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REMARKS ON A NOTE BY F. S. LOS' 
"PHASE OF A SCATTERED WAVE" 1 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1039-1040 
(April, 1958) 

Los• has considere'd the equation 

~ + [ 1 - 1 (l + 1 i -- U (p)J G = 0 dp2 p2 (1) 

and asserts that "it is necessary to find a solution 
of Eq. (1) which assumes the following form as 
p-0 

(2) 

and the following asymptotic form at large values 
of p 

G =canst· sin (p- 1tl j 2 + oz); oz = canst. .. >> (3) 

It should be noted that under the condition 
00 Ju ( p) dp < C, given in the author's note, when 

p - 00 , G ( p) cannot assume the asymptotic form 
00 

given in (3). The case jl U ( p) I dp < C is con-

sidered in Courant and Hilbert2 where the same 
system of equations is obtained, using the method 
employed by Los'. Equations (6) and (7) given by 
Los' correspond to Eq. (56) and (57) in Courant 
and Hilbert. 

In Ref. 2, a proof is given for the asymptotic 
formula (3) which is more detailed than that given 
in the note by Los'; in this proof it is not shown 
that A ( p) - const. when p-+ oo in Eq. (4). 

For p- 0, Los' has obtained expressions for 

o ( p) and A ( p) to which the following remarks 
apply: 

1. It is not meaningful to express o ( p) in 
p 

terms of J py ( p) dp since in the approximation 
0 

which is used only the first terms of the series 
'Y ( p) ='Yo+ 'YiP + . . . should be retained 

2. The constant coefficients in (2) and in the 
expression for A ( p) are denoted by the same 
symbol - A0• These coefficients differ by a fac
tor of l + 1. 

3. Even if these errors are ignored, it should 
be noted that the title of the note does not reflect 
its contents. 

The use of the supplementary condition (5) is 
valid for p- oo, when A ( p ) - const and o ( p) 
- const. However, when p- 0, in place of (5) 
any other supplementary condition can be used. 
The different supplementary conditions correspond 
to different ohases o ( p ) . The problem becomes 
indeterminant. By the definition of the phase of a 
scattered wave it follows that the phase o ( p ) 
found by means of such an additional condition is 
not the phase of the scattered wave. 

Thus, in the form in which it has been published 
the note given by F. S. Los' is not useful for an 
analysis of scattering and can only introduce con
fusion on the part of the reader. 
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SECOND MOMENT OF THE PARAMAG
NETIC ABSORPTION CURVE WHEN THE 
SPIN MAGNETISM IS NOT PURE 

U. Kh. KOPVILLEM 

Kazan' State University 

Submitted to JETP editor January 21, 1958 

J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1040-1042 
(April, 1958) 

IN Refs. 1-5, equations were given for the second 
moment < v2 > of the curve f ( v) of paramag
netic absorption in the absence of a static magnetic 
H0, and for the second moment < ( t:.. v )2 > of the 
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curve 1/J ( v ) of paramagnetic resonance ( v is the 
frequency of the variable magnetic field Ht di
rected along the t-axis). These equations are, 
however, valid only in the case of absorption in 
magneto-anisotropic crystals, where the g factor 
depends strongly on the direction of H0• The rea
son for this phenomenon is that when the orbital 
motion of the electrons is not fully quenched with 
respect to the intercrystalline electrical field E, 
the latter changes strongly the character of the 
internal interactions in the paramagnetic. 6 

We have derived equations for < v2 > and 
< ( D.v )2 > in magneto-anisotropic crystals which 
contain only magnetically equivalent ions. We have 
assumed that for H0 = 0 the energy ground state 
of magnetic ions possesses a two-fold Kramers 
degeneracy and that only this doublet is populated. 
These conditions are, for instance, realized in 
double nitrates and ethylsulphates of the rare
earth elements at helium temperatures. In our 
calculations we have found the dependence of 
< v2 > and < ( D.v )2 > on the direction of H0 

and Ht with respect to the crystal axis, on the 
spin temperature T, the anisotropic exchange 
interaction 3Cexch• the dipole-dipole interaction 
Jed, and the hyperfine structure interaction 3Chfs· 
Our final equations are expressed in terms of the 
coefficients of the spin Hamiltonian. This circum
stance makes it much easier to evaluate the mo
ments of the 1/J ( v) curves and makes it possible 
to study the internal interactions in paramagnetics 
through the plentiful material accumulated recently 
by paramagnetic resonance methods. 7 

The following is the final expression for 

(1) 

for the case where H0 II c and Ht H a, where a, b, 
and c are the principal axes of the g -tensor; the 
indices "d", "exch", "hfs", and "d-exch" indicate 
the contributions to < ( D.v )2 > from Jed, JCexch• 
JChfs and the dipole-exchange interactions, respec
tively: 

((dv)2)d = (18Ph 2t 1 ] {(B~~ + BU) 2K 
J(.Pj) 

<'(dv)2)exch = 2 (Ph2P ] {(J;J + J~1)2K + J~12D 
J(.Pj) 

(3) 

((dv)2>d-exch = G-Ph2 r~ {(B~1a + B~~) (J~i + Jb1) K 
l(+f) 

+ B~£J~iD --0,5 [B~£ (J~1 + J~1 ) + J~1 (B~~ + B~t)J L}, 
(4) 

(5) 

where we have used the notation 

p = 1 +em, K =em, L = 1 +3em, m =- gcc~H I kT, 

D = 1.5 + 2em + 0.5e2m, 

J~i = - f 1 (B2 sin2 cp + P cos2 cp), 

B IJ __ 3g2 R2riJ <-a>{~ 112 _ _1_} 
~~ - ~~t' 2 y ~ 2 ' 

The superscripts refer here to the particles and 
the subscripts to the coordinate axes, h· is 
Planck's constant, k Boltzmann's constant, {3 
the Bohr magneton, Acv the components. of the 
tensor of the hyperfinestructure spin interaction 
of the nucleus with the electrons inside the para
magnetic ion,8 gaa the components of the g 
tensor along the a axis, riJ the radius vector 
from ion I to ion j, yij the cosine of the angle 
between rlj and the a axis (see Ref. 2), v an 
index which takes on the values of the principal 
axes of the tensor Acv· In deriving Eqs. (3) and 
(4) it was assumed that the field E has an axis 
of symmetry € which is a principal axis of the 
g tensor, like TJ and ~. In these equations yij 
are the usual exchange integrals, 2 I+> and 1-> 
are the correct zeroth order wave functions for 
the Kramers doublet for the case H II €, cp is the 
angle between € and H0, and S is the effective 
electron spin of the paramagnetic ion. If we put 
T = oo, gaa = const in Eq. (2), we obtain the well
known Eq. (11) of Ref. 2 for spin!. From Eq. (5) 
we get for v = a Eq. (28) of Ref. 4. For T = oo, 

gaa = canst, the contributions (3) and (4) of the 
exchange interactions vanish, which also agrees 
with previously obtained results. 2 The lattice 
sums, which take into account more than 99% of 
the contribution of all neighbors of the paramag
netic ion in the crystal lattice of the ethyl sulfates 
of the rare-earth elements, have the values (the 

symbol ~ is omitted), 
J(¢j) 
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B112 1201' 4 d B112 5 4 .. = g •• ' ~~ = 14g~~d, 

BiiBI' 88 2 2 d BiiBii 603 2 2 ~~ ~~ = g~~g~~ ' ~~ •• = - g~~g •• d, 

B11 B11 597 2 2 d ~~ .. =- g~~g.. ' 

where the TJ axis is directed to the nearest 
neighbor of the paramagnetic ion in the ~TJ plane 
which is perpendicular to E, where d = {34a -6, 

and where a is the largest direction in the ele
mentary cell.6 For double nitrates of the rare
earth elements6 Bij2 = 32g4 d and for Ho 11 E we 
ha EE EE 

ve 

((6.v)2)d=(18Ph2fl L} {em(x4 +3x2 +2)+0.5e2"' 
J($j) 

(6) 

where g.l and g 11 are the factors of the spectro
scopic splitting. 

For ethyl sulfates of the rare-earth elements, 
the term arising from 3Cd has the form 

<v2)d=4a-6c{229g'i_ +cos2 tjl(g~1 jg2)(553g'i_ + 147g3_g~1 ) 

+ sin2 tjJ (g3_ f g 2) (I 0 I g'i_ + 534 g48 + 871 g 20 g3_)}, 
(7) 

where 1/J is the angle between Ht and E. 

In conclusion, the author expresses his thanks 
to Professor S. A. Al' tshuler for suggesting this 
topic and considering this paper. 
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THERMAL CONDUCTION OF SUPER
CONDUCTORS 
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THANKS to the presence of a gap in the energy 
spectrum of superconductors,1 the number of elec
tronic excitations and hence the electronic thermal 
conductivity is exponentially small [ "'exp (- Tkf'T )) 
for T « Tk ( Tk is the temperature of the transi
tion to the non -superconducting state). For T « 
Tk the principal role is therefore played by the 
lattice thermal conduction, which is connected with 
the reflection of phonons from boundaries and the 
scattering of phonons by impurities and lattice de
fects (the phonon-electron interaction is inappre
ciable in view of the fact that the number of elec
tronic excitations is very small for T « Tk), 
while it is well-known2 that phonon-phonon inter
action does not play a role for T « ®D, where 
®D is the De bye temperature). 

However, for somewhat higher temperatures, 
but still appreciably less than Tk, the electronic 
heat conduction Ke becomes comparable with the 
lattice heat conduction and can even exceed it for 
not very impure specimens. Clearly the largest 
contribution to Ke is then given by the scattering 
of the electrons by impurities. Only for T ;:;. Tk 
can the interaction of the electrons with the phonons 
and with one another also play an appreciable role 
for Ke. 

We consider the scattering of electrons by im
purities. Let the Hamiltonian of the interaction of 
the electrons with the impurity atoms for the nor
mal metal be of the form 

H' = ~(at, ,1pk','l• + a~ _,1,ak', _,1,) Vk, k' 
k 

( ! and - ! are the spin coordinates, and ak ±!. 
' 2 the amplitude in second quantization). According 

to Ref. 3 the electronic excitations in superconduc
tors can be described by new amplitudes 

(1) 

~ = (p2 - p~)/2m R~ v0 (p- Po) is the energy of a 




