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Multiple scattering of protons with energies from 90 to 200 Mev and with energies from 40 to
60 Mev was investigated respectively in lead and copper plates of various thicknesses. The
experimental data are compared with the multiple Coulomb scattering curves for a point and
extended nucleus. A consequence of diffraction scattering is that the experimental results do
not agree, with the theoretical values for a finite sized nucleus and exceed them. The effect
of nuclear scattering depends on the relation between the angle 6 = */R and the mean square
angle of multiple Coulomb scattering. The integral cross section for nuclear scattering of
protons o = (0.0755 + 0.0375) 0geom has been obtained in the angle region in which Coulomb
scattering is small compared with nuclear scattering. This value is in good agreement with
the optical model of an “absolutely black” nucleus.

1. INTRODUCTION

WE have investigated the scattering of protons
with energies of 90 to 200 Mev in lead plates 7 and
4 mm thick, and from 40 to 60 Mev in 5 and 2 mm
copper plates, located in a Wilson chamber. Cos-
mic ray protons, stopped by ionization in the Wilson
chamber plates, were selected, and théir momen-
tum prior to entering the chamber was measured
with a magnetic mass spectrometer. A detailed
description of the experimental setup is given in
Ref. 1.

The conditions for selecting particles for the
scattering investigation were such that it was pos-
sible to observe elastic scattering only. The mass
of an inelastically-scattered proton, determined
from its momentum and range, is not the true pro-
ton mass, and such cases are not investigated.
However, there is a spread in the proton masses,
because of the errors in measuring the momen-
tum and range. If one assumes that a particle
corresponds to the selected upper limit of the in-
terval for the proton masses, equal to 2300 m,
not because of errors but on account of inelastic
scattering, then the value of the transferred mo-
mentum will be Ap; ., = 0.8 x 10% ev/c, which
constitutes 15% of the particle momentum itself.
The proton mass spectrum is well approximated
by a Gaussian distribution which shows that the
spread of masses is due to the errors of measur-
ing momentum and range and not to some inelastic
processes. Besides, the relatively small value of
Apjpel gives reason to believe that the investigated
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scattering is elastic.

The projections of scattering angles in plates
were investigated from zero to the maximum ob-
servable. The angles were measured independ-
ently by two observers, from photographs, by
means of a protractor. A large number of meas-
urements were averaged. The mean-square error
in measuring the angle was 0.6°.

It is to be noted that only those scattering an-
gles were investigated which corresponded to the
residual tracks, equal to two or more plates; thus,
if the plate in which the particle has stopped is as-
signed the number k =0 and the plates are num-
bered consecutively upward from this plate, then
the investigated scattering pertains only to plates
with numbers k = 2. The scattering was not in-
vestigated in the plate k =1, since in this case
the large uncertainty in the track lowered consid-
erably the precision of the momentum determina-
tion.

The protons were divided according to their
residual tracks into four groups (I, II, III, and IV).
Groups I, II, and III correspond to plates with num-
bers k =2, 3, and 4. Group IV corresponds to
plates with numbers k =5 and 6.

Inasmuch as the curves of multiple Coulomb
scattering are dependent very strongly on the mo-
mentum p (more accurately, on the quantity = =
pBc), it was measured by two methods for a more
precise determination. The momentum was deter-
mined, on one hand, from the residual track and on
the other hand, from the momentum measured in
a magnetic field and from the amount of matter
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traversed by the particle up to the scattering point.
For each group, the average momenta calculated
by both methods agree well with each other (with
a precision to 2%). The momenta and energies of
investigated protons for each group are shown in
Table I.

TABLE 1
Momentum p, Energy E,
Group 10% ev/c Mev
1 4.64-0.25 104413
11 5.1540.24 132411
11 5.640.21 152410
v 6.174-0.16 18649

The average momentum for each individual
group has an uncertainty Ap, determined by the
finite plate thickness in which the particle stops.
Corrections were made for the multiple Coulomb-
scattering curves, plotted with the average value
of m, which take into account the existing uncer-
tainty in the momentum determination.

The elastic proton scattering in plates, in the
region of small angles, is determined primarily
by multiple Coulomb scattering. Only for large
angles (6 > %/R) does the scattering have in
practice a purely nuclear aspect. The presence
of nuclear scattering for protons leads to the con-
clusion that the experimental curves differ from
the curve of Coulomb scattering.

2. ON THE THEORY OF MULTIPLE SCATTER-
ING OF NUCLEAR-ACTIVE PARTICLES

The distribution function of multiple Coulomb
scattering for a point nucleus was calculated by
Moliere.2»* The nuclear dimensions begin to show
up when the momentum change of the scattered par-
ticle is of the order of the “nuclear momentum,”
Ap=pb ~1h/R, i.e., for angles 6 2 X/R.

Scattering curves that take into account the finite
nuclear dimensions, applicable to the scattering of
p mesons with momenta p = (1.0 —2.0) x 10%ev/c,
were obtained and communicated to us by M. L.
Ter-Mikaelian. The differential Coulomb scatter-
ing cross section (neglecting the atomic form fac-
tor) has the form

5 (6)dQ = s (0 F ()dQ, y=0R /%, (1)

where o (0) = 4a’%/6* — the Rutherford scatter-
ing cross section, o = Ze*/fiv, and F is a nu-
clear form factor which drops off rapidly with 6R/x
> 1 and which equals 1 for y « 1. Its values for
intermediate values of y, according to Hofstadter’s
data,!are: y =0.5; F(y)=0.91; y=1.0; F(y) =
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0.64; y =2.0; F(y)=0.294.

From the comparison of the multiple Coulomb
scattering curves for the point and extended nucleus
it can be seen that the smaller the angle 6 =*/R
in relation to the mean square of Coulomb scatter-
ing xcw/B— (Ref. 2, 3), i.e., the larger the atomic
number Z and the thickness of the scattering sub-
stance, the greater the influence of the nuclear
dimensions. However, if there is also a nuclear
interaction, then for the same momentum change
Ap = 1/R one must also take into account the nu-
clear forces; therefore the calculation of the finite
nuclear dimensions in Coulomb scattering and of
the nuclear field must be done simultaneously. It
is clear that the nuclear scattering must be taken
into account if its cross section is (for some scat-
tering angles) comparable to the Coulomb scatter-
ing cross section. For the differential nuclear
scattering cross section we shall use the data on
neutgon scattering for an “absolutely black nucle-
us.”

Snuc (0) dQ = R?| J; (y)/ 62 dQ. (2)

The nuclear and Coulomb cross sections become
equal at angles 6; =2ax/R for @2 1 and 6,=
2Vax/R for @ « 1. If angles 6, and 6, exceed
significantly the mean-square angle of multiple
scattering (a > 1), then the Coulomb interaction
predominates over the nuclear one in the angle re-
gion of interest to us. It is then valid to take into
account the nuclear dimensions which manifest
themselves at deviation angles */R, and disregard
nuclear scattering which becomes of the order of
Coulomb scattering for angles much larger than
x/R. When o = 1, the effects of nuclear dimen-
sions and nuclear scattering are of the same order,
but when o «< 1 the nuclear scattering shows up
considerably earlier than the nuclear form factor
in Coulomb scattering. The thicker the scattering
substance and the higher its Z, the larger the
mean-square angle of multiple Coulomb scattering
Xc VB and the greater the effect of nuclear scatter-
ing.

The total differential scattering cross section is

Ioratll) dQ = og(h) N (y, «) d€, (3)

where N (y,a) is the coefficient which accounts
simultaneously for the effects of the finite nucleus
dimensions and of nuclear scattering.

Following the calculations of Ref. 5, we can
simply use the coefficient N (y, o), which must
be multiplied by the Rutherford scattering cross
section in order to obtain the correct formula for
the single scattering cross section, which in turn
yields the curve of multiple scattering. This coef-
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ficient, for o <1, is everywhere larger than unity
and only for « >» 1 is it smaller than unity. This
is well illustrated by a series of experimental
curves in Ref. 6, which give the dependence of
N(y, @) = 0tota] /OR on the scattering angle for
22-Mev protons for a large number of elements.
For light elements @< 1 and N(y, o) > 1, and
N(y, @) <1 only for very heavy elements. We
shall use these experimentdl curves for compari-
son with our experimental data.

As follows from calculations in Ref. 5, the ex~
perimental curves for the dependence of N(y, )
on the scattering angle, cited in Ref. 6, depend
only on the magnitude of «. Having the interval
of velocities for protons under consideration (B =
0.44 —0.55 for lead and 8= 0.3 —0.35 for copper),
we determine the corresponding values of « for
our conditions:

apy = 1.37 — 1.1 and oc, = 0.723 — 0.625.

We next determine the equivalent elements which
correspond to our values of app and ag, for
22-Mev protons.

TABLE II
N (y)
0° ¥ =0R[} | Ref. 5 |Ref. 5| Ref. 6
@ = 0.2 [« =1.73
0 0 1 1 1
2 0.705 3.8 | 1.6 1
4 1.41 7.10 | 3.5 1.1—1.4
6 2.1 12.5 | 6.7 | 1.1—1.3
8 2.82 12.1 | 6.4 1.4
10 3.53 6.0 4.0 1.3
12 4.23 5.0 2.60 1.2
14 4.92 1.05
16 5.63 1.0
18 6.34 0.95
TABLE III
N(y)
9° | ¥ =0Rx | Ref. 5 | Ref. 5 |Ref. 6
«=102| a=118
0 0 1 1 1
2 0.208 1 1 1
4 0.416 1 1 1
6 0.624 3.4 1.6 1
8 0.832 4.0 1.4 1.05
10 1.04 4.2 1.5 1.15
12 1.248 5.6 2.0 1.20
14 1.456 6.5 3.4 1.17

Tables II and III show the values of N(y, a)
for lead (from the graph for Nb) and copper
(from the graph for Fe), respectively, in the re-
gion of angles investigated by us. The same tables
show the coefficients N(y, o) as calculated in
Ref. 5 for ¢ =0.2 and a =1.73. These coeffi-
cients, in the region of scattering angles investi-
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gated by us, are always greater than unity, whether
obtained from the experimental data® or from the
theoretical calculations.® Note, however, that the
use of the experimental data of Ref. 6 for N(y,a)
is based on Ref. 5 and that the coefficients N(y, )
according to theoretical calculations® are consid-
erably higher than the same coefficients according
to the experimental data of Ref. 6. It is possible
that the coefficients N(y, o) as calculated in
Ref. 5 have higher values because no account was
taken of the diffuseness of the nuclear edge or of
its transparency. However, there are no experi-
mental and theoretical papers covering the ener-
gies and substances of interest to us.

As far as the degree of blackness is concerned,
since the range in nuclear matter, for neutrons
and consequently for protons with energies of 20
to 140 Mev, is approximately constant, (it varies
from 3 x 1078 to 4 x 10" ¢cm in the interval of
proton energies investigated by us, i.e., 90 to 200
Mev for lead and 40 to 60 Mev for copper), then,
to a first approximation, one can consider the nu-
clei of lead and copper as “absolutely black.”

We can thus conclude that allowance for the
nuclear interaction and nuclear dimensions leads
to an increase in the Rutherford scattering cross-
section for the point nucleus, in the angle region
of interest to us, and not to a decrease due to finite
nuclear dimensions, as occurs for particles which
undergo only Coulomb interactions. The experi-
mental data for protons must lie above the Moliére
curve, or at least coincide with it when N(y, a)
is close to unity.
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FIG. 1. Differential distribution of scattering angles for
protons in 7 mm lead plates for group I. Solid line — curve of
multiple Coulomb scattering for a point nucleus, dotted line —
for extended nucleus; n = 254.

3. EXPERIMENTAL RESULTS AND THEIR
EVALUATION

In Fig. 1 are shown the experimental distribu-
tion of scattering angles for one of the groups
(group I) for scattering by 7 mm Pb, and the
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corresponding theoretical curves of multiple Cou-
lomb scattering for a point and an extended nucleus.
The scattering-angle distributions for the remain-
ing groups are similar in nature and are therefore
not shown. Since the projections of scattering an-
gles are under study, all theoretical relationships
and curves, used for comparison with experimental
data, pertain to scattering-angles projections.

The “x? criterion” can be used to check the
agreement between the experimental data and the
theoretical curves. For group I (Py2)extend = 10~
and (Py2),,int = 0.94. It follows from all these
curves that the experimental data agree with the
scattering curve for the point nucleus, but differ
markedly from the curve for an extended nucleus.

In Fig. 2 are shown the combined scattering-
angle distributions for all the groups (I, II, III, IV).
The scattering angles are given in units of ¢,
where ¢ is the relative scattering angle (¢ =
B/xcx/—ﬁ ). The superiority of such a construction
lies in the fact that we can combine all of the
groups, by previously constructing the distributions
according to ¢ for each group separately, and then
summing them up.
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FIG. 2. Differential distribution of scattering angles for
protons in 7 mm lead plates for all the groups combined. Solid
line — curve of multiple Coulomb scattering for a point nucleus,
dotted line — for extended nucleus; n = 1060.

The experimental curves for angles ¢ > 1.8
(Fig. 2) are less steep than the scattering curve
for the point nucleus. This is explained by the
fact that with large angles, the diffraction scatter-
ing cross-section is on the average inversely pro-
portional to the cube of the scattering angle
[Eq. (2)], whereas the pure Coulomb scattering
cross section  to its fourth power [Eq. (1)].

There are relatively few experimental data on
proton scattering in 4 mm lead plates. They are
therefore not subdivided into groups and the com-
bined graph for all the groups is shown (Fig. 3),
although the construction of the experimental and
theoretical distributions was made by intervals,
and the data were summed afterwards. It is seen
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FIG. 3. Differential distribution of scattering angles for
protons in 4 mm lead plates. Solid line — curve of multiple
Coulomb scattering for a point nucleus, dotted line — for ex-
tended nucleus; n = 349,

from Fig. 3 that the experimental data agree
equally well with the point nucleus and with the
curve of the extended nucleus [(Py2 )point = 0.94]
and [(Py2)extend = 0-931-

Comparing scattering curves for two different
thicknesses of scattering plates (7 mm Pb and
4 mm Pb), we see that the effect of nuclear scat-
tering increases with the increase in plate thick-
ness. In the region of large scattering angles,
where the Coulomb scattering is very small, and
consequently the interference of Coulomb and nu-
clear scattering plays no role, all the scattering
cases can be considered to be purely nuclear. The
experimental scattering cross-section for angles
@ > 3.3 for 7T mm Pb plates (Fig. 2) was found to

be ) .
o = (0.0755 £ 0.0375) 6 geom*
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FIG. 4. Differential distribution of scattering angles for
protons in 5 mm copper plates; n = 290.
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From the asymptotic expression for the diffrac-
tion scattering formula? for large angles one can
obtain the integral diffraction scattering cross sec-
tion for projections of scattering angles:larger than
90!

g = (4)(/772R60)3geom' (4)
which gives for angles ¢ > 3.3 a cross section
0 =0.06 0goom> in good agreement with its ex-

perimental value.
The experimental data on proton scattering in
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FIG. 5. Differential distribution of scattering angles for
protons in 2 mm copper plates; n = 290,

copper, with scattering plates 5 and 2 mm thick,
are shown in Figs. 4 and 5 respectively. These
data are compared only with the curve of multiple-
scattering by a point nucleus because the effect of
finite nucleus dimensions is negligible for the cop-
per nucleus and the investigated momentum range.
While the mean-square angles xc\/§ (aver-
aged over all groups) for lead and copper are al-
most identical (~5°), the value of 6 =Xx/R for
copper (~7°) is 2.7 times larger than the same
value for lead (2.6°). One concludes from this
that the effect of diffraction scattering is also
small, and the experimental points must agree
well with the curve of multiple Coulomb scatter-
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ing for the point nucleus. This is clearly seen in
the curves shown in Figs. 4 and 5 and Table III,
where the coefficients N(y, @) are very close
to unity.

It follows from the above that, depending on the
energies of the protons, the plate thickness, and
substance in which scattering is being investigated,
the nuclear scattering takes place in a diverse man-
ner. If /R <XcVB, then the nuclear scattering
shows up in the region of multiple scattering; if,
however, */R 2 xc\/ﬁ , then the nuclear. scatter-
ing is apparent only at angles considerably larger
than the mean-square angle of multiple scattering.
The larger the effect of finite nuclear dimensions,
the larger is the effect of the nuclear scattering,
and vice versa. This, in the final analysis, leads
us to the conclusion that the elastic proton scatter-
ing in the region of multiple scattering can be ap-
proximated artificially by the curve of Coulomb
scattering for a point source.*

The author expresses his thanks to Prof. A. I.
Alikhanian for his interest in the problem and for
his participation in its discussion, and to W. L.
Ter-Mikaelian for developing the scattering theory
given in this paper and for his participation in the
discussion of the data.
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*Note added in proof (March 31, 1958). We have established
recently that in a scattering investigation by experimental set-
ups of this type it is necessary to take into account the geom-
etry of the apparatus. For mesons this calculation would lead
to a substantial change in the scattering curve; for protons the
change is several percent.






