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A mathematical technique is developed which permits one to take into account collective inter -
action of particles in cyclic accelerators. The method is then applied to the problem of elec-
tron capture in the betatron acceleration regime. The results obtained are compared with

experiment.

IT has been shown in a number of experimental
papersl‘4 that in the case of certain processes in
cyclic accelerators, particularly during injection,
the collective interaction of particles plays a sig-
nificant and even a dominant role.

Among the various kinds of interaction the fol-
lowing are the most essential ones:

1. Coulomb interaction which in the first approx-
imation leads to a change in the frequency of beta-
tron oscillations associated with a decrease in the
effective restoring force, and also to the appear-
ance of azimuthal inhomogeneities. As will be
shown below, Coulomb repulsion plays an essential
role in the process of the capture of electrons into
the acceleration regime.

2. Magnetic interaction which fundamentally re-
duces to two effects. Firstly, attraction of currents
which counteracts Coulomb repulsion; this has to
be taken into account only at relativistic energies.
Secondly, the effect of beam inductance which was
pointed out by Kerst.? According to estimates that
have been made, such an effect can be significant
only in the case of a very rapid change of current
in the chamber which never occurs in practice
(see, for example, Kerst? and Rusanov?).

In addition to the above effects one could in prin-
ciple take into account effects of two-body collisions
in the beam which, however, produce an appreciable
effect only at such high densities that in practice
they can be always neglected.

A typical problem in which the collective inter-
action plays an essential role is the calculation of
the current captured after injection into the beta-
tron acceleration regime.

Recently, a number of papers (primarily by
Soviet authors ), among which one should particu-
larly note Refs. 1 —4, have been devoted to the
experimental investigation of betatron capture.

The main experimental fact requiring theoreti-

679

cal explanation is the large value of the captured
current which does not fit within the framework of
the original concepts of Kerst and Serber £ Indeed,
the slow increase of the magnetic field can produce
a displacement of the instantaneous orbit and a
change in the amplitude of oscillations only by an
amount of the order of 1072 to 10”2 cm/turn, which
gives a very low value for the captured current
since the majority of the particles must be lost on
the back side of the injector. Moreover, it has
been shown experimentally!™ that the value of the
captured current within wide limits depends only
very little on the distance between the filament of
the injector and its edge (the so-called “gap”),
which also does not agree with the Kerst and Ser-
ber theory. Moreover, recently it has been con-
firmed experimentally that capture takes place
into a field constant in time, with the gqualitative
picture of the phenomenon being essentially undis-
turbed.*

As a result of the above investigations, it has
been definitely established that the capture mech-
anism is unquestionably a collective mechanism,
and that Coulomb interaction plays a fundamental
role in it.

Since we are unable to give here even a brief
review of the basic experimental facts and hypoth-
eses relating to betatron capture (as was done,
for example, by Rusanov?) we must merely note
that the published papers do not contain any mathe-
matical theory of the above phenomenon which
would at all satisfactorily explain the available
experimental facts. There exists only a series
of unrelated attempts and hypotheses the majority
of which is in qualitative disagreement with exper-
iment.

One must, however, note that the above situation
exists only for large injection currents when the
collective interaction is very pronounced. For
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small currents, the theory agrees with experiment
satisfactorily.

In dealing with such problems it is most natu-
ral to adopt a purely statistical approach making
use of the method of the kinetic equation into which
the self-consistent interaction has been introduced.
This method is used below for the investigation of
the injection of non-relativistic electrons into a
betatron. The generality of the method employed
allows us to extend it to a number of other problems
which will be done in subsequent papers. In particu-
lar, we shall investigate collective interactions in
accelerators with strong focussing, which is of in-
terest from the point of view of obtaining high
intensity beams in them.

1. FORMULATION OF THE PROBLEM

We shall describe the state of the system of
electrons in the betatron chamber by means of a
distribution function f(p, q, t) defined in coordi-
nate and momentum space. We shall take for our
starting point the equation

—L4r,, (1.1)

g_i + [%f] - I\%;->coll T
which differs from the usual form of the kinetic
equation by the terms -f/7 and Fg which take
into account, respectively, the loss of particles on
the chamber walls and on the injector, and the ap-
pearance of new particles due to the operation of
the injector. In this equation, 3C is the Hamilton-
ian of the particle taking the self-consistent field
into account. Generally speaking, in order to take
the loss of particles into account rigorously one
should have included in the Hamiltonian the inter-
action between the particles and the walls and the
injector, but this encounters considerable difficul-
ties. Therefore we take the effect of the walls and
the injector into account purely phenomenologically,
viz., we characterize the particles by some mean
lifetime in the chamber 7 which is a function of
P, 4 and t and, generally speaking, a function of
f(p, q, t). In other words, we shall consider that
the change in the distribution function due to the
loss of particles is proportional to —f/7.

In view of the above remarks we can neglect in
the present problem the term (8f/8t)co]] which
takes into account two-body collisions.

In order to demonstrate more explicitly the
method being employed, we shall discuss in the
present article somewhat idealized conditions of
betatron capture which, nevertheless, allow us to
obtain the basic qualitative characteristics of the
phenomenon and some quantitative estimates. We
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shall treat the one-dimensional case, i.e., we shall
take into account only the radial motion of the elec-
trons whose energy coincides with the equilibrium
energy. Then, as is well known, the Hamiltonian
may be written in the form:

T = (p* + «*q°) [ 2m, (1.2)

where m is the electron mass, p is the radial
component of its momentum, q is the deviation
from the equilibrium orbit and a2 (up to a con-
stant factor) is the frequency of betatron oscilla-
tions

a=(eH/c)" (1 —x)" (1 —n), (1.3)

where x is the average charge density in the
chamber which is to be determined expressed in
units of the limiting density.* The self-consistent
nature of the problem is already clear from the
above since the density x is determined by the
function f(p, q, t) which in turn is a solution of
Eq. (1.1).

The equation' is considerably simplified if we
go over to new canonical variables P and Q by
means of the generating function

2g2 2q2
Vig. Q t)= E‘ziﬁmQ + %S, (1.4)

where we take the quantity € = ma/a3 to be small,
which means that the adiabatic invariant is appli-
cable to the betatron oscillations. It may then be
easily shown that, up to terms of the second order
in €, the new Hamiltonian has the form

FH =at(t)P/m (1.5)
and Eq. (1.1) takes on the form
9y a2 oy _ ¢
—6_t+ m a—Q'—'—',?"i“FS (P1Q’t)’ (16)

where ¥ (P, Q, t) is the distribution function in
terms of the variables P and Q.

The form of the function 7 may be chosen on
the basis of the following considerations. Since it
is physically obvious that particles, which have an
oscillation amplitude a greater than the half width
of the chamber a,, are lost during a time shorter
than the period of revolution, it is natural to as-

sume that
=0 for a>a,. (1.7a)

On the other hand if the amplitude is smaller than
the distance ay from the centre of the chamber to

*The limiting density is that density at which the force of
Coulomb repulsion becomes equal to the magnetic focussing
forces so that the effective restoring force becomes equal to
zero [cf. (1.3)].
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the edge of the injector then the particles have an
infinite lifetime, i.e.

t=o00 for a<a,. (1.7b)

Finally, within the interval (ay, ay) for the vari-
able a the lifetime 7 is a function of the ampli-
tude which for the sake of simplifying the calcula-
tions we shall assume to be equal to some constant
T.

It may be easily seen from formula (1.4) that
the amplitude a is expressed in terms of the ca-
nonical momentum P in the following manner:

a=V2Pa(l). (1.8)
From this it may be easily seen that the quantity
a (t) and consequently also ‘r(a[) are unknown
functions of the time determined by the distribution
function .

After integration of Eq. (1.6) over the cyclic

variable Q and denoting the average value
P(P, Q,t) simply by y (P, t) we obtain the
equation

R ) (1.9)

In future we shall assume that the injector cath-
ode has vanishingly small radial dimensions and
emits electrons with a certain angular spread so

that the source function may be written in the form:

Fs (p,g, 1) =i (0202 R,
where i(t) is the emission current. Substituting
into the above in accordance with (1.4) in place of
q and p their values in terms of Q and P, and
integrating over Q we obtain after neglecting
small terms:

(1.10)

_i 2po 2p
Fe B ) = e — Re(

— af)ll”.
(1.11)

We shall assume the density of the beam to be
equal to the total number of particles referred to
a certain effective beam dimension aeff which
we shall fix later*

-]

%= (1/aeitoyy, ) | ¢ (P, 1) 4P,

o
where plim is the limiting density equal to
Qlim /22 and Qjjy, is the limiting charge.
Thus relations (1.8), (1.7a,b), (1.11), (1.12)
and the initial condition

(1.12)

$(P, 0)=0 (1.13)

*It will be shown below that the results depend only very
little on the choice of the parameter aggf.

completely determine the problem of finding the
current or the total number of particles in the
chamber at an arbitrary time t.

2. SINGLE ELECTRON CAPTURE

Before proceeding to collective capture we shall
first demonstrate how the fundamental features of
single electron capture, i.e., capture at low cur-
rents, follow from the present treatment.

When the current circulating in the chamber is
small the collective interaction is weak and we can
take x < 1. Then assuming that the magnetic field
increases linearly with time, we obtain

o«* (1) = (eH: [ ) (1 +vt)(1 —n)', (2.1)

where y = Hj 15H/8t and H; is the field at injec-
tion. Since a and T now do not depend on ¥ we
can employ the Green’s function method for the so-
lution of Eq. (1.6). As is well known the Green’s
function G coincides up to a normalization factor
with the solution of Eq. (1.9) if in expression (1.11)
we set

i(f)y=3(@—1). (2.2)

Further, we assume for the sake of definiteness
that the mean exit angle for particles from the in-
jector is much larger than the chamber aperture,
i.e., that

P> ot (0) [ — all.

Then after some elementary calculations we obtain
t

A Vé ’ dx
0 for t <t
2 2 (¢! i)y ,
XRe(P — aluz )> for ¢t >1',

We are interested in the captured current, i.e., in
the solution for t — «©, From expressions (1.7a,b)
and (2.1) it follows that the Green’s function for the
captured current is given by

Gw (t') = _;_ S}ETOG (P, ¢, t')dP
0
at') all2

= n}:} a () S} exp%[t’—-%( 2be ——1)]

2 n (s
x Re (P — W) dp. (2.4)

On carrying out the integration we obtain the
Green’s function G (t’) and then we immediately
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find the captured current J;:
+

Jo= | i) Ga@a = o

eH v
poT

4

t;

X z(z')a(t')exp{—i-ﬁf(iz—l)}
%

YT
0

(2.5)

ay—aj 'l
t')| ") de,
xo([Zar a4
where @ is Kramp’s function, T is the period of
revolution at the end of injection. Since usually
YT<1l, 6 <1 (where 6 =1 — ay/a;), formula
(2.5) can be simplified:

k,ao 1
= Y_T : —23/yT
¢ azT ( T ) e

i (') (1 4 yt'yhe—2tdisdy’, (2.6)

Y W

where t; is the time when injection ends, and kj
is the ratio of the chamber aperture to the mean
angle of spread of the beam leaving the injector:
ki = (eHja, /cpy) (1 -n)¥2.

We have thus obtained an expression for the
captured current for an arbitrary shape of the in-
jector current pulse [we note that if the rate of
increase of the magnetic field H is sufficiently
great, i.e., yT > 1, it is necessary to use the
more general formula (2.5) ].

We have assumed above that the angle of spread
is sufficiently large, i.e., that the coefficient kj
is sufficiently small. We shall quote without giving
its derivation the formula for the captured current
obtained in the case when the injector gives no an-
gular spread at all and all the particles are injected
strictly azimuthally, with the current pulse being of
rectangular shape:

iT [1 _e—4sti131]

—43[3y7
T3 :

J = % e (2.7)
From formulas (2.6) and (2.7) we obtain the
following fundamental characteristics of capture
in the case of low current: (1) a low value of the
captured current, since the value of the quantity
7/T varies within the limits? 5 to 8; (2) exponen-
tial dependence of the captured current on the “gap”
6, since in practice always y7 < 1; (3) a linear
dependence of the captured current on the emission
current.

3. COLLECTIVE CAPTURE

In discussing collective capture, we shall neg-
lect the explicit dependence of a on the time, i.e.,
the variation of field with time, which makes it
equivalent to the problem of injection into a con-
stant field. It can be shown that this assumption is
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quite justified for sufficiently large injector cur-
rents. The criterion which determines that collec-
tive rather than single-electron capture plays the
dominant role will be given below.

Since for t >tj, Fg =0, i.e., Eq. (1.9) reduces
to a homogeneous one, the range of variation for
the variable t in Eq. (1.9) can be conveniently
broken up into two parts: one where t < tj, and
the other where t = t;.

We discuss the solution in the first region. On
introducing the new variable

o=(1—x" (3.1)

and taking into account (1.7a,b), (1.9) and (1.11),
we obtain the equations which determine the cir-
culating current:

2 k.
0 =1—— Se— =t () tan—1—- o' (¢
T, )t 5 o)

x [P () — o (E)hdt, t <ty (3.2)
2 k;
- 2 —t=tlxj (f 15 g
‘?Z—I_nTJ“m j e i(t)tan1— -0 ()
)
x [P (t) — @ (@)hdt', t2> 1 (3.3)

where 7 =ay/a;, Jlim = Qlim /T is the limiting
current, while t; and t(t) are determined by the
relations

(3.4)
(3.5)

o (t) =m1"%

o () = 1% (2).
In the general case, the solution of these equations
is quite a complicated problem, and therefore we
shall discuss here the case most important in prac-
tice when the injector current reaches a stationary
value i after a time < T

In this case the final value of the circulating

current will be determined by the equation

ez —1+ (3.6)

. k.
et S — e [ 0.
We note that if t; > 7, which always holds in
practice, then the captured current does not depend
on the way the current behaves during injection, but
is determined only by its stationary value 1 —Qasts
or more accurately by the value of x at the time

when the injector stops operating: xj =x(tj).
We now proceed to determine the captured cur-
rent. From Eq. (1.9) we obtain

X =

© t
Qs - dE X . (3.7)
aen§ exp | S T (V2P /a () Ju ety ap,
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where

t'—-t‘. Ty ,
UP, 1) =2 (exp (— = L4 200 (0) P

T T J1:
° m

—at(t)al]? Re [—2"— ai]""dt',

@y (3.8)

Generally speaking, aeff is some monotonic
function of the time.

On taking into account the explicit dependence
of T on P equation (3.8) can now be brought into
the form:

x=xe Tt Ky, (3.9)

aZak(t)l2 oyt
x= 2 S U(P)exp{——(,rL—i
b,

} 4P
Qe ff

, (3.10)
t—tn " .
+ 2 exp {2 | vy, t>t,
%eft T R
0“

where P;=ala?(t{)/2, t,=t"(Pj) and t"(P) is
determined by the relation

«(t") =V 2P/ a,.

We note that if the function U(P) is known Eq.
(3.10) allows us to obtain the captured current also
in the case that the magnetic field H depends ex-
plicitly on the time.

As is shown by calculations made in the two lim~-
iting cases aeff =a, and aeff = a; the value of the
captured current for usual values of the accelerator
parameters depends very little on the magnitude of
aeff (Fig. 1). Therefore in order to simplify the
calculations we shall assume that aggf = const.*

In this case the solution of Eq. (3.10) is obtained

from
X , o )
§ gttrm e (- 1 -5
| (3.11)
where
mp,
vw)= { v
aZa? (x) | 2

while the value of the captured current is obtained
from the equation

*e

¥ dx’ as to—ti
—— = — expl{———:,.
x >t-) ) aeff p{ T }
In the general case of arbitrary p, in the ex-
pression for the source function in (*.11), the in-

(3.12)

*[t should be noted that similar but more complicated cal-
culations can be carried out in the case that aggs = aegg(t).
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tegral on the left hand side of (3.11) is not expres-
sible in terms of elementary functions. Therefore,
in order to obtain the final expression in analytic
form we shall consider the case most frequently
encountered in practice when the mean square exit
angle from the injector is much greater than the
chamber aperture. Calculations carried out in
another limiting case of a sharply focussed beam
show that the qualitative picture of the phenomenon
is preserved.

In the case under discussion, (3.11) is trans-
formed into

(55 e st 54
19z Qeff 2(ai/ao) @ T

(3.13)

where

F@)=—2[5E—1"+5@—1)+@+1DE—1"

+8E+ D L=E=UY g gy (314

At the beginning of this section we noted that
the dependence of the magnetic field on the time
can be neglected if the injector current exceeds
a certain value equal to ipy. In the case under
discussion

i =1—(1——8)4 T
er =3  2(mp—1yhpsr

Nim.

(3.15)

Thus the condition i > igy corresponds to the re-
gion of collective capture, i S iy corresponds to
the region of mixed capture, and i « igr to the
region of single-electron capture. For example,
in the case of the 30 Mev synchroton at the Physics
Institute of the Academy of Sciences, we have the
value isr ~ 10ma. The experimental value of the
current at which the mechanism of collective cap-
ture begins to play a role is approximately equal
to 3ma. This value is less than iy, just as it
should be.

In conclusion we indicate the condition of valid-
ity of the above formulas which follows from the
possibility of writing the Hamiltonian in the form
(1.5), i.e., the condition for the existence of an
adiabatic invariant for betatron oscillations. It
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reduces to the requirement € < 1, or taking ex-
pression (3.9) into account, to

Nim.  (3.16)

i< StV T —ny\h T
( T ) 2 (n2— 1)k

4. DISCUSSION OF RESULTS

1. The collective capture coefficient, i.e., the
ratio of the captured current to the maximum cur-
rent circulating in the chamber at first grows
rapidly as the injector current increases, and then
shows a tendency towards saturation, reaching a
value of 0.3 —0.5 at the boundary of the region of
applicability of the adiabatic approximation [see
(3.20) ]. The characteristic dependence of the cap-
ture coefficient on the emission current is given in
Fig. 1 for two values of the parameter aeff.

2. Since the maximum current circulating in the
chamber is close to the limiting current and de-
pends only slightly on the emission current the de-
pendence of the captured current on the emission
current also shows saturation. Figure 2 shows
appropriate curves for single electron and for col-
lective capture for different values of the injection
energy. These curves show good qualitative agree-
ment with experimental data (see, for example,
Refs. 1 —3). The region of mixed capture for
which the theoretical curve has not been calculated
is indicated by a dotted line. We note that the
ranges of variation of the variables in the graphs
shown above all satisfy the condition for the adia-
batic approximation (3.16).

3. Figure 3 gives (in relative units) the de-
pendence of the captured current on the “gap”,
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FIG. 3. Dependence of the pr
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which also agrees well with experiment.3 As was
shown in section 2 for small emission currents the
dependence on the “gap” is of exponential nature.

In conclusion the authors express their grati-
tude to A. A. Kolomenskii, M. S. Rabinovich and
P. A. Riasin for fruitful discussions.

Note added in proof (March 18, 1958). Calcula-
tions which we have made show that taking into
account the deviation of the electron energy from
its equilibrium value somewhat reduces the cap-
ture coefficient and leads to a lowering of the
curves of Fig. 2 for large values of i. In all other
respects the description of the phenomenon is pre-
served.
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