THE INTERACTION OF ELECTRONS WITH LATTICE VIBRATIONS

sate in the second order in g is equivalent to ob-
taining it by minimizing the ground state energy to
the same approximation in g. One may suppose
that this equivalence will be true also in higher
orders in g.

The authors take this opportunity to express
their gratitude to N. N. Bogoliubov for discussing
the work.
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A general method for taking into account polarization of the medium in the calculation of
radiative corrections in phenomenological quantum mechanics is developed. The effect of

a nonconducting medium on radiative corrections to Compton scattering is taken into account
for an arbitrary dependence of the dielectric constant of the medium on frequency. It is
shown that in some cases, account of the medium substantially changes the cross section

in the region of small scattering angles.
1. INTRODUCTION

I-:[.lHE influence of the medium in the calculation of
higher approximations in perturbation theory must,
in general, be taken into account, because the in-
tegrations over the 4-momenta of virtual photons
inc¢lude a region of long-wave photons for which it
is impossible to ignore the presence of neighbor-
ing atoms of the medium. This situation was first
indicated by Landau and Pomeranchuk,! who noted
that multiple scattering by the atoms of the medium
should lead to a change in radiative corrections in
those cases in which infrared catastrophes occur,
i.e., where the region of soft quanta is essential.
Ter-Mikaelian? noted that the difference of the
dielectric constant of the medium from unity for
soft quanta should strongly influence the radiative
corrections.

A method of taking into account the multiple
scattering by atoms of the medium was developed
by Migdal.® In the following, we consider the in-
fluence of the medium on radiative corrections,
connected with the difference of the dielectric con-
stant and magnetic permeability of the medium, €
and u, from unity in the region of soft quanta; we
shall not take account of multiple scattering.

In order to develop a general method for taking
into account the polarization of the medium in
higher orders of perturbation theory, it is con-
venient to use a generalization by the author* of
the Feynman-Dyson covariant perturbation theory
to the case of phenomenological quantum electro-
dynamics in media. The general method obtained
in this way will be applied to the Compton scatter-
ing, in order to obtain the cross section of sixth
power in e, with account of the polarization of the
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surrounding medium. The notation of Feynman®

will be used.

2. COVARIANT PERTURBATION THEORY

In the formulation of the Heisenberg represen-
tation? of phenomenological quantum electrodynam-
ics in media, it is easy to see that the only differ-
ence of the theory from electrodynamics in vacuo
is the equation for the potential of the electromag-
netic field and the commutation relations for the
operators of the noninteracting electromagnetic
field. The supplementary relation can be put in
the same form as in electrodynamics in vacuo by
using a covariant method of separation of the lon-
gitudinal and scalar components of the potential,
analogous to that employed in Ref. 6. Therefore,
in the formulation of the perturbation theory, the
usual Green’s function for the photon will be re-
placed everywhere by the Green’s function

G (x, ') = (2)7 @l (2 + % (uoko)?} ™
(1)
givexpik (x —x'),
where k =eu — 1, u, is the 4-velocity of the me-
dium, and ej, are the unit 4-vector directions of
polarization of the photon, such that

N
Civ = Opy;, €pCjx = 3ij; (2)

g, = pheio (Bye — Uytta [1 — (1 4 %) 7). (3)

In the following we shall take the imaginary parts
of € and p to be small, limiting the considera-
tion to dispersion in the region of transparency.

It should be noted that the usual choice of sign of
the imaginary parts of € and p does not lead to
a causal Green’s function, but to a retarded one,
as can be seen from the fact that in going over to
the vacuum, the way of going around the pole is
not the same as that of Feynman. (This is con-
nected with the fact that only retarded potentials
were employed in the derivation of the expressions
for € and u.) Therefore, the prescription for
going around the pole in Eq. (1) should be obtained
from the requirement that (1) be the causal Green’s
function.” The prescription obtained from this can
be, for example, given for positive frequencies in
the form of the condition that there be an infinites-
imal absorption, and for negative frequencies in
the form of the requirement of symmetry of the
theory with respect to past and future.

As is well known, in a dispersive medium, ¢
and p are functions of that invariant variable,
which, in the system of the medium, becomes the
frequency. The only variable of this type is the
scalar uk, and €, u, and k are functions of it.

Thus, «k and p are, in general, some compli-
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cated operators, and this leads to additional diffi-
culties in formulating the theory. In order to get
rid of these difficulties, it is possible from the
very beginning to consider the theory in the mo-
mentum representation; however, one can obtain
the same results by employing the usual simple
method, introducing the dependence of k and u
on uk only after going to the momentum repre-
sentation.

Just as in the case of the vacuum, all diverg-
ences in the region of large momenta can be elim-
inated by renormalization of mass and charge.
Consideration of possible types of diagrams shows
that all conclusions about number and behavior of
primitive divergences obtained for electrodynam-
ics in vacuo® remain valid for electrodynamics in
media. This follows from the fact that in the re-
gion of large momenta, € and u tend to unity
and the matrix element for an arbitrary process
in media in the region of large momenta coincides
with the expression for the matrix element of the
same process in vacuo.

The general rule for eliminating divergences
from the scattering matrix element, analogous to
that obtained by Dyson® for electrodynamics in
vacuo, consists in subtracting several terms in
an expansion of the divergent matrix element in
k or (f) — m), where one must set e=p=1
in the subtracted matrix elements, i.e., these
terms must be defined from the corresponding
matrix element for the process in vacuo. The
latter condition comes from the fact that the sub-
tracted terms correspond to unobservable effects.
The number of subtracted terms should be the
minimum number for convergence of the remain-
der, which is that value matrix-element having
physical significance.

Thus, the finite part of the self energy of an
electron in media will differ from that in vacuo,
leading to a difference in the mass of a free elec-
tron in media from that of a free electron in vacuo.
From this it follows that after renormalization of
the Green’s function for an electron in media is
carried out, it coincides with the Green’s function
for an electron in vacuo only in the zero order
approximation of perturbation theory.

Taking account of the subsequent terms in per-
turbation theory leads to the appearance of addi-
tions to the mass if the electron moves in media,
but not if it is in vacuo.

This leads to an essential difference in the
Green’s functions for a free electron in media and
in vacuo, in spite of the fact that the equation for
the operators of the electron-positron field in
media has the same form as that in vacuo. The
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finite additions to the electron mass in the Green’s
function are essential in the infrared region and
lead to the fact that the so called infrared catas-
trophe never arises in media. This effect, in es-
sence, is a result of the fact that, strictly speak-
ing, the electron moving in the potential field of
the atoms of the medium cannot be considered as
free, and therefore p? = m?.

From this it follows that in order to eliminate
the infrared catastrophe for electrodynamics in
media, it is sufficient to take into account the cor-
rections to the electron Green’s function from the
emission and absorption of a single virtual quan-
tum, i.e., the change in mass connected with cal-
culation of the self-energy diagram of second
order. From the result in the same order, it is
possible to obtain the expression for the Green’s
function of the electron in media in the form

i (2«:)‘2Sd4p (p—m— A lexpik(x —x'),  (4)

where A is the difference in the change in mass
for a free electron in media and in vacuo. We note
that A depends on the invariants m and up, i.e.,
on the energy of the electron relative to the medi-
um.

In the future, we consider only the experimen-
tally observed cross section of Compton scattering,
in which the possibility of production of additional
soft quanta, not registered by the apparatus, is
taken into account. Then the cross section in the
region of soft quanta drops out of consideration,
the infrared catastrophe does not arise, and it is
not necessary to take account of A in Eq. (4).

3. COMPTON SCATTERING

In considering the influence of the medium on
Compton scattering, it is of greatest interest to
represent the scattering of photons sufficiently
hard in the system of the medium so that € and
u can be considered equal to unity for the frequen-
cies of both the incident and scattered photons.

The influence of the medium in this case will show
up only in the virtual quanta and, consequently, the
matrix element of second order in e for Compton
scattering will not depend on polarization of the
medium. (The corresponding diagrams do not in-
clude virtual photons.)

The matrix element of fourth order in e in-
cludes virtual photons and, consequently, will de-
pend on the presence of the medium. We shall cal-
culate the radiative corrections by the method of
Feynman.5

Since the radiative corrections for Compton
scattering were calculated in the work of Feynman
and Brown,? it is then necessary for us to find the
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difference between radiative corrections in media
and in vacuo. In view of the fact that we restrict
the calculation to only terms of sixth order in e
in the cross section, the matrix element of fourth
order enters into the cross section linearly, so
that we only need to calculate the difference of
the matrix elements of fourth order for Compton
scattering in media and in vacuo. This signifi-
cantly simplifies the necessary calculations, since
in the region of large momenta the difference of
matrix elements which interests us goes to zero.

Denoting the 4-momenta of the incident and
scattered photons by k; and k,, respectively,
and describing the initial and final states of the
electron by the 4-momenta p; and p, and the
spinors vy and v,, it is easy to obtain the well
known expression for the matrix element of sec-
ond order

W = és (;71 + iﬁ - m)——lét + ér (131 "/32—‘ m)—lés, (5)

in which the 4-vector polarizations of the incident
and emitted photons are denoted by eg and eg.

The diagrams of fourth order for Compton scat-
tering are given in Refs. 10, 5, and 9. The differ-
ence of fourth-order matrix elements which inter-
ests us does not contain divergences in the ultra
violet region; therefore, for simplicity, we shall
not explicitly introduce the Feynman cut off factor.

We write the matrix element of fourth order for
Compton scattering in vacuo in the form

wR O =dg@— 7@, ©)

where F;(q) is a matrix function of momenta and
polarization of the electron and the photons, A is
a fictitious mass of the photon, which is introduced
in electrodynamics in vacuo in order to eliminate
the infrared catastrophe.

The explicit form of F;(q) was obtained by
Brown and Feynman.9 As noted above, in media
the infrared catastrophe does not arise; however,
in the following it is also convenient to introduce
A into the matrix element of fourth order for
Compton scattering in media, denoting it by
Wi (k, M)

a4
W ) = o (O — 5 @), O

where F,(q) differs from F;(q) only by the re-

placement of the 4-vector polarizations of the vir-

tual photon by the 4-velocity of the medium, uy.
Calculating the integral in Eq. (7)

Swﬂf—ﬁ—ﬂﬂﬂwx

in which a* is determined from the asymptotic
form of k for large uq:

2
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x(ug) ~ — (a/uq)?; a*=4xZNe?/m, (8)
it is easy to transform Eq. (7) to the form

W (x,1)= W0,V @+ »)

diq (- —1) ¢* — pa® — x (ug)®
+Sq2_a2__)\2{ q*-i—(uq)”u—l“‘ }Fl(q)
d4q ux
S g%+ (ug)?x—22 14+ FZ(q) (9)

The second term in Eq. (9) differs from the in-
tegral in Eq. (6) only by the presence in the inte-
grand of the additional factor

([_¢—=N (1 —1) ¢ — pa® —x (ug)*
\q”—a2~ﬂ)< ¢® 4 (ugPn—22 )

2 2

which is small for q? > a?, w} or (uq)?> a?, wi.
This means that the region of q essential for the
integration is bounded, in the system of coordinates
connected with the medium, so that the values of
all components of the 4-momentum of the virtual
photon q; are small compared with the momen-
tum transfer ¢ > a.

If terms of order a/¢{ and wj/¢ (where wj
is the proper frequency) are neglected henceforth,
then the calculation of the integral considered is
limited to the first nonvanishing term in the expan-
sion of F;(q) in powers of q.

Analogous considerations can be made also for
the third term in Eq. (9), since F;(q) has the
same structure as F,;(q).

Employing an expansion in powers of q/m, it
is easy to find that the principal contribution in
the expression of interest comes from the dia-
grams denoted in Ref. 9 as J, M/, and M”. In
the approximation indicated, it is possible to ob-
tain the expression

WP (x, 1) =W (0, Va2+1?)
fne_ﬁg g [k — 1) ¢* — pa® — % (ug)?] wo { P
i ) (@ — =R (@ + @ —2) {pi g — (mFAy
€ Py s 4he? d%q ux o
T (p2t 9 — (m+AR "?g FT @ 1w Ve

X { upy _ ups
(9P —(m+24)2  (p2+q)*— (m+A)?

2

|
Lo

in which W3; and A are defined in Egs. (5) and
(4). The first term in Eq. (10) can be obtained
from the result of Brown and Feynman by replac-
ing A% by a?+ A%, It is easy to see that Eq. (10)
remains finite for A =0, if the A in the denomi-
nator is not neglected, and the infrared catastrophe
does not arise. Therefore, there is no necessity
of adding the cross section for double Compton
scattering, integrated over the momentum of an
additional small quantum, to that obtained from
Eq. (10), as is done in the case of electrodynamics
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in vacuo to eliminate the infrared divergence. How-
ever, such an addition is desirable to carry out in
order to take into account experimental conditions
in which it is impossible to discriminate between
single Compton scattering and double Compton
scattering with emission of an additional quantum
sufficiently small so that it is not registered by
the experimental apparatus. It is natural for the
experimentally-observed cross section to depend
on the threshold of the apparatus, i.e., on the.
maximum energy of the photon wy, for which the
photon will not be measured.

Since in the following we will be interested only
in the experimentally-observed cross section for
Compton scattering, it is possible to neglect the
quantity A in Eq. (10), disregarding A for con-
venience of calculation.

4. EXPERIMENTALLY-OBSERVED CROSS
SECTION

Denoting the cross section for Compton scatter-
ing with account of terms of sixth order in e in
vacuo and in media by dog (0, A) and dog(«k, A),
respectively, we easily obtain from Eq. (10)

S
dog (%, X) = dok (0, Va2 +12) — - dsy (11)
< Q dq [(w —1) ¢* — pa® — % (ug)?] { e ep }2
J(F—at =2 (PP —2) | ¢ +2pg ¢+ 2pyg
4e? d'q ux upr  __ 4py 2
+ 4o\ e T e — e

in which the usual cross section for the Compton
effect without radiative corrections is denoted by
doy, where

2 \2 wg » . .
ds,= (r—n_c*) (2—&%-> <5:— + 5% —sin? 3) dQ,. (12)

It is important to note that the integral over ¢
in Eq. (11) was obtained for arbitrary € and u;
it was derived only by assuming absence of absorp-
tion and by assuming the asymptotic behavior of k
for large uq, Eq. (8). Therefore, it is desirable
to calculate the integrals without introducing addi-
tional assumptions about the specific form of €
and p. This is easy to do if, instead of integrating
over components du, one integrates over compo-
nents QN and over s, connected with Ay by the
relations

s=uq; Que=qu—UpliGo; Gu=Qu+ ups. (13)

The indicated change of variables makes it pos-
sible to resolve the difficulty which arises in con-
sideration of those forms of the dependence of €
on (uq), which do not lead to a single-valued in-
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verse function uq(e€), i.e., to the situation where,

in the system of the media, several frequencies of
the particle correspond to one and the same mo-
mentum of the real photon. This difficulty arises
in case one tries to carry out the integration in
Eq. (11) just as in electrodynamics in vacuo, i.e.,

first over the fourth component of the 4-momentum

of the virtual photon. The change of variables,
Eq. (13), makes it possible to first carry out the

integration over Q; and then over s =uq, so that

the fact that uq(e€) is not single valued does not
show up in the integration. In this way, the trans-
formation, Eq. (13), makes it possible to general-
ize the usual methods of quantum electrodynamics
to such types of dependency of € on ug which
occur in practice.

The integration over Qp can be conveniently
carried out as in Ref. 7. For example, for an in-
tegral analogous to those in Eq. (11), one easily
obtains

d% (1; ky) F (uk)
S (FF—2pk —A(uk) & in)® (14)

¢ d%Q3 (uQ) (15 Qo + 455
=\ &F o) \ emore—mm T A TP

_ 1 §° d5F (s) (s po + g (s — p))
160 ) (st —2sup— A (s) + (up)? — p? + in]

—Co

To obtain the experimentally observed cross
section, it is necessary to put (11) together with
the cross section for double Compton scattering,
integrated over small values of the additional
quantum.

It is convenient to write this cross section as
a 4-dimensional integral over the 4-momentum
of the additional small quantum, employing a
method analogous to that proposed by Abrikosov!!
for quantum electrodynamics in vacuo

e? 4dsq
dop (s, ) = doy 5 . PFxrE—1
(ugr<op
&1h1 g1P2 2
( (P14 92— (m + A)? - (P2 + @) — (m + A)? ) ’ (15)

where the integration is carried out over a region
bounded by the condition that the frequency of the
additional quantum in the system of the medium,
uq, does not exceed the threshold of the experi-
mental apparatus.

Denoting by dop (0, A) the cross section for
the double Compton effect in vacuo [integrated
over the momentum of the small quantum, as in
Eq. (15)], it is easy to bring Eq. (15) to a form
analogous to Eq. (11).

dsp (%, \) = dop (0, YV @® + 1?)

Ll diq [(u — 1) ¢* — pa® — (ug)® %]
+ o 4o S (@ + g — ) (¢* — a* —27)
(ugy <o,
{ ep, e, }2 e (16)
¢ +2p9 ¢+ 2pyg L

« | oo e
(@ + @)% —2) (1+x% ¢*+2p9 >+ 2pyq
wgp <ol
[where, just as in Eq. (11), A is neglected].
Putting together Egs. (11) and (16), one easily
finds for the experimentally observable cross
section for Compton scattering

a'q [(w —1) ¢* — pa® — (ug)? «]
(6° + (ug) x — 4%) (¢* — a® = 1)

2
ds = doyqe —% ds, S

wgp >,
e epr |2 | 4e? d (17)
{q2+2pw FFomg) T o0
S diq wx { upy - ups }2
ol PF w—NT+x \@+2p9 ¢+ 20q)°
(ug)> 0l

in which the first term doy,, does not depend on
the properties of the medium, since in putting to-
gether dog(0,A) and dop(0, A), the terms de-
pending on A cancel® and, consequently, doyac
is the experimentally observable cross section for
the Compton effect in vacuo. The second and third
terms are corrections, connected with the polari-
zation of the medium. The region of integration
in them is bounded by the condition (uq)?= w%n,

so that the integrals remain finite in the infrared
region. This makes it possible to set A =0 in

the future.

It should be noted that in the expression obtained
there are terms with different powers of q in the
denominators of the integrands. This is explained
by the fact that in the form given, it was more con-
venient to employ a technique of covariant integra-
tion after the substitution (13). After the integra-
tion over Q, terms of higher order in s/m nat-
urally had to be thrown away, since terms of these
orders were dropped earlier.

We cannot consider values of wy, very close
to the proper frequencies of the atoms of the me-
dium, since absorption in the medium has not been
taken into account. Therefore, in our case the
threshold of sensitivity of the apparatus cannot be
less than the atomic frequencies. In this case p
can be considered equal to unity, which makes it
possible to obtain from Eq. (17) the expression

©

do — do 8e?
e _;,_QS ds (a® + xs?)
d*Q3 (4Q)
<\ g TH)) (@ F5—a)
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X [ ‘i — “1Ps ]2 used.
2 2 2 P ¢ 2

O +2piQ + Zoup o+ 5 @+ 2paQ + 2otpa - 5 This condition is of a general type, connected
8o2 °S° xds 44Q3 (1Q) with a phenomenological description of media; be-

M S THx S @+ 51+ %) (18)  sides this, the region of angles in which Eq. (19)

" is valid, is limited by the supplementary condi-

L - S ] ' ich (1 derived. Since, f
* [Q2+2pr+ 2supi+s* Q%+ 2p2Q + 2supy+s° tions under which (19) was derived. Since, for

In the following, we consider the special case in
which the electron is at rest in the medium before
the collision. In this case it is possible to obtain
the final formulas in an especially simple form.
The momentum transfer will be equal to the mo-
mentum of the electron after the collision. Since a
macroscopic description of properties of media

is not possible for collisions with a large momen-
tum transfer, we limit the calculation to only the
first terms in an expansion in powers of the ratio
of the momentum transfer to the mass. In this
approximation, the second integral in Egs. (17)
and (18) is most important, containing the factor
k/(1+k) in the integrand. The final result can
be conveniently written in the form of the ratio of
the difference between the experimentally observ-
able cross section of sixth power in e for Comp-
ton scattering in media and in vacuo to the cross
section of fourth order in e for Compton scatter-
ing. In the first nonvanishing approximation in
powers of the ratio £/m and q/f, where ¢ is
the momentum transfer and q is the 4-momentum
of the virtual photon, one easily finds that

do —do 2 ¢ 2
vac __ _e'm ds  x(s) . =
doy o 21\:V2-mmg s 1 +K(5){l+y(1 21“‘1/)}’(19)
2
where it is assumed that y? = _rg%s_ < 1.

5. DISCUSSION OF RESULTS

The applicability of the formulas obtained is
determined by the following considerations. It is
well known (see, for example, Ref. 12) that a
phenomenclogical description of the surrounding
medium is possible for those collisions in which
the longitudinal momentum transfer is sufficiently
small so that its inverse is larger than the inter-
atomic distances in the medium. Thus, Eq. (19)
remains valid in the region of sufficiently small
photon-scattering angles satisfying the condition

(m + ) w:;)—’!.

LD 1 / m T 2
Y- 0 " == 2
2iny <NV (@1 - m) (2 Ze* — s

(20)
which relates to the case in which the electron is
at rest before scattering. The notation a®=
47NZe?/ m, where N is the number of atoms per
unit volume and Z is the atomic charge, has been

small scattering angles and for an initial photon
energy comparable with rest mass energy of the
electron, it is possible to consider 2~ w%&z, then
instead of Eq. (20), the region of angles in which
Eq. (19) is applicable, is limited by the condition

m ) Om
‘S> 1 I/Tv

which, for example, for liquid hydrogen at a density
~0.07 g-em™3, wm~ 30 ev, w; ~ 0.5m, gives
angles of the order of 1°.

To estimate the magnitude of the corrections
connected with the presence of the medium, we
consider a simple form of dependence k (s), ob-
tained under the assumption that in the medium
there is only one proper frequency.

(207)

% (s) = a? (b2 — s?)7L. (21)
Using the explicit form « (s) of Eq. (21), it is
easy to obtain from Eq. (19)
do — d. 1, m
e e ()0 () )
m (22)
where &(z) is defined by

O(z)=2—2 [tan'ié +%In| 142

1—2z ] '
In the case that wy, is substantially larger than
the atomic frequencies, the formula simplifies con-

siderably:

do —doc —e? a? “m
ds, T osxV2 ( w2 )‘/;r: (23)

The result shows that in this case, for liquid
hydrogen of density ~ 0.07 g-cm™3, a ~ 7 ev,
b ~10ev, for wy ~30ev and £ > 5 kev, we
have from Eq. (23) (do — doy,c)/dog = —0.3 x 1072,
i.e., the medium corrections are comparable with
the radiative corrections. Particularly large cor-
rections are obtained, as can be seen from Eq. (19),
when wy, is near to a zero of the function e(w).
When wp, exactly coincides with a zero of e (w)
[in the particular case (21), when wp, = (a2 + b2)1/2]
the expression (do — doygc)/do, becomes infinite.
This divergence has no physical significance and
is connected with the fact that in our approximation
of infinitesimal absorption it is not possible to con-
sider frequencies close to zeros and to poles of
€ (w). However, this circumstance can be an indi-
cation that for wp, close to zero the real part of
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€(w) and, for small absorption, the corrections
connected with the medium, will be anomalously
large.

In the experimental study of radiative correc-
tions, it must be kept in mind that the accidental
coincidence of wy, with a zero of the real part
of e€(w) can substantially distort the results for
small scattering angles.

With diminishing momentum transfer £, i.e.,
with decreasing angle of scattering, the ratio
(do — doygc)/doy decreases to zero, from which
it follows that corrections of large magnitude
coming from the medium can be expected only at
certain scattering angles.

Thus, in the experimental measurement of the
cross section for Compton scattering at small an-
gles, it is necessary to take into account the pos-
sibility of a significant change in the differential
cross section as a result of the influence of the
medium.

In conclusion, I would like to use this opportu-
nity to express deep gratitude to E. L. Feinberg
for suggesting this problem and constant interest
in this work, and M. L. Ter-Mikaelian for valuable
discussion.
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The temperature dependence of the thermal conductivity and the coefficient of absorption of
sound in ferromagnetic dielectrics is determined. It is shown that spin waves play the prin-
cipal role in these processes at low temperatures.

].. As is well known, the kinetic properties of or-
dinary dielectrics are determined by the phonon
spectrum. In ferromagnetic dielectrics the ele-
mentary excitations consist of spin waves in addi-
tion to phonons. It is therefore of interest to as-

certain the role of the spin waves in thermal con-
duction and sound absorption in these substances.
We will show that at low temperatures the ther-
mal conductivity in an unbounded ferromagnetic
dielectric which contains no impurities is deter-



