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By means of the causality condition in the form of the requirement that field operators com-
mute on a space-like surface, spectral representations are obtained for the vacuum expecta-
tion values of T -products of three Heisenberg operators. The analytic properties of these

functions in the complex plane are discussed.

THE present paper presents a method for obtain-
ing spectral representations for the vacuum expec-
tation values of T -products of Heisenberg opera-
tors (Green’s functions).

These representations [Egs. (8), (9), (18), and
(19)], being natural extensions of the Killén-Leh-

mann formulas!+? for the vacuum expectation values
of T -products of two operators, provide a conve-
nient means for investigating the analytic proper-
ties of these functions in the complex plane.

In the present paper, which is the first install-
ment of this work, spectral representations are



904 V. N. GRIBOV

obtained for vacuum expectation values of T -
products of three operators, and their analytic
properties are studied.

I. THE CASE OF THE SCALAR FIELD
1. Derivation of the Spectral Representation

For simplicity we first consider the Green’s
function constructed from three scalar operators

Q’(Xl), (P (XZ)s ¢(X3):

(To(x1) 2 (x5) @ (%35)-
The vacuum expectation value of the simple
(unordered) product of these operators can be
written in the form

(o (x1) @ (X2) @ (%3))
1 . .
= G Sd4p1d4p3ezpl Ca=—xa)+ips (=203 (py ) & (Pge) P (p%’ g, Pi),

9 (P10) 9 (Pa0) 6 (P% 4% P =(27)° D 0,,0, 2,0, (1)

— O N 2 — 2 9 —_ 1 x>0
©pps = P12 (0) [ Ps), g = (p1— p3)* ¥ (x) = 0 x<0

The summation is taken over all states with
definite values of p; and p;. If xj9 = X9, then
the requirement

(o (X1) @ (X2) @ (X3)) = {9 (x2) © (x1) @ (x3)) (2)

imposes the following condition on the function
p (p}, &% p}):

~

\ P19 (p1o) 0 (P3,4% P3)
= % dp1e® (P10) 0 ((Ps— P1)*— P2, PP— (P30~ P10)*s P2)- (3)

Equation (3) is easily obtained from Egs. (1)
and (2) if one notes that for x;, = x,, interchange
of x; and x, is equivalent to replacement of the
space components of the vector p; by pP3—Db;.

A similar condition is obtained by considering
the case Xy, = x3;. These conditions are satisfied
if we write p (pf, o2, p%) in the form

B (p10) ¥ (P20) 0 (P2, G%5 P2)
=\ 9 (ki) O (ko) & (ko) [ (— Ky — b, — Ky dl. - (4)

ky =s(—pi+14p), ka=1s(pr— 14 ps),
ky=1(p1 +{—py)

and postulate that f(—k?, —k%, —k%) is a symmet-
ric function of its arguments which vanishes if any
of them is less than zero.

In fact, if we substitute Eq. (4) into Eq. (3) and
in the resulting integral over I and p;, make the
change of variables I =p; — I’, pyy =210, 1o = Pio>
then instead of Eq. (3) we get

(atdpuolf (— B — 1, — k) —F (—#h,— K1, —H3)

()
X 9 (o) & (kao) ¥ (k3o) =0.

The condition that f(—k}, —k}, —k3) vanish for

positive ki, k%, k¥ is necessary in order that the

integrals containing #(kyy), ¥(ky), #(ksz) be

relativistically invariant.

Somewhat later (Sec. 2) we shall see that Eq.
(4), regarded as an equation for f( -k, —k%, —k§)
for prescribed p (p?,q?, pg), has a very simple
structure and determines f under sufficiently
general assumptions regarding p. At present we
shall assume that Eq. (4) is satisfied, and.by con-
sidering the causality condition in invariant form
we shall show that the symmetry of f is not only
a sufficient but also a necessary condition for this
equation to be true.

Substituting Eq. (4) into Eq. (1) and replacing
f(-k}, -k}, —1f) by [acdddd £(xf, 3, Kf) x
6 (k}+ k) 6 (ki + k3) 6 (K} + k3), we get

(9 (0) 9 (1) 9 (), = \ d} d3 il (<, o, )
% AT (%12, %3) A+(x13, %5) A+(X23» %),
1 . 4
At(x, %) = WSd*kE}(k)o(k- odyeks, . (6)
If the interval x%z is space-like, then by Eqgs. (2)
and (6) we have A+(x12, K3) = A+(x21, k3) and we
get
S d"? dx; d“§A+ (%12, %3) AT (¥13, %2) At (%23, %) [f (M%, Kg, *3)
2 2 s (7)
""f ("‘2, %1 “3)]:0
Since the expression (7) must vanish for arbitrary
x5, X35, x%3, restricted only by weak inequalities
(for example x}, >0, x§;3< 0, x33<0), f(«}, &3,
K%) is a symmetric function.

Possessing the representation (6) and the sym-
metry property of f(k%, k3, k%), we can easily
write out the represengation for <T@ (x;)@(x;) X
@(x3)>. Using the definition of the T -product
and the relation

1 Ap (x, %) = 9 (x) AT (x, %) + 9 (— x) AT (— x, ),
we get
(T (x1) 9 (x2) 9 (x2) ®)
= Sd"i d d"gAF (12, #3) AF (13, %2) DF(Xog,%1) [ (“i %3 Kg)-
Equation (8) is the desired spectral representation
of the Green’s function in coordinate space.
To obtain the corresponding representation in

momentum space it is necessary to calculate the
integral

Sezl,x.+z'lz.vz+ilast F(X10,%5) AF (X15,%2) AF (Xog, %;) dxyd x,d Xy,
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which is calculated in the usual way and can be
written in the following symmetrical form
111
S“docd@d’fd (x+B4+v—1)
000
S(h+4 b+ L)
B3y + Zay + BuB + o 4 B+ yd —ie
Consequently the desired representation has
the form

(g lals) = 5 (L + Ly 4 1s) Sduf el d? Sdoc dp dy

)
8 (a4 By —1) fodng %)
138y + oy + o3 + axf - B + g — e

A more detailed study of the properties of f( K%,
K%, K%) is necessary for the further analysis of

T, 1y, 1),

o (2, g% p) = [ d b ] («

905
2. Properties of f(«?, 2, k3)

(a) We shall show that f is a real function.
Using the Hermitian character of ¢(xj), we have
{o (%1) @ (x2) @ (x5))" = o (x3) @ (x2) @ (x1))

and consequently
o (% 4% pY) = 0 (P} 4> P}).

But according to Eq. (4) it follows from the sym-
metry of f that

o (r% g% p2) = 0 (% 4% D2).

Consequently p is real, and therefore f can also
be taken to be a real function.

(b) Let us now determine more precisely the
region of values of k% for which f(«}, «%, k}) = 0.
For this purpose we write Eq. (4) in the form

g ALY (kyo) S (Rao) 9 (ksy)

Calculating the integral over I, we get (see Appendix):

Equation (10) has the following simple structure:

R

2B (2 2) B (k2 ) (82 -+ D) (20)

p(—mi, ¢° —ms) = % S7Hg?, my, my) S doe; doxy di3f (%3, %3, x3)
X & (Mg — xg — x3) & (Mg — %y — %3) & (£), (10%)

my =V'—pf, mg =V — p2,
S (g%, my, my) = [q% + (my + my)?I': [g® + (my — mz)?]',
= S%(q%, my, my) — (M} -+ mj—+ 265 — ] —5)* — 4 (q* + 2mj + 2m3) x3]
— [(q® + 2m3 A4 2m3) (i + »§ — mz — %3) + (m§ — m3) (mi + mj
+ 2 — 6 — )]

%S(qg, my, mg) p(— mi, g%, — m3) = R i dn A3 [ (45, %3, %3); (11)

V is a volume in the space of ki, k}, k} whose

shape depends on m;, mg, and q®. It can easily
be shown that for given m;, mgj, and q® the vol-
ume V defined by the conditions & + k3 < mg,

K3 + K9 <my, and £ >0 has the form shown in the
diagram.

2
2
mzb‘ V4
7
c
/’V\' N
o/ A ANNE
~ \ 7 7 X,
\\ |/ ”{7 7
3 \\\/
.-,47/
St f

&/

The volume of integration is bounded by the sur-
face Abed. The surface ABCDE bounds the vol-
ume obtained if we do not include the condition

14

£>0 (OB=0C=m} OE=BA=mj m;<m).
For fixed values of m; and mj, q? ranges from
—(m3--m1)2 to w, For q’= —(m3—-m1)2 the
straight lines Ab and Ad coincide, and the curve
Ac coincides with the curve AD. In this limit the
volume of integration goes to zero, in accordance
with the fact that the factor S(q?, m;, mg) in the
left member of Eq. (11) goes to zero. For q?—
the straight line Ab coincides with the line AB,
the line Ad with AE, and the point c¢ lies on the
plane «% = 0. In this limit, the volume of integra-
tion also goes to zero. But unlike the case ¢’ =
—(mg3—my )2, the left member is not necessarily
equal to zero for q2 — o, gsince f(fc%, K%, K%) can
have a 6 -function singularity on the plane ki =0.
An equation of such simple structure as Eq. (11)
possesses a solution under very general assump-
tions regarding the function p(—-m?, g%, —m}?),
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if this latter function satisfies the conditions

g% (— mi, g%, — mj) <o for ¢*-:-co,

(12)
o (—mi, — (my—my)?, —mj) <oo

which we shall assume are satisfied.

To establish more precisely the properties of
the function f(«k%, k%, k}) we use the fact that
p(—m}, o2, —m%) =0 if either m; or mj; is
less than m, where m is the mass for the state
with the smallest energy for which ¢@gp = 0. Thus
we get

| ddtddddf (4, 4, 4) =0
Vv
for arbitrary q®> and mj; if m; <m, and for ar-
bitrary q? and m; if mg< m.

Since the surface Abcd for various values of
q® and mj contains inside it all parts of the vol-
ume bounded by the surface k3 + ky =my, it fol-
lows from Eq. (13) that f(«%, k3, k3) =0 if K, +
Ky <M Or K3+ Ky <m. Invirtue of its symmetry,
the function f(«%, k3, k4) must also equal zero for
Ky + K3 <m.

Thus we have for the T -product of three scalar
operators the spectral representations (8) and (9),
where f(«k%, «3, k}) is a real symmetric function
which is nonvanishing if the conditions

g >M, %y A xg >m,
are fulfilled.

(13)

%y %3 >m

3. Analytical Properties

Assuming that the integral over K%, K%, K% in
Eq. (9) converges for real /2,13, and I3 [the fung-
tion (3,13, 1%) exists], we find that it defines an
analytic function off the real axis for any one of the
complex variables 13, I3, 13 if the two others are
real. This function can have singularities only at
values of the variables for which the denominator
in Eq. (9) can vanish. In such cases the integra-
tion must be carried out by using the stipulation
that the denominator with which we are concerned
has an infinitely small negative imaginary part.
The imaginary part of 7 (%, I3, 1) will also be
different from zero. A simple analysis of the de-
nominator (which we shall denote by [J) shows
that if even a single one of the arguments, for ex-
ample 1%, is greater than zero, then O > 0 for
12> — (kg +k3)? and 1§ > —(kq + k)% That is, if
we recall the properties of the function f(«3, K%,
k%), weget O >0 for %, 13> -m? If all the
I} <0, then O can equal zero also for > —m?;
for example, for ky=ky=k3=m/2 and a=8=

=Y, O=0 for l{=10}=10%=-3m?%/4. Butin

V. N. GRIBOV

this deduction we have not taken into account the
condition Iy + I, + I3 = 0. If we include this, then
we come to the conclusion that also in the case in
which all [f<0, O>0 if 22> -m?
Consequently, Im 7(ly, Iy, I3) =0 if all I}
—m? and these quantities satisfy the 1nequa11t1es
arising from the condition* Iy + 1, + I3=0.

II. THE GREEN’S FUNCTION IN THE PSEUDO-
SCALAR MESON THEORY

In this chapter we shall obtain the spectral rep-
resentation for

(TY (x1) @, (¥2) D (x5) .

Just as in the preceding case, we consider first
the simple products

b (x1) 9, (x2) b (x3)), <9, (¥2) b (x1) b (¥5)),
(1) b (x5) 9, (x2)) ete.

For example, the first two can be written in the
forms

W (x1) 9, (x2) b (xa)>
= oy | P2t B 8 (1) B () i
XA (B2 0% )+ D (05 4% 1)+ D (s 0P )
+ g (bp— PP (P ) (1)
<9, (*2) § (x2) b (x5))
(271)” gd p1dipseiPr XX Hips (—x) § (p0) & (D3,) 75T
X loW”* (r3 ¢*, pz) + P, (12 ¢%, p2) + D2 (P2, G2, p)
) s (0% % p)) (L4a)

The causality condition establishes a connection

'27 (p1p3 -

between pli/)(PIP and p‘pw. In order to bring out
this connection we shall, as before, seek to express

Pib(mp PP

, pi’", ete.,
8 (p,,) ¥ (pg,) 08 (P2, G°, 12)

— (@409 (kio) & (ko) & (ko) [ (— B, — I, — ),

in the forms

9 (P16) ¥ (Pso) [P,07°% + p,p32%]

*Nambu3 took this rule as the basis for his derivation of the
spectral representations of the Green’s functions, but used it
also for l; not satisfying the condition [, + [, + [; = 0. This
last fact obviously makes his representations incorrect.

After the present paper was completed, the writer learned of
a report by Schwinger at the Seventh Rochester Conference, in
which similar representations were considered from a different
point of view.
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Sd%(km)a(kzow(k%)x<kl+k3>fw( e — B — )+l 5T (— K — R — )],

3 (P10) & (P30) 2—,. (P1ps — Papy) oY% (15)
T
= (409 (k1) 9 (k) 9 (kso) 5 (ks — o) 497 (— B, — IS, — BD);

% (Pr0) @ (o) 694F (12, % 1) = {408 (lag) 9 (ao) 9 (ko) [ (— i, — kD —HD),
9 (p10) 9 (P30) [D1p74% + Pog¥¥]
= (18 (ki) & (k) 9 (ko) (ks + ) 1397 (— K, — B — B
- fOVE (— k2, — k2, —R2)], (15a)
9 (p10) 3 (Ps0) o5 (P1Pa — Paby) 257
- Sd‘*l«‘} (ko) 9 (Rag) & (k) o (Ralty — ko) Fo¥ (— B, — B, — ).
The convenience of just such a choice of the f; will be evident in what follows.
Substituting Eq. (15) into the causality condition

P (x1) @, (X2)  (¥3) ) = <9, (%2) O (x1)  (x5), x2,>0,

we get (here 9= &“a/ 9x,,)
g o b oy AT (4, 5) AT (1g, %5) AT (xpg0)
x (F87% (2, 32, %) — 599 (2, %2, )} = 0,
gdxi 2 gz ([AT (13, %) AT (g, %5) OAT (xag, 1)

+ éA_+ (%125 #3) At (x13,x2)A (%23, %1)]
x [F9e0 (2, w2, w2) — 49 (2, %2, %2)] + AT (12, %) OAT (15, %5) AT (g5, 1)
% [fd:w (xl, *2, uz) — fcpw (Kz’ ,(1 ug)]} =0,

{6 o drgms ZIOAT (ranits) AT (1, 20)+IAT (310, %0) AT (13, %5)] A (25, ) (16)
X [F4% (2, o2, 22) — foov (4, 4, %)) = 0,
from which it follows that f]‘/;‘/"”, etc. Using them and the definition of the func-
fgw (2, 2, x2) = ,c:w (2, %2, %), 17 tions Ap(x, k), we can proceed as in the previous
! — case to go over to the spectral representation of
Analogous relations can be obtained for f‘lﬁw’, <TP(x1)P; (X9 )P (x3)>. We get here:
(T () g, (x) § ), = | dd b dfrms {134% 6, 4, o)
+ 7990 (2, %2, 52) i (01 + Og)+ [0 (2, %2, x2) 0, 8)
+ '217 (3331 - 0103) fg’w (“1’ %3, “3)} AF (X19, %3) Ar (X13, %2) AF (Xas, %1)
and correspondingly in the momentum representation
2 1 1 1.
“( by by) =T 3 (b + b + L) vew \ dd dd di (da (ap (dp (e + B+ y— 1)
0 0 0
F478 (2, a2, o2) + (vh — aly + Bl) ¥V (e, o2, ) + (al — vho) 1% 2, 2, o)
X 23y + Lay + Bud + axd + el - el —ie
?
N RAAY SRR
(19)

VB TRyt Bad el 4 PR pE— e

Using the invariance of the theory with respect to charge conjugation, we get:
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(T (1) 9, (%) § (¥3)) = — (CT TP (x5) 9, (x2) § (1)) C)

V=CT §=Cf oj=—g; Cv,C=—1,CrC=—r

From this we find, by considerations analogous to
those used in Sec. 2, that the fiﬁqo_zﬁ(x%, k3, k§) are
real functions. fz"pw(rc%, k3, k}) is an antisymmet-
ric function and f‘lp ¢$, f;b <P$’ and ff oP are sym-
metric functions, with respect to interchange of

k and «3.

We obtain further information about the
fiﬁ‘pi( K%, K%, K%) in just the same way as in the
previous case. From the condition that
p{’{"ﬂ(pi q®, p§) =0 if —-pf=m? or -pj=m?
and from Eq. (15) it follows, just as in Sec. 2,
that f‘Pk‘Pw(x%, k2, k3) =0 if Ky +Ky=m or K,+
k3=m (m is the mass of the nucleon). From the
condition p](f M’—( p}, &, p§) =0 if —pi=<p® or
-p} <=m? and from Eq. (15a) it follows that
ff{plﬂ(xﬁ, k3, k3) =0 if K+ Ky = m oOr K, + K3

=p (p is the mass of the meson).
Combining these conditions with the condition
(17), we get

FOo¥ (2, %2, x2) £ 0 for x; + %, >m,

1’ 72’ 73

®g x5 > M, %y 43 > . (21)

The last result means that if we disregard the im-
aginary quantities occurring in li and v;5, Ty,

Im” (ly, Iy, Is) = O, (22)

if — li<mi: _l§<m21 _l§<“2

We obtain a more complete representation for
T (14, 1y, I3) if we note that it can be written in the
form
1 1
T l , l y l == ——
(o o b E+u? bt m

v (ly, L, 13) (23)

—
ilg—m

We get an expression for 7/(1y, Iy, I3) if we go
back to the coordinate representation

'tl (xly Xg, )C3)
= (Oz— 12) (9; + m) (05 — m) TP (%) 9,(x5) § (x3))
= (Tu (x1) J; (x2) Z(xs»

F a0 (8 — £) T [P (1) J,; (k) (_xs»

(20)
A B (ty — tg) {Tu (31 [§ (%3) j (%2)]) Ya
+ 3 (ty — ) 8 (ts — £g) Yal{d (%a), [§(x0) i (X2)1}) 1a3
) =(O—w)e,(x); u(x)=(3d+m)b(x);
u(x) = (07 — m) P (x). (24)

Setting <Tu(xq)Ji(X)U(X3)> = T¢ (Xq, Xg, X3),
we see that T¢ (X, X5, X3) has precisely the same
structure as T(Xy, X3, X3), i.e., itis a T -product
of Heisenberg operators. Therefore we can repeat
all the arguments of this chapter with respect to
Te (X1, Xp, X3). By so doing we arrive at formulas
which coincide with Egs. (18) and (19) in the coor-
dinate and momentum representations, respectively.
The corresponding functions f% will satisfy the
same conditions of symmetry and reality. The con-
dition (22) is changed, however, since the matrix
elements of the operators u, u, and jj between
the vacuum and one-particle states are equal to
zero.

Instead of the previous conditions we get

diE(p2, ¢, p2) = 0,

if —p<(m4u? or —p< (m4u),
oj“4(p2, 42, p2) = 0,

if — p2< 9 or — p2<(m+ p)?,

from which it follows that

fuii o, <3, ) %0, i w+x>m+u;  (25)
%o wg>m A, %+ %5 > 3.
From this it follows in turn that
Jdm e (1,1, 1) =0, if —T5< (m+ p)’, (26)

— < (m+ ), — B9

If jj(x) = igyysTiY + A (@i@xPk — Op’p ), then the
terms

3 (t — ta) Ya (T [ (02) i (x2)] 1 (x5))
+ 8 (fy — t3) {Tu (1) [$(x3) j (X2)]D va
+ 8 (t —12) 8 (F2 — 13) va {19 (1) Ji (X2)] b (X2)}) va
= igyse, (T (x2) U (x3)) 8 (%, — %)

— igd (xy — X3) (Tu (%) § (X2)) Y57,

+ igYsT,d (X1 — X2) 3 (xp — X3) 27
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reduce to the vacuum expectation values of T -
products of two operators, for which the spectral
representations are well known.

In conclusion I wish to express my gratitude to
V. V. Anisovich, K. A. Ter-Martirosian, and I. M.
Shmushkevich for a helpful discussion.

APPENDIX
Calculation of the integral (10)

1={8(ps— k)9 (ps— 1) (k)3 (& +2)
X 3 ((py,— B 4 2) B (Py— E*-+ 2) k.

The most important point is to find out the condi-
tions under which I = 0. In order that the prod-
ucts

9(R) 9 (p,— k)3 (K2 +2) 8 ((p, — k)* + 2),

R (Al
989 (p,— BB (8 L) (0, — R +) )
be not equal to zero, it is necessary that

S Gyt — (e (A2)

These conditions are not, however, sufficient to
secure that I = 0. What is needed is the existence
of common values of k for which these products
are nonvanishing. To obtain the sufficient condi-
tions we go over to a definite reference system
with

P1=—P3=DP-

In this system we have
p2 = %2 —x2 -+ 2p, k — 2pkx = 0,
p2 4w —x2+42p k + 2pkx =0, x=cos (pk).

(A3)

Solving these equations and substituting the re-
sulting solutions into the condition

k2 — 2> kix?,
we get

1

EICTE YA e S S S e

2

1
_ 2 __ 52 2
> 16 [xl % pl

+r+ B g e —a—p—p [ (A9

Pso + P1o

The conditions (A2) and (A4) are sufficient con-
ditions for I = 0. When the conditions (A2) and
(A4) are satisfied,

I ==/4p(p10 + P30o)-

It can easily be shown that

(AS)

Pro+ Py = 19° — 2p} — 2p3]'",
[+ (V=rt+ V=) [ + (V=0 =V —5})’]

4 (¢* — 207 — 2p})

2 =

(A6)

By means of these formulas we can write I in in-
variant form. Substituting (A6) into Eqgs. (A5) and
(A4), we obtain the result given in the text.

1G. Killen, Helv. Phys. Acta 25, 417 (1952).
2H. Lehmann, Nuovo cimento 11, 342 (1954).
3y. Nambu, Phys. Rev. 100, 394 (1955).
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