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An approximate expression has been obtained for the binary distribution function near a
second-order phase transition point. This expression is used to find the specific heat

above the Curie point.

LANDAU’SI thermodynamic theory of second-
order phase transitions explains many phenomena
close to the transition point. Many properties of
matter in more symmetric phases, however, are
not explained by this theory. This is due to the
fact that only long-range order is considered, be-
cause the thermodynamic potential is treated as a
functional of the density function or of the unary
distribution function p(r).

The binary distribution function p(ry, ry) plays
an important role in describing the properties of
matter. Allowance for the function p(r) alone is
equivalent to representing the binary function as
the product of unary distribution functions. This
causes the degree of the short-range order to be
replaced by the square of the degree of the long-
range order. Although such a description is suf-
ficient in a less symmetric phase, a detailed knowl-
edge of the binary distribution function is necessary
in a phase with higher symmetry.

Let us consider the specific heat close to a
second-order phase transition, using the binary
distribution function. The greater the rate at which
disordering proceeds as the temperature is in-
creased, the higher the specific heat, so that in-
clusion of short-range order should lead to a slower
increase of the specific heat below the Curie point
and to anomalous behavior of the specific heat
above the Curie point.

To find the binary distribution function, let us
consider ng (r), the density of particles of type
@ at the point r. The mean value ng (r) of
this function is the unary distribution function
pa(r), whereas ng (ry) nB(rz) is the binary
distribution function Pap(Ty, ry). Let us first con-
sider the binary distribution pqg(ry, ry) for a
binary alloy with a superlattice. Ordinarily this
function is approximated in the form of a product
of unary distribution functions, assuming first that
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the probability of finding any atom on a lattice site
is independent of the position of any other atom.
Second, it is assumed that the probability of finding
an atom of type a at a given site is independent
of the types of atoms occupying the neighboring
sites. The first assumption is of almost the same
accuracy near and far from a phase transition
point, and we may maintain it without introducing
any significant error. The second assumption, on
the other hand, becomes invalid close to the Curie
point and must thus be dropped. Therefore in av-
eraging ng(ry)ng(r;) we must take into account
the correlation which thus arises.

Similar considerations, obviously, can also be
applied to other second-order phase transitions
related to symmetry changes in a body. In this
connection, the time average of ng, ( ry)ng(ry) is
performed in two stages. We first average each
factor separately over a time interval large com-
pared with the period of vibration of the atom, but
smaller than the resorption time of fluctuations in
the order. This leads to the expression

[pg (r1) + Am (ry) prx (r1)] [pg (r2) 4 A7 (1) pyg (F2)], (1)

where pg (r) =pyg (r) + Moy (r) is the unary
distribution function, 7, is the equilibrium value
of the degree of long-range order, and An(r) is
the fluctuation in the long-range order at the point
r. The function pgy (r) has the symmetry of the
more symmetric phase, whereas p;q (r) has that
of the less symmetric phase.

Expression (1) is then averaged over a time in-
terval long compared with the resorption time of
fluctuations in the order, as a result of which we
obtain

Pap (I1, T2) = Py (Ty) pg (T2)

R (2)
+ Av (ry) A7 (T2) p1a (11) prp (T2)-
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The mean value An(r;)An(r,) can be found by
means of the thermodynamic theory of fluctuations.
We expand A% (r) in a Fourier series

Ay (r) = X ceett. (3)
f
Then

Av(ry) A (ra) = 2 2 ci Cp @it
£ F

Averaging this expression over the volume of
the crystal, we obtain

Avi (1) B (1) = D) cicse’™, (4)
f
where
R =TI; — T,

According to Landau,? if there are fluctuations
in the order, the thermodynamic potential of the
crystal can be written

O =0+ ([0 + Lot + 5 (wn]av, )

where n =17, + An(r). Inserting the value of
An(r) from (3) into (5) and keeping only those
terms which are linear in c}f cg, we obtain

O = Qg + AD,
where ®gqyj] is the equilibrium value of the ther-
modynamic potential when 7 =7y, and

v .
A(D:—z—zt:(A +af?)cicr, T>8, ©)

AD = 2 SV (2] 4| o) i, T <6, (7
f
where ® is the temperature of the Curie point.

From this we obtain
cier =kT [(A+af)V, T>6, (8)

cice=kT /2| A|+«f2)V, T <. (9)

It should be noted that in the immediate neigh-
borhood of a second-order phase transition point
at which A vanishes, Egs. (8) and (9) become in-
valid for small f, for in this case one cannot re-
tain only the linear terms in @ in the expres-
sion for Ad.

Using the inverse Fourier transform and in-
serting (8) into (4), we find that for T > @

An (ry) A7 (ry) = (T /4naR) exp {— (A/a)":R}.
Similarly, for T< ®
A (ry) Aq(ry) = (kT /4maR) exp {— (2| A|/«)': R}. (11)

This gives the expression

(10)

Pap (F1> T2) = pa(ry) pg (r2)
+ (KT /A=aR) exp {— (A/a)' R} pya (r1) p1p (T2)

for the binary distribution function for T > ®, and

(12)

Pap (F1, T2) = pa (r1)pg (T2) (13)
+ (kT /4raR) exp {— (2] A |/ &)"*R} p1a (r1) pas (T2)

for T<®.

The binary distribution function can be used to
find the energy and specific heat of a crystal. As
an example, let us consider the specific heat of a
binary alloy of the type of B-brass close to the
second-order phase transition point. The interac-
tion energy of the atoms of the alloy will be

Na (N - 1)
’—252— SS uag (l‘l —1'2) Paa (rl, rg) dvl dV2

NN,
+ Ve SS Ugp (Fy — T3) Pas (1, T2) AV, dV,

Eint =

N, (N, —1)
+ 'b—z‘zz— SS Upp (T1 — T3) pon (F1, T2) AV dVs, |

where N, is the number of atoms of type a,

and ugg is the interaction energy between atoms
of type @ and type B. We shall use the binary
distribution function as given by Egs. (12) and (13),
where the unary distribution function can be written
in the form pg (T) = peg (T) + NP1 (T). If we
now recall that for an alloy of the type of B-brass
p1a(r) = —pip(r) and neglect unity compared with
Ny and Np, we obtain

2
Eijnt= Eo + %{ SS u(ry —ry)
kT 1
X [vﬁ + T =T P @Al "Ifl—le}]
X p1(r1) py (re) dV1dVs,

NZ
Ejnt= Eo+ BV SS u(ry —ry)

T <8,

kT "
X 4ma |1 — 1y | EXP{_(A/“)I [Ty —ral}

X p1(r1)py(re) dVydVs, T >8,

where u =ugg + upp — 2uyp, N is the total num-
ber of atoms in the alloy, and E; is the interac-
tion energy of the atom in the completely disordered
alloy.

We now make use of the fact that close to the
phase transition point n% =-A/C and A=a(T -
®) and keep only the largest terms. This leads
to the following expressions for the specific heat
at constant volume:

kBa'l >

a
C”—C”°+(_f+ 4na’VZ (8 —1T)

(14)
We—r)o )o@ aviav,  T<6,
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£Oq'ls
8ma* VT — 8

T>6.

Co = Coo— SS 1 (ry — 13) py (1) o1 (F2) AV dVs,

(15)

As has already been noted, Egs. (8) and (9) are
invalid for small f in the immediate neighborhood
of the phase-transition point. This is true also for
Egs. (14) and (15). A necessary condition for their
validity is An¥/2 > Cn%/4, if n° = (kT/4mad)e™0d,
Here d is the distance between neighboring atoms,
and n = (a|T — ©|/a)¥?

Noting that a%/2C is equal to the discontinuity
in the specific heat per unit volume ACp, and?
that o ~ ®ad?, we obtain the following condition for
the validity of Egs. (14) and (15):

|T—61/0>>(k/16xd3AC,) exp{— (| T — ©|/O)':}.
Using the value of Sykes and Wilkinson? for ACp
of B-brass, we obtain |T — @|/® > 0.007.

Within the limits of applicability of the expres-

sions obtained, the inclusion of short-range order
in the ordered phase leads to an insignificant de-
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crease in the specific heat. In the disordered
phase, the inclusion of short-range order adds the
following correction term to the specific heat:

Cy = Cyo+const/ YT —0.

For B-brass, with (T — ®)/® = 3 x 1072, this
additional correction term supplies about 5% of the
discontinuity in the specific heat at the Curie point.
This conclusion is in satisfactory agreement with
the r;leasurements performed by Sykes and Wilkin-
son.
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It is shown that part (20 to 30%) of the low-energy flux (range R < 1.7 g-cm™2 Al) registered
in the cosmic radiation of the stratosphere, is genetically related to nuclear-disintegration

products.

FROM the number of particles N (cm™2sec™)
and the produced ionization I (pairs of ions per
cm?®/sec), measured in the global intensity of cos-
mic rays,"? it follows that the average ionizing
ability of charged particles in the atmosphere,

K =I/N, increases considerably with altitude, and
that at an altitude of 10 to 17 km it exceeds the
average ionizing ability of relativistic particles

by a factor of 1.5 to 1.7 (Ref 3). This is evidence
that there exists at these altitudes a considerable
flux of secondary strongly-ionizing particles. The
ionization due to these particles can be estimated
from the value of the “excess” ionization, defined

as the difference Igyxc =1 — kN where k, is the
average ionizing ability of relativistic particles.
The value of Igxc reaches one-third of the total
ionization current.! Experiment has shown®»® that
the variation of Igy, with altitude and its latitudi-
nal effect are identical with the corresponding re-
lations observed for stars in photoemulsions, and
for ionizationsimpacts observed in chambers. This
suggests a possible genetic relationship between
this variation and nuclear disintegrations.
Quantitative measurements of the ionization im-
pacts, which experiments® have shown to be essen-
tially due to strongly-ionizing protons and to heavi-



