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The problem of invariance of relativistic quantum theory with respect to space reflections is 
investigated from the most general group-theoretical point of view, without the use of a spe
cific form of the equations of motion. A complete classification is obtained for all the unitary 
and nonunitary irreducible representations of the improper inhomogeneous Lorentz group, In 
treating the problem of distinguishing representations according to parity, essential use is 
made of the concept of a universal covering group, which makes possible a rigorous proof of 
the previously mentioned2 impossibility of simultaneous existence of spinor particles whose 
wave functions transform according to representations of different types. 

An analysis is made of the experiment of Wu, 3 which is currently regarded as a proof of 
nonconservation of parity in weak interactions.4 From the group-theoretical point of view de
veloped here, experiments like those of Wu and Lederman5 do not contradict parity conserva
tion but merely conservation of charge conjugation, and consequently prove the electric charge 
is a pseudoscalar and that the electromagnetic potential is a pseudovector. 

1. THE RELATION BETWEEN REPRESENTA
TIONS OF THE PROPER AND IMPROPER 
LORENTZ GROUPS 

IN the preceding papers I- III of this series,* we 
found all the irreducible representations of the in
homogeneous Lorentz group, i.e., all the possible 
laws of transformation under four-dimensional 
rotations and displacements for the wave functions 
of a relativistic quantum theory. The purpose of 
the present paper is to find all the irreducible 
representations of the improper group, which in
cludes space reflections. The transition to the 
improper inhomogeneous Lorentz group Gs is 
accomplished by adjoining to the elements of the 
proper group G the inversion operation Is, which 
satisfies the relations (I ,34): 

[Is, PoL= 0, Us, p]+ = 0, [Is, ML = 0, [Is, N]+ = 0. (1) 

The first of these relations is a statement of 
the law of conservation of parity. Like the law of 
conservation of linear momentum, it is based on 
the fact that space and time variables are inde
pendent. According to (1), inversion changes the 

*Notations introduced without explanation are the same 
as in the preceding papers of this series, 1 which are cited in 
the text as I, II, III. References like (1.3~) refer to the corre
sponding formula in I. 
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sign of the operators p, N and leaves M and Po 
unchanged, 

P __,. - p, Po~ Po, M-.. M, N ~- N. (2) 

It is easy to show that if the operators p, p0, M, 
N form a representation P of the group G, the 
operators - p, p0, M, - N also satisfy the com
mutation laws (1.33) and consequently also form a 
representation of the proper group, which we shall 
denote by IsP. 

If the representation IsP is equivalent to P, 
then by definition there exists a non-degenerate 
matrix Iso such that 

r;;}Niso =- N, r;;}plso=- p, 

or, 

[M, I soL= 0, [Po, lsoL = 0, [N, lso]+ = 0, [p, lso]+ = 0. (3) 

Comparison of (1) and (3) shows that in this case 
the representation P is also a representation of 
the improper group Gs, in which the inversion op
erator is, except for a numerical factor As• equal 
to the operator I so in (3), 

(4) 

But if the representation P is not equivalent to 
IsP, then it can no longer be a representation of 
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the improper group Gs. In this case the repre
sentation P s of the group G will be the direct 
sum of the representations P and IsP: 

Ps = P+IsP. (5) 

The dimension of Ps is twice that of P, and 
the operators for the angular momentum M~ v• 
the momentum p~ and the inversion Is will have 
the form 

(M 0) s (Po 0) (p 0) 
Ms = 0 M ' Po = \0 Po ' ps = 0 - p ' 

Ns=(N 0)· 
0- N,' 

(6) 

0 /) 
fs = [Ls ( 1 O (7) 

Ps is irreducible with respect to Gs if P is ir
reducible with respect to G and is not equivalent 
to IsP. Thus, for each irreducible representation 
P of the proper group G, either P is equivalent 
to IsP and constitutes an irreducible representa
tion of the group Gs; or P is not equivalent to 
IsP, and an irreducible representation of Gs is 
given by the direct sum P + IsP. Later we shall 
show that the converse theorem is also true, i.e., 
any representation which is irreducible with re
spect to Gs is either irreducible with respect to 
G or is a direct sum of the type of (5) of two ir
reducible representations. 

2. INVARIANTS OF THE IMPROPER INHOMO
GENEOUS LORENTZ GROUP 

From (1.34) and (1.42) it follows that I; and 
the fundamental invariants p~ and r~ of the 
improper group Gs. In II and III it was shown 
that for certain classes of representations there 
are additional invariants, which were discussed in 
Sec. 12 of I. These were the operator for the sign 
of the energy Sa= Poll Pol (II, Sec. 3), the opera
tor for the sign of the fourth component of the in
trinsic angular momentum Sr = r 011 r 01 (II, Sec. 
4), the operator L: of (III.16), (III.17), and finally 
the operators 

F = 1/2M~v, UJ' = ( J / 4n-i) E!J.v),aM!J.vM), 0 

of (III.24), (III.25) for the class 0 0• Of these op
erators, Sa, L:, and F are scalars and com
mute with Is, and consequently if they are invar
iants with respect to G, they are invariants with 
respect to Gs· The pseudoscalar operators Sr 
and W anticommute with Is, and can be invar
iant relative to G without being invariant relative 
to Gs. However, if in a certain representation 
one of the pseudoscalar operators is invariant with 

respect to G, then its square is invariant with 
respect to Gs. We should also note that, accord
ing to the tables in II, III, the operators Sr. W 
are not simultaneously invariant in any of the ir
reducible representations of G. 

3. STRUCTURE OF THE IRREDUCIBLE REP
RESENTATIONS OF THE IMPROPER IN
HOMOGENEOUS LORENTZ GROUP 

The irreducible representations of the proper 
group G, which were enumerated in II and III, can 
be divided into the following four types: 

(1) PJ..t F 0, W F inv, Sr F inv, 
(2) PJ..t -F 0, W -F inv, Sr = inv, 
(3) PJ..t = 0, W = inv -F 0, 
(4) PJ..t = 0, W = 0. 

In the first (fourth) case, there are no non-zero 
pseudoscalar operators in the representation which 
are invariant with respect to G and not with re
spect to Gs. In representations of this type, the 
operators MJ..tv, PA. coincide with the correspond
ing operators in the representation of G, while 
the inversion operator has the form (4). In the 
second (third) case, the group contains one pseu
doscalar operator Sr (W), which is invariant 
with respect to G and not with respect to Gs. 
Then the operator St (W2) is invariant relative 
to Gs, and in an irreducible representation has a 
fixed numerical value S2r (W2). Thus a repre-o 0 
sentation which is irreducible with respect to Gs 
can contain only two different irreducible repre
sentations of the group G, which differ in the val:
ues ± Sr0 (± W0) of the pseudoscalar operator 

Sr(W). The operator Sr(W) changes signunder 
inversion, and the representation Pr ( Pw) of 
the group G changes into the representation 
P_r(P_w) whichcoincideswith IsPr(IsPw) to 
within an equivalence transformation Iso· In ac
cordance with (5)- (7), in this case the represen
tation which is irreducible with respect to Gs is 
the direct sum 

Ps = Pr + p __ r(Ps = P+w + P_w), (8) 

while the operators ~ v, PA.• Is will have the 
form 

(9) 

l - (0 /) 
s- fLs I 0 ' (10) 

and correspondingly for Pw· In (10), J..ts is a 
number and Iso is the equivalence transformation 
connecting P_r with IsPr ( P_w with IsPw). 
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We have thus proved the assertion made at the 
end of Sec. 1 that any irreducible representation of 
Gs is either irreducible with respect to G or is 
the direct sum of two irreducible representations. 

Let us now construct explicitly the operator Iso 
of (4) or (10). It is not difficult to see that for rep
resentations in the classes Pm, Prr, P 0, this op
erator is the operator which changes the sign ofthe 
momentum: 

fs 0Q. (p) = Q. (- p) for Pm, Prr, Po. (11) 

In the class 0 0, the basic functions of the irre-
c v 

ducible representation sko have the form Qk, 

where v = - k, - k + 1, ... , k; k = k0, k0 + 1, ... 
The angular momentum operator is diagonal with 
respect to k: 

(12) 

while the operator N has the form ( cf., for ex
ample, Ref. 6) 

' ' ' where Avv' Bvv' cVV depend on F, W2, k, v, 
v ', (but not on W !) • From (12) and (13) it follows 
that for W = 0 the operator 

(I so )w = ohh' (- I )h-h' (14) 

commutes with M and anticommutes with N, i.e., 
can be used as the operator Iso in (4). For W 
I= 0, the operator (14) is also suitable for use as 
Iso• but now of course, for (10). This is easily 
verified using (I.34), (12) and (13). In order to 
complete the construction of the irreducible rep
resentations of the group Gs, there remains for 
us only to determine the possible values of the 
factor A.s in (4) and (10). However, for a rigor
ous treatment of this question, a more detailed in
vestigation of the double-valued representations is 
necessary. 

4. DOUBLE-VALUED REPRESENTATIONS AND 
UNIVERSAL COVERING GROUP 

The double-valued representations are not rep
resentations in the strict sense of the word. It is, 
however, known that one can give a group for which 
these representations become single-valued (i.e., 
true) representations. This group is the universal 
covering group of the inhomogeneous Lorentz group. 
It is essential to note that the universal covering 
group is uniquely determined by the topological 
properties of the corresponding continuous group 
and is locally isomorphic to it ( cf., for example, 
Ref. 7). The transition to the universal covering 

group is accomplished by adjoining to the trans
formations of the group G an element I21r of ro
tation through an angle 21T, which commutes with 
all the elements of the group and satisfies the re
lations 

I~ .. =I, liml,=l2rc for rp~21r (15) 

for one of the spacial rotations. Since the spinor 
representations are true representations not of the 
Lorentz group G, but of its universal covering 
group which we shall denote by G, it is the latter 
group with respect to which the equations and wave 
functions of quantum theory are covariant~ The 
element I21T is an invariant of the group G. It is 
equafto 1 for single-valued, and -1 for double
valued representations.* 

In accordance with our previous remarks, the 
operation of inversion should be introduced into the 
group G. Twofold application of the inversion 
brings the system back into its original state, 
which can be interpreted as a rotation through ei
ther 0 or 21T. In the first case the square of the 
inversion operator is unity: 

(16) 

while in the second, 

(17) 

We emphasize that the relations (16), (17) do not 
define different representations of the same group, 
but rather different groups, which we denote by ......, ....... , 
Gs and Gs respectively. In other words, the re-
lations (16), (17) give two types of structures of 
the space, and not of the individual particles. 

5. THE SEPARATION OF REPRESENTATIONS 
OF THE GROUPS Gs, G~ ACCORDING TO 
PARITY 

In this section, we shall determine the possible 
values of the factors A.s, j.Ls in (4), (11) and thus 
complete the classification of the irreducible rep-...., ....... , 
resentations of the improper groups Gs, G8 • For 
single-valued (unprimed) representations P, 
two-fold application of the inversion gives the iden
tity 

(18) 

so that 

As=+ 1. (19) 

*We shall continue to use the usual terms "single-valued" 
and "double-valued" representations, even though all repre
sentations are single-valued with respect to G. 
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The representations corresponding to A.s = 1 
and A.s = - 1 are not equivalent to one another if 
(4) holds for them. They are said to be even and 
odd, respectively, and will be denoted by + P and 
- P. The occurrence of the parity assignment 
doubles the number of possible single-valued ir
reducible representations of each of the groups 
Gs, G~ for the case when (4) applies. This is 
the case for the representations in the classes 

and those representations of the class 0 0 for 
which W = 0 (this set includes, in particular, 
four-dimensional vectors and tensors). 

The double-valued representations of the groups ,.., ,..,, 
Gs and Gs differ from one another. For the 
double-valued representations of Gs, 

(20) 
,..,, 

while for Gs, 

/~=A;=I21t=-l, 1-=±i (21) 

,.., The double-valued representations of the group 
Gs with A.s = 1 and A.s = -1 have opposite parity 
and are not equivalent to one another. For exam
ple, the direct product of two representations with 
A.s = 1 is different from the product of a repre
sentation with A.s = 1 and a representation with 
A.s = -1. At the same time, a well-defined parity 
cannot be assigned to either of the representations, 
since for each of them there exist two operators 
Is and Isi21p one of which multiplies the wave 
function by 1, the other by -1, and each of them 
has an equal right to be regarded as the inversion 
operator. Therefore, for the two-valued repre
sentations we can speak only of mutual or relative 
parity. As pointed out in Ref. 8, this situation was 
first noted by Landau. An analogous situation oc
curs for the double-valued representations of the 
group G~ with A.s = i and A.s = - i, which we 
shalldenoteby +iP' and -iP', respectively. 
Since the representations ± p' and ± ip' refer 
to different groups, it is meaningless to talk of di
rect products of the type ± P' x ± iP'. This means 
that in real space only those physical systems can 
occur whose wave functions transform according 
to double -valued representations of the type ± p' 
alone, or of the type ± iP' alone. Arguments con
cerning the impossibility of simultaneous exist
ence of spinors which are multiplied by :!:: 1 and by 
± i under inversion have been given previously by 
Shapiro.2 The use of the concept of the universal 
covering group enables us to formulate these ar
guments as a rigorous proof. Another difference 
between our treatment and that of, say, Shapiro, 

is that in this paper we investigate the irreducible 
representations of the group Gs rather than the 
Dirac equation. Thus the results obtained are ap
plicable to particles of arbitrary spin, 

We emphasize that a distinction according to 
parity exists only for representations which sat
isfy (4). When condition (10) is satisfied, the con
cept of parity of the representation cannot be in
troduced, since the representations corresponding 
to IJ.s = 1 and IJ.s = -1 are related by the equiv-

alence transformation ( ~ ~). This is the situ

ation for the representations 

Pl: - p+l: . p-l: pl - p+l . p-l 
±0 - ±0 + ±0, II - II + II (22) 

and those representations of the class 0 0 which 
have W f. 0 (and which include the Dirac bispinor 
as a special case) . 

For completeness of our discussion, we remark 
that in both Gs and G~ there is still one non
trivial one-dimensional irreducible representa
tion, the representation of the factor group of Gs 
with respect to the subgroup G. For this repre
sentation, which we denote by Js: 

Mfl.v = 0, Pl.= 0, Is= - I. 

It is easily shown that 

- P = Js X ( + P), - P' = Js X ( + ~'), 
- iP' = J. X ( + iP'). (23) 

6, INTERNAL PARITY OF ELEMENTARY PAR
TICLES 

So far, we have treated parity defined as the 
eigenvalue of the operator of inversion with re
spect to the coordinate origin. Such a definition is 
used in treating collisions and other similar proc
esses, where the origin is chosen to be the center 
of inertia of the physical system. In addition to 
this, we can define for each individual particle an 
internal parity which is an invariant character
istic of the particle. The internal parity A.s of a 
particle can be introduced by means of the rela
tion 

(24) 

where Is is the usual (external) parity, and Iso 
is the operator for the LJrentz transformation 
which takes the 4-momentum (p, ip0) into ( -p, 
iPo). For p = 0, Iso = 1 and the external parity 
coincides with the internal. Obviously if Iso in 
( 4) is chosen in the form of (11), the factor A.s in 
(4) will determine the internal parity. The concept 
of internal parity exists only for particles with 
non-zero rest mass, which are described by the 
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representations P~, P~ satisfying (4). Parti
cles with zero rest mass do not possess an inter
nal parity, since their wave functions transform 
according to the representations p_f0, P~~, which 
satisfy (10) and not (4). Thus, for example, it is 
meaningless to speak of a photon as being a vector 
or pseudovector particle. 

7. CONSERVATION OF PARITY IN WEAK IN
TERACTIONS 

In pseudo-Euclidean space-time, the inversion 
and time displacement transformations commute, 
so that it automatically follows that the inversion 
operator Is commutes with the Hamiltonian, i.e., 
Is is conserved. Consequently, since the exper
iments of Wu, 3 Lederman, 5 and others do not 
contradict the pseudo-Euclidean character of 
space-time, 4•9 they cannot contradict the law of 
conservation of parity, but merely show that the 
present definition of parity is incorrect. In fact, 
by definition parity is the eigenvalue of the inver
sion operator, which is used to transform the wave 
function when all three space coordinates are re
fleeted. The inversion operator must therefore 
necessarily satisfy the commutation relations (1), 
which are simply a mathematical statement of the 
definition of parity. 

For example, let us consider from this point of 
view the experiments on the {3 -decay of polarized 
nuclei which were proposed by Lee and Yang4 and 
carried out by Wu.3 In these experiments, the 
angular distribution of electrons emitted by Co60 

nuclei polarized in a magnetic field was studied. 
An asymmetry of the cross section with respect 
to the plane perpendicular to the field was ob
served. It follows that the angular distribution 
must contain a term proportional to the scalar 
product of the magnetic field H and the electron 
momentum p, 

o --a+ bp·H. (25) 

We emphasize that the quantity which is directly 
observable is p · H and not p · s, where s is the 
spin of the nucleus. Since the cross section is a 
scalar, the quantity p · H is also a scalar, but 
since according to (1) p is a vector, the mag
netic field H must also be a vector. The results 
of Wu's experiment also essentially reduce to this 
assertion. Up to now the magnetic field was con
sidered to be a pseudovector and not a vector. 
However, until the experiment of Wu there was no 
possibility of establishi:o.g the law of transforma-

tion of the electromagnetic field under inversion. 
In fact, in the Maxwell equations and the expres
sion for the Lorentz force density fp,: 

Ap, and jp, can be regarded as being either vec
tors or pseudovectors. If we take the second point 
of view, charge should be treated as a pseudosca
lar, the electric field as a pseudovector, etc. The 
question whether Ap, and jp, are actually vectors 
or pseudovectors cannot be answered within the 
framework of electrodynamics, since it reduces to 
equations which are satisfied in both cases. The 
two possible laws of reflection are different for an 
operation which consists in the simultaneous change 
of sign of AIL and jiL' i.e., for charge conjuga
tion. Thus the occurrence of two possible laws 
for inversion in electrodynamics is related to its 
invariance under charge conjugation. These state
ments remain valid in a quantum theory. The Wu 
experiment shows that weak interactions are not 
invariant with respect to charge conjugation, and 
that in electrodynamics the second of the possible 
choice!? for the reflection operation, which has 
been called combined inversion, 9 is the correct 
one, and that, in particular, charge is a pseudo
scalar. 

Since charge is a pseudoscalar, it anticom
mutes with the inversion. Therefore for charged 
particles the parity cannot have a definite value. 
However, because of the in variance of strong in
teractions with respect to charge conjugation, the 
product of true inversion and charge conjugation 
is an approximate integral of the motion of such 
particles. This operator commutes with the charge, 
and its eigenvalues, which are incorrectly called 
the parity, can have definite values for charged 
particles also. 

To a considerable extent, these considerations 
have a methodological character. However, the 
bringing of clarity into the definition of the concept 
of parity is necessary at the present time because 
of the widespread use of the, from our point of 
view, extremely misleading term "nonconservation 
of parity in weak interactions," when we are actu
ally dealing with the nonconservation of charge 
conjugation and the problem of correct choice of 
the inversion operation for specific equations of 
motion. 
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