1. In fact, as in the derivation of (22), we can
write

a1 () P) < T 5aalp P)gay \dvn ()

= ”;:—2,0(17» p) (24)

where 5‘12,0 is the total cross section which would
be gotten from (1) by replacing n(p) with n(p) +
1 in (1), and changing the sign of p? in the expres-
sion for p’.* The actual cross section for scatter-
ing with emission of two magnons, if it occurs, dif-
fers from '&Iz o by a factor which is small com-
pared to unity. As we stated above, 0+2 o is pro-
portional to 1/a, and consequently 0+2 0& a+1 1>
so that 0+2 1 <K crL -1. In this same way we can
show that the Ccross sectlon for any other multi-
magnon scattering process is small compared to
ol4,-1(p, P).

We have thus found the following result.

If the energy of a magnon is a quadratic function
of its momentum, the cross sections for all pos-
sible multl-magnon scattering processes are small
compared with UH -1(p, P). On the other hand,
O'.H -1(p, P) in turn is small compared with the
cross section for one-magnon scattering (at least,
for large «). Therefore multi-magnon scattering
processes play a minor role in the inelastic scat-
tering of slow neutrons in ferromagnets, and in
particular they cannot be used to explain the ob-
served®:® large value of the total cross section for
inelastic magnetic scattering in ferromagnets at
high temperatures.

APPENDIX

In this appendix, we shall calculate the cross
section for two-magnon scattering to terms of
order «~2, for the case where P =p.

When condition (13) is satisfied, we easily ob-
tain from (5) the expression:

o1 (P D) (A.1)

(" Yo st dat o

= 2= PR (s) e s [1—

hi=ge (do n@lp+awp—|p—onfl(A2)

0

*;+'§,., (p, P) and c;of_, (p, P) are maximum at P = p for the
same reasons that were given forof, _, (p, P).

tﬁ‘l: \
L= § do-un@){0+ w0 in({Fm T2

0

T ptout|p—p|\2
I Mln<p+w—lp—ul)
; (Ip—ap | —Q)(p+ o+ Q)J2). A.3
+ O T o e rar gAY
-8 R} 3 A4
B=gp | du-wn), (A.4)
Cﬂ!h
where ¢ is a number such that ¢ < 1, ¢8Y% >
p/a.
Since, p/a < BY2, we get
= 4”528 o FOY =T (AS)

It is convenient to split J, into two parts, in the
first of which we integrate from zero to p/c, and
in the second from p/a to §ﬁl/ 2. We note that if
p < B2, we can, without violating the assumptions
made about ¢, choose ¢ so that p is greater
than ¢BY?, and can therefore assume that in Jy,
p is greater than u. If we replace n(u) by

Bu~% in Jy, and introduce the new integration
variable x =u/p, we get:

Jo=p*(I1 + I); (A.6)

1je

I, = 18 %i{ln [%] +xln[%<_<;c__—1—_)z_1j);gf]z

—— . [+ 1) x+2VTF ax®]?) .
+ Vl +ox?ln [(oc+1)x—2V1 —|—ocx2]}, (A.T)

¢@*llp " (a4 12x2 T 24 (a—1)x
he | Sl +ome=n

e e (A VIES P (as
_rvl+axzm[oc2x2—~(1—lf1+ocx‘l)z]}' (4-8)

If we make the substitution x = t/a
expand in powers of 1/a, we get

in I; and then

11=%(1 +21n3)+ 0@, (A.9)

The integral of the second term in I, is easily
done and gives

P _8r_3 ol
I = m[(1 ~In 3)+1n : ]+o( T
In deriving this expression we used the fact that
§,31/2 » pa~!

The remaining part of integral I, can be split
into two terms:

) (A.10)
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L=l—Il=I +1;
(1+agrpp)'h
[.=2 dy-y (y* — 1)-1{1n“+1—(y+1)1n]1+_w|} (A.11)
(1o’
We easily find for I, : and, since ¢ < 1, we have finally
(14agpp=)'le 3 . \
I, = dy* (y* — 1)‘1{ e ey az(y ) 0(«‘3)}- Jg= - pp? (— InC 4 ?—-%). (A.15)
(1+a1)'ls

But this expression is smaller in absolute value
than 4a~2 In( 01§B‘/ 2p~2), and can therefore be neg-
lected. After substituting t=2[(a—-1)(y-1)]"},
we get for I_:

2

ty
i\ S+ 1+ =1 )

I=-2
ty
x{ln{l—t}-}-%(a—l)tln:—i—”; (A.12)
Hh=20@—)({VT+elBp?— DI, (4 13
ty=2[—1)(YV1F+al=1)]1=4+0 (7).
From (A.12) and (A.13) we easily get
Iy =201 (§1n3 - 1) +0(e?In «). (A.14)

We have only J; left to consider. But from (A.4)
we get:

_t
(ex—12

+§dxe‘—1(e‘x—1-l)_—§ e*di1 (e"x—1—l>}'

Jh~wym B —In (1 — et

Using these formulas, it is easy to get (16).
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