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the opening of which a Dewar was inserted bearing 
the specimen. 

The germanium samples were of different purity 
and at room temperature ( 300°K) possessed the 
following specific resistances: p = 54 n em (sample 
No.1), p = 20ncm (sample No.2), and p = 7 n 
em (sample No. 3). 

In the range of the magnetic field of 25 - 120 kG 
and at T = 300°K, the dependence of .t.R/R0 on 
the field was linear for all three specimens, with 
a slope of 34 x l0-2kG-1 (No.1), 1.65 x lo-2kG-1 

(sample No.2) and 1.07 x l0-2kG-1 (sample No.3). 
At 77°K, in this same range of fields, the linear de
pendence of .t.R/R0 was maintained only for sam
ples 2 and 3; however, the angle of slope of the 
lines increased in this case. So far as sample No. 
1 is concerned, at 77°K, the dependence of .t.R/R0 
on the field, beginning at 25 kG, bore a curvilinear 
character with a tendency toward saturation; this 
is seen from the fact that at fields with intensities 
of 25, 50, 75 and 100 kG, .t.R/R0 is equal to 2.4; 
3.3; 4.6; 5.9, respectively. 

The change of the resistance in a magnetic 
fields .t.R/R0 of sample No. 1 ( p = 54 n em ) 
was also studied at 20°K in fields up to 110 kG. 
These measurements gave very interesting re
sults. 

When sample No. 1 was at the temperature of 
liquid hydrogen and the magnetic field was turned 
on ( H = 110 kG.), then the resistance of the sam
ple decreased, instead of increasing as it does 
ordinarily. The magnitude of the decrease in the 
specific resistance p ( 20°K, H = 0) - p ( 20°K, 
H = 110) = 670 - 390 = 280 n em. However, the 
resistance of the sample was reduced in propor
tion to the decrease in the amplitude of the mag
netid field from 110 kG to zero, up to its initial 
value of p ( 20°K, H = 0 ). 

Moreover, for this sample of n -type german
ium ( p = 54 g em ) ' we observed the phenomenon 
of the oscillation of the electric resistance in the 
field range from 25 to 110 kG. The period of 
these oscillations amounted to 0.18 kG-1, while 
its maximum amplitude was found at a field of 
H =55 kG. In the Figure, the dependence of 
.t.R/R0 on the reciprocal of the magnetic field 
intensity is shown for 20°K. 
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L. Shubnikov and de Haas 1 first discovered the 
oscillation of the electrical resistance in a trans
verse static magnetic field, while studying bismuth 
at low temperatures, 1 and then Frederikse and 
Hosler, 2 Kanai and Sasaki, 3 and also Busch, Kern 
and LUthi,4 observed this same effect on a speci
men of InSb. The latter authors carried out their 
measurements (as did we) with pulsed magnetic 
fields. 

The theory of the oscillations of galvanometric 
effects is set forth in the researches of G. E. Zil'
berman.5 

So far as we know, the Shubnikov-de Haas effect 
has never been observed for germanium up to the 
present time. 

Information on the experimental details and the 
arrangements for strong magnetic fields will be 
published in a subsequent paper. 

1 L. Schubnicow and W. J. de Haas, Nature 126, 
500 (1930). 

2 H. P. Frederikse and W. R. Hosler, Canad. J. 
Phys. 34, 1377 (1956). 

3 Y. Kanai and W. Sasaki, J. Phys. Soc. Japan 
11, 1017 (1956). 

4 Busch, Kern and LUthi, Helv. Phys. Acta 30, 
471 (1957). 

5 G. E. Zil' berman, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 29, 762 (1955), Soviet Phys. JETP 2, 
650 (1956). 
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WE consider a system of non-interacting parti
cles in a stationary state in some external field 
with potential V ( r ) . * The density of the number 
of particles in such a distribution will, generally 
speaking, be a very complicated function of V and 
all its derivatives 

(1) 
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where all arguments on the right hand side are 
taken at the point r. 

We shall show below that, independent of the 
character of the occupation of the levels of the 
field V, i.e., independent of the statistics and 
the temperature,t the quantity (1) satisfies the 
relation 

Dp I DV = ap I av, (2) 

where the symbol D/DV denotes the Euler deriva
tive, 

"' 
Dp I DV = ~ (-I tv,., . .. Y'tn {apIa (V;, ... Y'tnV)}, 

n-o 

and fJ/fJV the derivative with respect to the first 
argument in (1). 

To prove this, we consider first the case of a 
degenerate Fermi system. The Hamiltonian of a 
particle has the form, H = T - V, where T is 
the kinetic-energy operator. The density of the 
number of particles and the kinetic-energy density 
can be put in operator form, 1•2•3 and the appear
ance of the gradients of V in (1), is due to the 
commutators of the operators T and V: 

p = (6 (H- Eo)), cf) = (6 (H- Eo) f), (3) 

where 8(x)=i(1-x/lxl), E0 istheupperbound 
of the occupied spectrum, and 

(a; =(27tlit3 Sp ~ dpexp(- ipr /h) aexp(ipr I h). 

The trace is taken here over the spins and similar 
variables, and a is an arbitrary operator. 

Using Eq. (3) and the equation <ao (a)> = 0 
we have 

a [cf)- p (V + Eo)l I aEo 
=a reB- p (V + Eo)l 1 av = - p. 

(4) 

On the other hand, if we transform the equation 
of the variational principle4 

o ~ £ dr- ~ (V + E0 ) Bp dr = 0 

to the functional argument V and take it into ac
count that o jFdr = j(DF/DV)oVdr for any 
arbitrary function F ( V), we get 

D [cf) -- p (V + E0)] / DV =- p. (5) 

If we compare (4) and (5) and take into account the 
fact that fJ/fJV and D/DV commute, we are led 
to the relation (2) which we are trying to prove. 

The transition to the case of an arbitrary occu
pation of the levels, which corresponds to replac
ing the function e in Eq. (3) by some other func
tion f, can be realized without difficulty by means 
of the identity 

00 

f (a) = - ~ f' (A) 6 (a- A) dl.. 
-oo 

By multiplying both sides of relation (2) by 
f' (Eo) and integrating over E0, we can satisfy 
ourselves that this relation is universally valid. 

We shall give as an example the form of the 
dependence (1), which follows from the Thomas
Fermi model with quantum correction up to t):le 
fourth order in :1'i in the degenerate, non-relati
vistic case.1•2t 

1 (2MV)'1• M• [(VV)2 - 4V 6.V] 
p = 31t2h3 - 247t•t (2MV)'I• 

+ M•t {- 64 va6.•V + 80 V2 (6.V)2 + 192 V2VV · V 6.V 
19201t•(2MV)'I• 

+ 64 (V;'V~<V)2V2 - 200 V 6.V (VV)2 

(6) 

The corresponding expression for the case of a 
finite temperature is of the form ( up to terms of 
the second order in :l'i )2•3 

V2M'f, { .,, 
P = 7t•t• 6 f,,, (x) 

+ 2;~ [6-'1'!~~. (x) (VV)2 + 2a-'1•J:1, (x) 6.V]} ; (7) 

c y'''dy -
f,,(x)=.)exp(y-x)+i' X=fi 1(V+!J.), fi=kT, 

0 

where f.J. is the chemical potential. 
One can easily verify that Eqs. (6) and (7) satisfy, 

indeed, relation (2). It is important to note that the 
latter connects only terms of the same order in :l'i. 
In particular, terms of the zeroth order in :1'i sat
isfy it in a trivial manner. 

The relation we have obtained is convenient to 
use to derive and check the correctness of approxi
mate expressions for the density. The problem 
whether one can generalize this equation to the 
case where the interaction V depends on the mo
mentum or on the Dirac matrices, and also whether 
there exists a similar relation for other quantities 
(for instance, for the Green function of a particle 
in an external field) requires a special investiga
tion. 

*The relation which we obtain below is completely valid 
also in the case where the interaction between the particles 
is considered by the Hartree method; we must in that case 
take for V the sum of the external and the self-consistent 
field. However, if we take exchange into account, Eq. (2) is 
violated. 

tWe restrict ourselves to the case where the number of 
occupied levels depends on only one energy. 

+Equation (24) of Ref. 1 for the fourth-order corrections 
contains a mistake, which is corrected in Eq. (6). Correspond
ing equations for the second-order corrections were also ob
tained by Kompaneets and Pavlovskii s and Golden.3 
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Los• has considere'd the equation 

~ + [ 1 - 1 (l + 1 i -- U (p)J G = 0 dp2 p2 (1) 

and asserts that "it is necessary to find a solution 
of Eq. (1) which assumes the following form as 
p-0 

(2) 

and the following asymptotic form at large values 
of p 

G =canst· sin (p- 1tl j 2 + oz); oz = canst. .. >> (3) 

It should be noted that under the condition 
00 Ju ( p) dp < C, given in the author's note, when 

p - 00 , G ( p) cannot assume the asymptotic form 
00 

given in (3). The case jl U ( p) I dp < C is con-

sidered in Courant and Hilbert2 where the same 
system of equations is obtained, using the method 
employed by Los'. Equations (6) and (7) given by 
Los' correspond to Eq. (56) and (57) in Courant 
and Hilbert. 

In Ref. 2, a proof is given for the asymptotic 
formula (3) which is more detailed than that given 
in the note by Los'; in this proof it is not shown 
that A ( p) - const. when p-+ oo in Eq. (4). 

For p- 0, Los' has obtained expressions for 

o ( p) and A ( p) to which the following remarks 
apply: 

1. It is not meaningful to express o ( p) in 
p 

terms of J py ( p) dp since in the approximation 
0 

which is used only the first terms of the series 
'Y ( p) ='Yo+ 'YiP + . . . should be retained 

2. The constant coefficients in (2) and in the 
expression for A ( p) are denoted by the same 
symbol - A0• These coefficients differ by a fac
tor of l + 1. 

3. Even if these errors are ignored, it should 
be noted that the title of the note does not reflect 
its contents. 

The use of the supplementary condition (5) is 
valid for p- oo, when A ( p ) - const and o ( p) 
- const. However, when p- 0, in place of (5) 
any other supplementary condition can be used. 
The different supplementary conditions correspond 
to different ohases o ( p ) . The problem becomes 
indeterminant. By the definition of the phase of a 
scattered wave it follows that the phase o ( p ) 
found by means of such an additional condition is 
not the phase of the scattered wave. 

Thus, in the form in which it has been published 
the note given by F. S. Los' is not useful for an 
analysis of scattering and can only introduce con
fusion on the part of the reader. 

1 F. S. Los', J. Exptl. Theoret. Phys. (U.S.S.R.) 
33, 273 (1957). 

2 Courant and Hilbert, Methoden der Mathema
tischen Physik, (Russ. Transl.) 1933, Vol. I, p. 314.. 

Translated by H. Lashinsky 
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IN Refs. 1-5, equations were given for the second 
moment < v2 > of the curve f ( v) of paramag
netic absorption in the absence of a static magnetic 
H0, and for the second moment < ( t:.. v )2 > of the 




