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We take account of thermal motion of electrons and ions in considering the propagation of

magnetohydrodynamic waves in an ionized gas.

AS has been shown by Astrom!+2 and Ginzburg,3
magnetohydrodynamic waves in an ionized gas are
nothing more than low-frequency ordinary and ex-
traordinary electromagnetic waves, familiar from
the theory of the propagation of radio waves in the
ionosphere. The frequency of these waves is much
less than the Larmor frequency of the ions. In the
above-cited works the electron and ion motions
were described by equations for their mean veloci-
ties. The phase velocity Vg of a magnetohydro-
dynamic wave is usually much less than the veloc-
ity of light ¢, and may be comparable with the
mean thermal velocity v§ and vip of the elec-
trons and ions. One can therefore expect that if
Vg S v?r, the thermal velocity of the charged par-
ticles will strongly influence the propagation of the
magnetohydrodynamic waves.

If the frequency w of the magnetohydrodynamic
waves is much less than the frequency v, of
“short-range” collisions, and if the wavelength A
is large compared with the mean free path, a local
Maxwell distribution is established during a time
on the order of 2m/w. In this case, as is well
known, the equations of hydrodynamics can be used,
and it follows that in addition to magnetohydrody-
namic waves of the Alfven type, two mixed magneto-
sound waves may propagate in the plasma. If, on
the other hand, .w > v, the thermal motion of
the charged particles can be taken into account by
finding the magnetohydrodynamic wave propaga-
tion using the kinetic equation with self-consistent
interaction.?

The present work is devoted to the kinetic the-
ory of magnetohydrodynamic waves propagating in
a plasma at any angle 6 with respect to an exter-
nal magnetic field. “Short-range” collisions lead-
ing to damping of the waves are not included. The
case 6 =0 has been treated by Gershman® (see
also Dungey®). It is found that if 6 = 0, the “short-
range” collisions give only a small contribution
even if it is not true that v, « w358 1 any case,
the effect of “short-range” collisions will be small
for arbitrary 6 if ve < w.

1. DISPERSION EQUATION

Consider electromagnetic waves propagating in
a plasma of electrons and singly ionized ions. Let
fyy be the equilibrium value of the distribution
function for particles of type @ (a = e denotes
electrons, and @ =i denotes ions). We shall
write a kinetic equation for f, (v, r, t), the small
difference between the actual value of the distribu-
tion function and £y, assuming that the frequency
of the waves is so high that we may neglect the
collision integral in this equation. We then have

Of of, e, . Ofo,

y . O
a TV ta Ea

— 5y

=0, (1)

of = e Ho | M, foa = No (Ma [ 27T )" exp (— mav? [ 2T ).
Here ey and mg are the charge and mass of the
particles of type a (with ej=e > 0), Hy is the
external magnetic field strength, 4 is the polar

angle in velocity space (v is the velocity of par-
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ticles of type @, and the z axis is parallel to
Hy), T is the temperature of the gas of particles
of type @, and n; is the equilibrium electron
density, which is equal to the equilibrium ion den-
sity. The electric field strength is given by

. 1 92E 4e O \
AE——graddlvE—ﬁW—=g;ﬂ Svf[dv——-gvfgdv].(z)

Let the external action perturbing the equilib-

rium state of the plasma be turned off at time t = 0.
Then, using a Fourier-Laplace method to solve Egs.

(1) and (2), it can be shown that after a sufficiently
long time t the Fourier components of the elec-
tric field strength will be proportional to e 1¢'t,
The complex frequencies w’ = w— iy are defined
as the solutions of the dispersion equation for the
lowest y. To obtain the dispersion equation we
insert expressions for f, and E proportional to
el(kr—w't) into (1) and (2), where k is a given
real vector and Imw’ < 0, which means that f,
and E are in the form of plane waves. The con-
dition on w’ corresponds to solving Eqgs. (1) and
(2) by a Laplace transform in time. The dispersion
equation will then be of the form?’

An'* + Bn'* 4+ C =0, n' = kcjo', 3)
where
A =e;;5in?6 + e53 cos? 0 |- 2¢,5 cos O sin 6, 4)
B = 2 (e19823 — €22813) €O 8in 6 - 2 —e55e55
— (ea2833 + %) COS? 6 — (13895 - €2,) sin® 0,
C = Det | ek | = e33 (e11802 + 22) + e11e2; + 26198958153 — €283,

Here 6 is the angle between the wave vector k
and the magnetic field H;. If Imw’ <0, the di-
electric constant e€jg(w’, k) (with i, k=1, 2, 3)
is of the form

4mee,,

e (0, k) = 8 — i D) ——
o

’
ooy T,

(orfor exp (iaasin® + ibud)

9
X Svh exp (— ia, sin g — ibyd) d dv,

Qg = kxv_l_/m;;’ bo = (kv — 0)')/(;);‘1.

(5)

The z axis is parallel to Hy, and the x axis lies
in the plane containing k and H,.

Let us write Eq. (5) in a different form. Con-
sider, for example, €4y. Bearing in mind the re-
lations

o o
e-iasiny = 3V J, (a) ein¥; Seia sind-in¥ g — 9.7, (a)
ne d (6)

and the expression for the second exponential inte-
gral of Weber,? we find that

893
. vng _— it Py ¢ et
-11_1_-;”%(3 w3 n 1,1(@&)_8 z:__tdt, )

where In(pg) is the modified Bessel function,
and
Vo = Qg/‘”'z’ Q, = (4“noez/ma)lh’ Wy = (kxvu;/"‘)nﬁ)z;
2t = (o —n| o2 | )V 2kvs; 02 = (To/mg)™. )
The series of Eq. (7) can be summed by noting that

1,

—n

o o
Setk cos ¢+iYe dCP = 2
0 Ne=—00
After integrating over t, we obtain an expression
for €;; in the form of a single integral. The other
components of €jix can be expressed similarly.

As a result we arrive at
2 oo
o

02115 exp {p-a (cose—1)

(Imy>0).  (9)

en=1—1 -
« @1

3 ’ 2 ’
+i’;—<?-—7“<92}(t - —%xﬁ@)sin?d%
log | loog |
Q¢
g19=1 Zw'm’ S exp {ua (cosp —1)
a H g
., 2 .,
to —_ %2 CcOS —1 (.li._i.xﬂ d(P,
+| o w}( ¢—1) on] 2 ¢<P)
Q2 ¢
13 = — icoth = exp{u, (cosp —1)
13 g I““’;{l§ {

b B 14

| | 4 leog |

0 ¢
522=1+i2m'|m}’;|gem {ua(coscp—-l)
o« 0
+ i"l @—i@}{wﬁ(1—2ua)coscp+u¢cosz@}dcp,
| g | 4

Q2 ey
€93 l 2 ————axa V“a
*

VZw’m;‘,

X Sexp {ua(cow—l)-l- :‘)’L o— 2 @}(l—cow) de,
0

lo% | &
. Q2
533=1+12m’|m“’
a H
X §oex (coso— 1) + -2 % }/1__1_,@ z)d
; P ik, ¢ |°’7-1|<p Z ‘P\ 5 % P°) 4P,
€21 = — €195 €31 = €13; €32 = — Ss3,

wx =V 2k0% [ | 0. (10)
Equations (10) for the €jix are analytic functions
of w’ over the whole «’ plane. We shall use
them in solving the dispersion equation (3). We
note that if H, is replaced by —H,y, the compo-
nents €4, €y, €33, and €;3 remain invariant,
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whereas €y, and €p3 change sign.

Let us rewrite Eq. (10). Expanding exp (pqcose)
in Eq. (10) in a series of the Iy (uy) functions
and making use of the relation’

—t? —
](z) = V%;Z—e——_tdt = —ZVTC 20 (2),

= ¢—2* 2_iz 1
W) = e (1+ V;§e ), (11)
where the integration over t is taken along a con-
tour C going from -« to + and circling the
point t =2z from below, we obtain

v 20
en=1— glﬁ

Lo

e"“a Z nzln (“’a) S Z:j

e i
o= —i DL e Dl () — I (e)) |,
a n=—co cn
e = — nyfv 2 —ua,,ém al, (pa)g z‘;__"tdt,
ggo =1 — ; vl"}i_g e e
X3 [(2 42 Ine) — 200, >]§ ;’"tdt,
T Eza_lzlfze v zom e
X3 U () =) g . a2
swﬂ_zﬁﬁ—%214>g
where ej=1 and eg=~-1. If cos § >0, the in-

tegral over t in (12) is taken along a contour C
that circles t =23 from below, whereas if cos 6
< 0, the contour C passes above t=zZ. To be
specific, we shall assume below that cos 8 > 0.

We note that expression (12) for €jix can be ob-
tained directly from an equation of the form of (7)
by replacing the integral over t along the real
axis by an integral along C.

In attempting to determine the excitation of
electromagnetic vibrations in a plasma by external
currents, one must also consider Eq. (3), which
defines the wave number k’ =k + ik as a function
of the frequency w [in Egs. (3), (4), and (10) to
(12) one must set w’ = w — i6, where w is a
given real number and 6 — +01.

Equation (3) can be solved in several limiting
cases. If Vg »v§ (and Ty — 0), Eq. (12) leads
to known express1ons for the € (quasi-hydrody-
namic approx1mat10n), and Eq. (3) gives the index
of refraction for the ordinary and extraordinary
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waves. If the separate terms entering into A are
much greater than |B/n?| and |C/n%|, we obtain

by setting A =0 the dispersion equation for lon-

gitudinal vibrations of the plasma in the magnetic

field. In the present work the dispersion equation
(3) is treated for low-frequency waves, when w

< wly.

2. ANALYSIS OF THE DISPERSION EQUATION

We shall now consider the dispersion equation
(3) for a strong magnetic field, when kv% < w%.
In view of these inequalities, we may consider that
po <1 and |zZ| »> 1 for n==1, £2, The
functions I, (py) and e “Ha jin (12) can therefore
be expanded in powers of u,, and in the resulting
sums we need retain only the first few terms. In
addition, the integrals taken along C which con-
tain zﬁ‘ (with n==1, £2,...) will be expanded
in the asymptotic series

z et 1 3
C

2z
(JRez|>1, Imz&k1).

Considering further that || < w§j, we obtain
the following expressions for the ¢;y:

B?2
o= [1+ 5+

—iVrze?
(13)

(cos26 — % sin? 0) + %’—] ,

i

- ;/": [1 + B ’2(cos2 6 — % sin? 0)] ,

23 = — 28y A cos Bsin 6; (14)
Cap = €1 — 2p%n'2n?4 sin? e[ I (zz)] )

o = —7_—19[1 @ —1 @),

S33 = m [l e ] , (15)

where

na = (vi/u))"” = (dxnemc?/HY) ", B, = vi/e, Uy, = w?/(wf)?.

If yo =-Imz{ < 1, expressions (15) for e,
€93, and €33, which contain the integral I(z),
can be simplified.. In this case we expand w(z)
in Eq. (11) in powers of y = —Im z. Dropping
terms of order y, we obtain (noting that z =

x —1iy)

1@ =1x)+0(y): [(x)=2xF(x)— i} =xe==,

F(x) = e*":g etdt.

0

(16)

Taking (16) into account, (15) can be written
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€11 — €22 = QB?nlz’-ﬁl sin® 0 [2x.F (x;) 4 2x.F (xe) To/T:
- e - 2
—iVrmxe i —iVrxe e T, T,

iv, sin 6

[2x:F (x;) — 2x,F (x.)

€93 = — 77—
14 u;cos 6

B N
—iVrmxe iV mxe e,
Y;

B2n2 cos? 0

B U
+ Varxie g Vﬁxee xeT[/Te],

[] -+ T[/Te —_ 2)6,'1: (X[) —_ 2X3F (xe) T[/Tg

€33 =

17

where
%o = (V 2Bancos )72,

In the most interesting cases, in which it is pos-
sible to speak of wave propagation at all, the index
of refraction n for magnetohydrodynamic waves
is on the order of n,. We shall assume that np
> 1, or that Vg < c, since only then will the in-
clusion of thermal motion give significant correc-
tions to n’. Equation (3) then becomes

n=kcjo.

(cos?Bn'2 —ey;) (% —egy — <2, [ £35)

= — e, — 21’2 c0s 05in Bejaeyy /€35 + . . - - (18)
In view of the fundamental inequalities
0> v S U S S8 nYu >0 nYu.. (19)

the terms discarded in (18) are small compared
with those which remain.

Let us now go on to a consideration of (18) for
various special cases.

(a) Consider first propagation of magnetohydro-
dynamic waves along the magnetic field. Setting
6 =0, we obtain €y; = €99 and €33 = €53 =0. The
left side of (3) then breaks up into the product of
three factors. We equate each of these to zero,
obtaining

nt—ey =V — = 0. (20)

eg3 = 0;

The first relation in (20) gives the dispersion equa-
tion for the longitudinal plasma vibrations investi-
gated by Vlasov® and Landau.!® The second is the
dispersion equation for ordinary and extraordinary
electromagnetic waves which, for 6 = 0, are purely
transverse (div E = 0). This equation agrees with
the dispersion equation obtained by Gershman.® If
we take account of (19), Eq. (20) gives the indices

of refraction for the ordinary and extraordinary
waves in the form

s = Bink/V w:. (21)

According to this equation, the thermal motion of
the ions gives corrections to the indices of re-
fraction which are significant only if Vg < v,
when B%ni\ /‘/‘—l—i ~ 1. If we include the exponen-

ns o = na/(1 Fa);
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tially small terms in (13), we obtain the damping
constant

I _ = Y4 1Fo Y )
(3)1,2 - 8B ,2Fc exp {— (z+1)*};
;e (1 I wi Je)?2
(24)? = —ZB-Zn‘;—— (22)
iM,2

The imaginary part of the wave vector k’ will be
equal to (the frequency w is given)

(e =V 55

Both (Y/w); 4, and (k/k);, are extremely small
because Bin/w/u_i <1 evenif Bini ~ Vuj.

(b) Let us now consider the propagation of mag-
netohydrodynamic waves at a small angle 0 < 1
to the magnetic field. We find from (18) that-if
B%nfg /Vuj < 1, then n;~ n,~ np. Writing

(23)

exp { — (241

1.2

n,=na(l4q,) g ,=q,,+ i,/

o 24
Ty =%/, (10,1 1), (29

we find that the quantity

. , 11 1, 33y om,
Ge=%:— 5 (—’E +'E['" +~Tz + g 4 .- ) ' (25)
is given by
g i €11 — €2 523 62 "

q1,2 + 2 "?4 nisas q1,2 (26)

2 -

2 2 2
na ny TA%33 g%

We now make use of expressions (17) for ey —
€99, €23, and €33, obtaining
] 62 94
Gy, = (1 —BiniD) =+ {35 (1 + BinkD)*
(1 + 83n%) a
a1 ik — 268 (10 —1.) Gt @7

D=2 4+ 2L.TTs + (I: — 1)/ (1 + To/Te — I, — I,T:/T.),
G=[14+T)T.—1;,— I.T;/T.1*,

Io=1(x), %«= (V2 Banta)™
Let us now consider (27) in some special cases.
Let the phase velocity Vg = c¢/na be much greater
than the mean thermal velocity of the ions, or
Binp << 1. Equation (27) then leads to

. e, 11/ T
Req,, = Ti7V’T+_1;’

Ld m, _ 62
()= V w15 Vot Jee\= gzl
(29)
It follows from (29) that as the phase velocity
decreases, the damping increases. If Benp <1,
the ratio y/w is exponentially small. The damp-

(28)
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ing given by (29), however, will be much greater

than that given by (22) for all except the smallest
values of 6, since the quantity u; / Zﬁfni, whose
exponential enters 1nto (22), is much greater than

1/2BénA. If V@S VT, then ('Y/w)l g~ 0 BenAme/ml.

As is seen from (29), the extraordmary wave is
more highly damped than the ordinary one, or v,
> Y.

Equation (29) is valid if Bjnp < 1 If, however,
Binp ~ 1, which means that Vg ~ VT, then as
follows from (27) we have

Re ‘7;2"’ I/Vu_,-, (1/®)1,2 ~ a,8% 4 a,b* /V‘—‘:r

where a;, ~1 and 6% < 1/Vu; .
For Vq, < vlp, Eq. (27) gives

, . 3 1 P (30)
Ga= 1V G o e | IR St |,

2
or

(t/)2 = V=/8 B inat® for 1/u;>=6%/2 Bina, a1

)

s 1 sind 1"
("{/"3)1,2 = "/';—: [3[’1‘493 + 5 [% ?’%2464 — —:—A]
1 ™
for <7 (32)

i
Equatlons (30) to (32) are valid only if Bijnp > 1,
n} /Vu; < 1, and Bijns6% « 1. If however, Binp
>> 1 but the inequality an /‘/—i « 1 is not ful-
filled, the initial approx1mat10n ny = ny, ® ny be-
comes invalid. Let Bln A~ \/_1 Then assuming
that in the zeroth approximation the indices of re-
fraction of the ordinary and extraordinary waves

are given by (21), we obtain
=
=V

(%>1,2 = 1/{7‘: 2F $ ‘d N <—7_>1

(Binat® < 1). (33)

If =g} /Vu; <1, then (33) leads to Eq. (31)
for Y1,2- Thus Egs. (27) to (33) for small 6 will
give v, for all o.

(c) Let 6 ~1. The right side of (18) contains
quantities small compared with the individual terms
on the left side. Therefore we can obtain an ap-
proximate solution of (18) by equating each of the
factors on the left side to zero. The index of re-
fraction of the ordinary wave is then given by

[711;202,

ny=ny/cosb. (34)

We note that Astrém calls the wave whose index
of refraction is that given by (34) the extraordinary
wave.

Let us find the corrections to (34). Writing

n = na(l4+q)/cosh, ¢, =q,+i(1/on
Y1 =xccosb [ ng, lqlll<< 1,

(35)
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we find from (18) that

3 e
. ]

(36)
[1 + B}nh (1 —*/atan?0)]? [cot? 0 + 23%n5 (I, — 1)) a]

9= 2u; (1 + B2n4d) (37)
at = [1 + B2nd (1— 3/tan®6)] [1 + Ts/Te — I; — T[T,
b=(I;—1.)?/(1 + Ts/Te—1I; — L,T:/Ts) + 21; + 21.T./T:,

Io=1(%a), Xa=(V2Bina)™*

If Bn A <1, we obtain

1 1 1 29 m,
‘71=—2‘(—+ﬂ+ ’"i) )

ng - u;

(38)

T m, BgA
8m

cot? 6 exp {— x3}. (39)

YY) —
(5).=
If Bgnp < 1, the quantity (y/w); is exponentially
small, while if Bgnp ~ 1, we have (Y/w)y ~
mgBeny /miuy.

If Bjnp ~ 1, itis easily seen from (37) that

Req, ~Img; ~ lu;t.

Finally, if Bjnp > 1, Eq. (37) leads to
Y\ —
(&)=

and Im qf > Re qf. Equatlon (40) is valid if

(v/w)1 < 1, orif BlnA/u1 «<1. If BlnA/ui ~1,
it follows from (18) that Re n’ ~ Im n’ ~ np. Thus
the ordmary wave is weakly damped (v; < wy)
only if B} /u; <« 1.

(d) Let us now consider the propagation of the

extraordinary wave for 6 ~ 1. We equate the sec-
ond factor on the left side of (18) to zero, writing

cot20 (1 — 3/atan)? 3?”2

Ven u (40)

2
1'% — g3y 4+ (811 — 22) — €323/833 = 0.

(41)

Assuming that e = nA is much greater than
either |ey — €| or |ed;/es3l, we can use (41)
to find the mdex of refraction of the extraordinary
wave (which Astrém calls the ordinary wave).
This is

Ny = Na. (42)
Let us now find the corrections to (42). We set
n,=na(l4q,); q,=q:+i({/0);
o 43
Y2 = %2C/N4; lq'2|<<l. (43)
Then it follows from (18) that
1 1 m, cot? §
q2_?<7‘a—+ m;  u; )

B2n,4 sin%6 <2 + == T + 2x, (44)
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= m, sin? § x2

T T cosp Penae © Xe= (V' 2Benacosb).

(45)
Comparison of (29) and (45) shows that if Bgnp
S 1, the extraordinary wave is damped much more
strongly than the ordinary one, or 7v,/y; ~ u; > 1.
If Bina < 1, then |qj| < 1. If, on the other
hand, Binp ~ 1, then n’ must be found from (41),
which then becomes

2 2 2.19,2 L:_9 12 (Z(l)) i .
n'? — ny 4 Bin'2ns sin? 6 — + 21 (2,) | = 0,

14 T,T; — 1)
. (46)
where I(zz) is the integral defined by (11).
Equation (46) is obtained on the assumption that
|Ben” cos 6] > 1. It follows from (46) that Re my

~ Im ny ~ny, which means that if Bns ~ 1, the
extraordinary wave is strongly damped. Exact
solutions of (46) can be obtained numerically, using
the tables of Faddeeva and Terent’ ev.’

We now make one remark regarding the propa-
gation of electromagnetic waves perpendicular to
the magnetic field. As 6 — n/2, we find that
|z&| = =, and the imaginary parts of ejk in (12)
vanish. Therefore the damping of the electromag-
netic waves for 6 = n/2 is determined entirely by
“short-range” collisions.

3. CONCLUSIONS

The kinetic equation was used to investigate the
propagation of magnetohydrodynamic waves whose
frequency is much greater than the frequency of
“short-range” collisions of charged particles both
with each other and with neutral particles. It is
shown that magnetohydrodynamic waves propagat-
ing at an angle 6 = n/2 are damped (damping is
similar to that found by Landau!® for longitudinal
plasma waves). The damping constant increases
as the phase velocity Vg ~ c¢/np decreases, and
is no longer exponentially small when Vg ~ V%.

If 6 <1 and Vg < vip, the damping of magneto-
hydrodynamic waves is small only in a very narrow
angle interval 6% <« 1/8jnp < 1. If 6 ~1 and
Vg ~ v%, the damping constant 7y, for the extra-
ordinary wave is much greater than the damping
constant 7Yy, for the ordinary wave, and we may
write ¥,/vy ~ u; > 1. The ordinary wave is
strongly damped (Re nj ~ Im n}) for Vg < vr,
when Bjnp ~ u;. Strong damping (Re ny ~ Im nj
~np ) does not allow the extraordinary wave to
propagate when the phase velocity becomes of the
order of vm.
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533, title

645 Eq. (1)
647 Eq. (11)
894 Eq. (12)

897 Eq. (45)

979 Table II, heading
1023 Figure caption
1123 Eq. (2)
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Page
375 Figure caption

816 Beginning of
Eq. (8)

Reads

Nuclear magnetic moments
of Sr87 and Mg

e+ %V G0 Go + 1)
(L +nlBpl—L|Bf
=1

= 1= N

Vw2

|E, > 50 Mev | E > 50Mev

F'=ua/iy
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a) positrons of energy up
to 0.4 €, b) positrons
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