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The "ringing" of a nuclear spin system produced by a unit pulse, and by a triangular pulse is 
considered and calculations are made of transient processes caused by jumps in frequency 
which simulate the phenomenon of the "beating of beats". It is shown that a transient process 
in a spin system is determined only by the properties of the latter and not by the shape of the 
radio frequency pulse. Formulas are obtained which may be used to measure relaxation times. 

THE application of nuclear magnetic resonance 
methods to the study of the nature of the liquid 
state has made it possible to obtain additional in­
formation about processes occurring in liquids. 

In spite of the fact that recently Bloch1 suc­
ceeded in giving a quantum theory of transient 
phenomena in nuclear magnetic resonance the 
most useful description of these phenomena is 
still the one given within the framework of clas­
sical theory also by Bloch2 who derived on the 
basis of Ehrenfest'.s theorem his well known equa­
tions describing the behavior of the nuclear mag­
netization vector in external fields. 

Bloch's equ:;~.tions hold sufficiently accurately 
in the case of liquids3•4 even though in deriving 
them no account is taken of the fact that the mag­
netization of a substance is associated with a de­
crease in the entropy of the spin system. Taking 
into account the principle of minimum entropy 
leads to the appearance in Bloch's equations of 
only a small additional term. 5 

The solution of Bloch's equations has been in­
vestigated by different methods in a number of 
special cases.2•6•7 However, these cases do not 
cover all aspects of the phenomenon since the nu­
clea:r; induction method has now found a new appli­
cation. One should first of all refer to the obser­
vation of the effect of free nuclear induction in the 
earth's magnetic field, 8 and also to the use of pulse 
methods for the measu:r.ement of relaxation times. 
The general solution of the nuclear induction prob­
lem has not been given in the literature for the 
above cases. It is also of considerable interest 
to investigate the behavior of a spin system when 
pulsed signals of various shapes are applied to 
the sample. 

In this connection in the present paper we obtain 
by the methods of operational calculus9 solutions 
of Bloch's equations which may be employed for 
the measurement of relaxation times and also for 

625 

the simulation of transient processes in a nuclear 
spin sy.stem by processes taking place in certain 
four terminal networks. 

1. FORMULATION OF THE PROBLEM 

The system of Bloch's equations is a system 
of linear differential equations with variable co­
efficients. In order to observe nuclear resonance 
signals by the steady state method, a sinusoidal 
modulation of the magnetic field is used. If the 
modulation amplitude is small then the variable 
part of the magnetic field H ( t) is small in com­
parison with the constant component H0: 

H (t) = H0 + Hm sinwm t, (1) 

where Wm is the modulation frequency. 
When the weak radiofrequency field which gives 

rise to the precession of the macroscopic nuclear 
magnetization vector M is directed at right angles 
to the strong magnetic field, Bloch's system of 
equations may be put in the form 

du 1 dt + ~wv + u 1 r a = o, 
dv fdt-~wu + yH1Mz + viT2 = 0, 
dMzl dt -yH1v + MziT1 = M0 IT1, 

where u is the dispersion mode signal, v is the 
absorption mode signal, T2 is the transverse re­
laxation time, T 1 is the longitudinal relaxation 
time, Mo is the static value of nuclear polariza­
tion, l::t.w is the detuning and y is the gyromag­
netic ratio. If sinusoidal modulation of the mag­
netic field is employed, the detuning will have the 
form 

(3) 

Since the amplitude of the modulation of the mag­
netic field is small, it may be assumed to a suffi­
cient degree of accuracy that M0 = const. In the 
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cases of linear detuning 'YHmwmt, and sinusoidal 
detuning 'YHm sin wmt, the operational method 
yields respectively integrals of the form 

"> 

yH mWm \ tv (t)e-pt dt =- yH mWm dv (p) 
j dp • 
0 

"> 

yHm ~ sinwmtv(t)e~pt dt 
0 

Below we discuss the solution of Bloch's equations 
for certain special cases of practical importance. 

2. THE CASE OF ADIABATIC PASSAGE THROUGH 
THE RESONANCE REGION 

We consider the case when ~w is a slowly vary­
ing function, while the relaxation times T 1 and T 2 · 

are sufficiently large that the criterion for rapid 
passage in Bloch's sense remains satisfied. The 
condition on the slowness of variation of ~w is 

dl1wl dt ~ y2 Hi. (5) 

This condition is satisfied more and more accu­
rately as the level of the radio frequency field is 
raised. The slowness of variation of ~w does not 
determine the conditions for the slowness of pas­
sage through the resonance region since these con­
ditions also presuppose short relaxation times.2 

It is well known that the Laplace transformation 
is applicable to all functions bounded in the interval 
from zero to infinity or increasing as ta, or even 
as eat, where a is some positive number. Any 
arbitrary physical function satisfies these condi­
tions, and therefore by multiplying Bloch's equa­
tions from the left and from the right by e-pt and 
integrating from zero to infinity we obtain the 
transformed equations 

(p + I I T 2) u (p) + !1wv (p) = u (0), 

(p + I I T2) v (p) -!1wu (p) + yH1Mz (p) = v (0), 
(6) 

(p + I I T1) Mz(P)- yH1v (p) =Mol T1p + Mz (0), 

where u ( 0) is the initial value of the dispersion 
mode signal, v ( 0) is the initial value of the ab­
sorption mode signal and Mz ( 0) is the initial 
value of nuclear polarization along the z axis. 

In order to solve this system of equations, we 
must evaluate its determinant 

11 (p) = (p + I IT 2)2 (p + I IT 1) 

+ (/1w)2 (p +I IT1 ) + (yH1 ) 2(p +I IT2). 

We limit ourselves to a discussion of the ab­
sorption mode signal v ( p) and use the inverse 
Laplace transformation for the determination of 
v ( t). The Riemann-Mellin integral is evaluated 

(7) 

by means of residues, and for this we have to find 
the roots of the characteristic equation 

11 (p) = 0. (8) 

This is a cubic equation with real coefficients and 
therefore it has at least one real root; it may be 
easily shown that the other two roots are imagi­
nary in the present case. 

We denote the real root of (8) by a and write 
the determinant of the system in the form 

/1(p) =~ (p + ~) [(p + ~)2 + Y/], (9) 

where {3 and T/ are certain arbitrary constants. 
By decomposing the rational fraction v ( p) = 
~2 ( p )/ ~ ( p) into the simplest fractions and uti­
lizing the inverse Laplace transformation, we shall 
obtain the expression for the absorption mode sig­
nal: 

v (t) = Ae-~1 + Be~~t cos 'It + (C I YJ) e-~ 1 sin YJl + D, (10) 

where A, B, C, D are arbitrary constants. The 
dispersion mode signal will also have a similar 
form. The arbitrary constant D may be evaluated 
from the condition 

D = v (p) p as p----+ 0. (11) 

D represents the stationary solution of Bloch's 
equations and its form coincides with the solution 
obtained by Bloch by a different method. 2 

From a comparison of the coefficients one may 
easily obtain relations also for the other arbitrary 
constants: 

A+ B + D = v (0); 

2A~ + B~ + C + B~ + 2~D + D~ 
= v ( 0) ( I I T 1 + I I T 2 ) - y H 1 M z ( 0) + u ( 0) 11w, 

. A~2 + AYJ 2 + s~~ + c~ + DY12 + 2~~D + D~2 (12) 

= v ( 0) I T 2 T 1 + u ( 0) 11w I T 1 - y H 1M o I T 1 - y H 1M z ( 0) ! T 2 : 

2~ + ~ = 2 I T2 + I I T1; 

Y1 2 + ~2 + 2~~ =I IT~+ 2IT1T 2 + (/1w)2 + (yHd2 ; 

~('12 +~2)= 1IT~T1 +(11w)2 /T1 +(yHIJ2/T2. 

Thus the solution of Bloch's equations consists of 
terms describing the transient process as well as 
a stationary term. 

Calculations on a molecular basis lead to the 
conclusion that the relaxation times T 1 and T2 

must be of the same order of magnitude. In prac­
tice, because of the inhomogeneity of the magnetic 
field, considerable deviations from this rule can 
occur. Since there was no perpendicular polari­
zation before resonance, u ( 0) = v ( 0) = 0. Then 
in the case that T2 ~ T 1 we have: 

v(t) == [yH1M0 1((/1w)2 T2 +I jT 2 
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+ (yH1)2 Tl)Je-tfT,cm, VCrH1)2 + (Llw)2 t +!yH1M0 /((Llw) 2T 2 

+ 1 j T 2 + (yH1 ) 2TI)Je-t/T, sin Y (yH1)2 + (Llw)2 t 

yHtMo (13) 
-(~"')2 T2 +1/T2 +(YHt)2 Tt' 

From this expression it may be seen that the ex­
ponential e-t/T2 is the envelope of the transient 
processes while their frequency is determined by 
the detuning and increases as the detuning becomes 
greater. 

Similarly in the case of very small detuning we 
obtain 

Observation of transient processes enables one 
to determine the relaxation times. However, in the 
steady state method their realization in a pure form 
is associated with considerable experimental diffi­
culties. 

3. PULSE METHODS IN NUCLEAR MAGNETIC 
RESONANCE 

Transient phenomena in nuclear magnetic res­
onance may be realized by means of applying the 
radio frequency field in the form of pulses. For 
the case when the signal is observed during pulses 
of radio frequency field lying within the resonance 
band ( ~w = 0 ), one can use expression (14). In 
this case the solution is obtained without any sim­
plifying assumptions since the system of Bloch's 
equations reduces to a system of equations with 
constant coefficients. When the radio frequency 
field is large and the stationary term becomes 
saturated the nuclear resonance signal during the 
pulses will have the form 

(t) -:;-r-:;:~;:=-=y~H=;:;tM=z:;:(O=) =;:::::;:~ exp {- _!__ (___!_ + ~) t} 
v = V(rHt)'-1/4(1/T.-1/Tt)' 2 Tt r. 

xsinV(yHI)2 - 1/4 (1 /T2 -l /T1)2 t. 
v (0) = u (0) = 0. 

(15) 

From the above expression it may be seen that 
the envelope of the signal is given by the exponen­
tial e-t/To with 1/T0 =l(l/T1 +1/T2 ), while 
the oscillation frequency is always given by the 
nuclear Larmor precession frequency. Since the 
signal is observed after appropriate detection, the 
above fact enables one to determine the overall re-

laxation time T0• 

In the case when the frequency of the r.f. field 
is not exactly equal to the nuclear Larmor preces­
sion frequency expression (13) may be used to de­
scribe the absorption mode signal. 

Expressions (13), (14) and (15) represent the 
response of a spin system to an r .f. pulse which 
may be considered to be a unit pulse. The absorp­
tion mode signal will then represent the envelope 
of the process whose frequency is the nuclear Lar­
mor precession frequency. 

Thus the use of the phenomenological Bloch 
equations as the starting point enables us to cal­
culate the response of a spin system to a unit r.f. 
pulse, and consequently also to a signal of arbi­
trary form, since the spin system possesses res­
onance properties. 

In order to investigate the question of the effect 
of a pulse of triangular shape, we shall use the 
formula 

t 

D (t) = E (0) v (t) + ~ v (-::) E' (t - 't) d-e, (16) 
0 

where D ( t) is the envelope of the outpu~ signal, 
E ( t) is the envelope of the input signal and v ( t) 
is·the response of the system to a unit r.f. pulse. 
In the present case, it is sufficient to investigate 
a linearly increasing input voltage E =at. We 
then obtain 

t 

D(t)=a~v(-r:)d't 

It may be seen from this expression that the enve­
lope of the transient processes remains of the form 
e-t/To also in the case of a triangular pulse, i.e., 
the "damping" of the transient process is independ­
ent of the shape of the r .f. pulse and is determined 
only by the properties of the spin system. 

If the nuclear magnetic resonance signal is ob­
served in the interval between pulses of the r.f. 
field then the following conditions hold 

(18) 

In this case we can obtain for the absorption mode 
signal 

v (t) = e-fiT, (v (0) cos yH 0t + u (0) sin yH0t). (19) 

Similarly, the dispersion mode signal is described 
by the expression 

u (t) = e-lfT, (u (0) cosyH0t- v (0) sin yH0t). (20) 

Thus observation of nuclear resonance signals 
both during the pulses and in the interval between 
the pulses of the r.f. field enables us to determine 
both the longitudinal and the transverse relaxation 
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times. 
The expressions obtained for the dispersion and 

absorption mode signals in the interval between 
pulses may be used for the description of signals 
of free nuclear induction observed in weak magnetic 
fields. In order to obtain transverse polarization 
in this method a sufficiently strong magnetic field 
perpendicular to the weak one is used. For the 
perpendicular component of nuclear polarization 
we obtain 

My=+ e-lfT,[v (0) cos yH0t + u (0) sin yH0t]. (21) 

Then the following nuclear induction signal will ap­
pear across the terminals of the receiver coil 

v(t) = +~ NSyH0v(O)e-t/T,cosyH0 t, (22) 
c 

where N is the number of turns in the receiver 
coil and S is its cross-section area. 

Consequently the observation of free nuclear 
induction signals in the earth's field permits one 
to determine the transverse relaxation time very 
. accurately since the earth's field has a high degree 
of natural homogeneity. 

In order to carry out calculations for transient 
processes in a spin system in the case of sudden 
jumps of frequency we shall assume that initially 
an r .f. field characterized by the detuning - .6.w 
was switched on, that it was switched off at the 
time T = 0, and another r.f. field detuned by an 
amount + .6.w was switched on. Then for large T 
we can obtain 

- v (t'- L'.w) ei(w,-11w)t + v (t' + L'.w) ei(w,+t1w)l 0 

From this we obtain for the nuclear resonance 
signal 

D (t) = - [yHIMo / ((L'.w)2T2 + 1 IT 2 + (yHI)2 T1)J 

(23) 

X [1- 2ie-t/T• (cos"fjt +(I I T 2"fl) sin 'Y)t) sin L'.wt]. (24) 

It may be seen from this that transient processes 
in the case of frequency jumps are of a more com-

plicated nature, i.e. additional oscillations of the 
envelope of the nuclear magnetic resonance sig­
nals are now observed. Transient processes asso­
ciated with jumps of frequency remind one by their 
shape of the phenomenon of "beating of beats" due 
to the presence in the sample of groups of resonat­
ing nuclei with different precession frequencies. 
This fact makes it much more difficult to observe 
the "beating of beats". It should be noted that in 
stationary nuclear resonance methods associated 
with a deviation of frequency the transient phenom­
ena are always somewhat distorted. Small drifts 
of the generator frequency sometimes make it pos­
sible to observe the pseudo-phenomenon of "beating 
of beats" even in pure water. 

The cases considered above show that transient 
phenomena in a spin system are similar to tran­
sient processes in coupled resonant electrical cir­
cuits. The expressions obtained above are simple 
and may be used for the experimental determina­
tion of relaxation times. 
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