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The dependence of the impact parameter on energy of relative motion and scattering angle, and 
the transport cross section for atomic collisions are calculated using the interatomic potential 
previously found by the author from the Thomas-Fermi statistical theory of the atom. 

INTRODUCTION 

IF we treat the scattering of ions or atoms by 
atoms as elastic, and limit ourselves to scattering 
angles a> 10-2 (in the c.m. system), we find 
that, for energies of relative motion E > 100 ev/M 
(where M is the reduced mass in units of the 
mass of the hydrogen atom), the scattering is de
termined by the laws of classical mechanics. For 
very high energies, when the relative velocity of 
the colliding atoms exceeds Z1Z2e2/ti, classical 
mechanics is not applicable, but the scattering is 
practically determined by the coulomb interaction, 
for which the results of quantum and classical me
chanics coincide. 

We may therefore assume that the scattering 
as calculated by the methods of classical me chan
ics gives the correct result for collision energies 
greater than 100 ev/M. The energy is limited from 
above only by relativistic velocities. 

Actually, for energies exceeding ~ 1 kev, in 
addition to elastic scattering there is scattering 
accompanied by excitation, single or multiple ioni
zation, and charge exchange of the colliding atoms. 1 

As a result of this there is some uncertainty in the 
kinetic energy and interaction potential of the col
liding atoms, which results in an additional smear
ing out of the wave packet which is not taken into 
account in deriving the condition for applicability 
of classical mechanics to elastic scattering. 

However, for low collision velocities the prob
ability of inelastic processes is small. For veloc
ities exceeding 107 em/sec the cross sections for 
elastic and inelastic scattering are of the same 
order, but appreciable scattering occurs only for 
strong overlapping of the electronic shells of the 
atoms. In this case the interaction potential is de
termined practically by the inner electrons alone, 
and they have velocities which are large compared 
to the velocity of the colliding atoms, and are 
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weakly excited. Excitation of electrons in the outer 
shells of the atoms hardly changes the scattering 
potential. Finally, if the velocity of the colliding 
atoms is of the same order as, or greater than the 
velocity of the inner electrons, the scattering is 
practically coulomb ian. The change of kinetic en
ergy in the collision process is also relatively 
slight,2 not exceeding a few percent. 

So, independently of the inelastic processes occur
ring during collision of the atoms, we can calculate 
approximately the dependence of the scattering 
angle on the impact parameter, using the potential 
for elastic interaction according to classical me
chanics. 

Such a calculation is needed for all sorts of 
problems; the depth of penetration of accelerated 
ions into matter; the disruption of the atomic lat
tice during penetration of ions into a solid (pro
vided their velocity is so small that they lose en
ergy mainly by elastic collision and not by ioniza
tion of the atoms; the determination of the energy 
which is given to the atoms of a gas during colli
sions with a beam of ions, and also the correspond
ing cross sections. 

Here we treat only collisions with energies sig
nificantly greater than the ionization potential of 
the atoms ( ~ 1 kev or greater), where apprecia
ble scattering is observed when there is a consid
erable overlap of the electronic shells of the atoms. 
It is only in this case that the scattering potential 
can be determined for any pair of colliding atoms 
on the basis of the statistical model.3 When this is 
not the case, the interaction depends essentially on 
the outer electron shells of the atoms and must be 
determined individually for each colliding pair. In 
this latter case, the scattering itself is obviously 
isotropic (except for the region of very small 
angles), and has a weak energy dependence, while 
the cross section is of the order of gas-kinetic 
values. 
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DIMENSIONLESS ENERGY AND IMPACT 
PARAMETER 

In a previous paper4 it was found that, to an ac
curacy of 10%, the interaction potential for atoms, 
calculated on the basis of the statistical model for 
the electrons, can be represented as 

(1) 

where x (x) is the screening function in the 
Thomas-Fermi potential, Z 1 and Z2 are the 
atomic numbers of the interacting atoms, r is the 
distance between the nuclei, 

a = (9rc2 1 128)'1• 1L2 1 me2 = 4. 7. 1 o-9 em, (2) 

~ (Z1 , Z2) = (Z{' + Zi')'1' (3) 

for 0 <X·< 15, which describes the whole range 
of interactions, including Z1 = Z2 = 100. 

The function (1) can be improved by using 
'I 'I 'I ~ = 3 [(Z1 + Z2) '-Z1'- Z2'J I?Z1Z2, (4) 

for 0 < x < 2, and 

~ = czi• + z;1·)'1'. (5) 

for 2 < x < 7. Expressions (3), (4), and (5) coin
cide if ztfz2 is either large or small. For Z1 = 

Z2, the values of expressions (3), (4), and (5) are 
in the ratio 1:0.82:0.89. Possibly, such an im
provement exceeds the accuracy of the theory. 

The polar angle cp, which is related to the 
scattering angle a, is given in classical mechan
ics by the formula 

00 

'IT- a \ pdr 
9 = -2- = .l r 2 V 1 - U (r) IE- (pI r)2 ' 

r, 

(6) 

where p is the impact parameter, E is the ki
netic energy of relative motion for r - oo , and 

If we introduce a new variable 

x =~rIa, 

then 

U (r) 1 E = (Z1Z2~e2 I Ea) (X (x) I x) = V (x) I <f), 

where V (x) = x (x )/x, and the dimensionless 
energy tfJ is 

(7) 

(8) 

(9) 

(10) 

where E is expressed in ev. If in addition we de
fine a dimensionless impact parameter by 

b =~pia, 

then (6) is expressed as 

(11) 

00 

~ bdx 0(=7.-2 . , 
x2 V 1- V (x) I cfj -- (b I x)" 

x, 

(12) 

where, in accordance with (7), 

(13) 

The solution of Eq. (12) for b = b (a, <f)) en
ables us, by calculating a single integral, to find 
the differential scattering cross section for any 
pair of colliding atoms, or for an atom and a singly 
charged ion: 

cr ( oc) = pdp I sin ocda = a2b db I sin ocd:x. (14) 

It is assumed that for strong interaction, when 
the electron shells of the atoms overlap, ionization 
of one of the atoms before collision is not very 
likely. 

Frequently one is interested in the transport 
cross section 

00 ~ 

cr' = ~ (1 -cos oc) 2-r:pdp = 1t ~ p 2 sin ada= a 2 cr(*), (15) 

where 

0 0 

~ 

cr(') = 11: ~ b2 sin a doc, 
0 

is the dimensionless transport cross section. 

CALCULATION OF b (a, <f)) AND u(*) (<f)) 

(16) 

For the calculation of the polar angle, it is con
venient to set x = x 0/ cos e ip (12), so that 

~12 

oc = 11:- E!_ \ y (6) dO, 
Xo .) 

0 

(fJ) . a[! V(x0 1cos6) (b\2 2 fJlj-'l, y = Sln - cfj - x;} COS • 

The integrand in (17) has no singularities, is 
equal to 1 for e = rr/2, while for e- 0, 

(17) 

y (6)--+ [(b I x0) 2 - x0V' (x0 ) I 2<f)(1', V' (x) < 0. (18) 

The derivative y' ( 8 ) is equal to zero for 8 = 0 
and e = rr/2. If V (x) "' x-2, y (e) = 1. It is also 
useful to introduce an "index" n (x) according to 
the formula 

n (x) =- xV' (x) IV (x). 

The meaning of n (x) is that, for values of x 
not too much greater than x 0, 

V (x) = V (Xo) (x0 I x)n<x•> (19) 

n (x) varies very slowly: from unity for x = 0 to 
n ~ 3 for x = 15. Using n (x), the expression 
(18) is transformed to 
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Since V (x) is a monotonically decreasing 
function of x, and V (x0 ) is always less than {) , 
from our discussion, to an accuracy of 1%, the in
tegral (17) is easily calculated for several points. 
However, when a= 0.3, an error of 1% in the in
tegral (17) gives an error of 10% in a. So for a 
< 0.3, a is extrapolated using a power law: if 
V (x) is written in the form of (19), then for small 
angles, 

00 

C1.;:::::::- _1:__ \ V' (x) bdx ~ I / {)bn (b). (20) 
0 J Vx 2 - b2 

b 

The results of the calculations for a :::: 0.3 are 
given in the table. 

The value of b for a < 0 .3 can be found by 
extrapolation using (20): 

b = b (0.3; {)) (0.3 1 ct.)lfn. 

A good approximation for a s 1 is 

ct.= V (b) l!T:n (b) I 2- 0.57/ {), 

for which n (b) has the following values: 

b = 0 0.3 0.5 1 2 3 4 6 8 12 20 CD 

n=1 1.3 1.5 1.7 2 2.2 2,;. 2.6 2.8 2.9 3 4 

where the value of b should be taken as the near
est greater value than that from b ( 0 .3, {) ) . 

In the interval 0.7 < x < 5, V (x) differs little 
from 0.45 x-2 . For a :::: 0.3, there correspond to 
this range in x the values 0.05 < {) < 1, where to 
sufficient accuracy we can replace V ( x ) by 
0.45 x-2 and evaluate the integral (17) analytically. 
Finally, for {) > 10, X « 1, X (X ) Rl 1, V (X) Rl 

1/x and 

b = I 1 2[) tan j . 

In intermediate cases, b (a, {)) is found by 
standard interpolation in a and {) . 

(21) 

The transport cross section was also calculated 
using (15). The results of the calculation using the 
table are described to good accuracy by the formula 
(for 6:::: 0.02) 

o<*l =(Tel{)) In (I+ 0.7 {)), (22) 

or 

The dependence of p (a, {) ) for collision of 
argon ions and argon atoms with relative energy 
37.5 ev was determined in the work of Kaminker 
and Federenko5 from the formula 

1t 

"2~·da. d P" = - -- sm ct. ct. dQ , (23) 

Values of b (a, {)) 

~ 1 0.3 0.5 0.7 1 1 1.5 2 1 2.5 1 2.5 < ~ < 1t 

--------~--~----~--

0,02 
0.03 
0.05 

0.05<0< 1 
1 
1.5 
2 
3 
4 
.5 
7 

10 

8.8 6. 7 
7,4 5.8 
6.0 4.6 

1.451' 1.00 
1.10 0. 78 
1.90 0.63 
0. 721 0.47 
0,60 0.37 
o .. 'io o.3o 
0. 361 0. 23 
0,28 0.18 

1
5,614.212.8 I 1.8!1.0 I 4.6 3.5 2.3 1.5 0,8 1.3(rc-a) 
3.8 2,9 1.9 1.2 0.65 1.0(rc-a) 
b =(rc-a) [0.45/ (2rc- a) a&;]'/, 
0. 76 0,55 0.34 0.21 0,11 0,18 (rc-a) 
0,58 0,41 0.25 0.15 0,08 0.12(rc-a) 
0.47 0,33 0.19 0,12 0,06 0.09(rc-a) 
0.3:3 0,23 0.15 0,090 0.045 0.07 (rc-a) 
0.26 0.18 0.11 0,070 0,035 0,053 (rc-a) 
0.23 0,15 0.093 0,060 0.030 0.045 (rc-a) 
0.17 0.12 0.070 0.042 0.0220,033(rc-a) 
0.11 0.087 0.050 0.029 0.0160.024(rc-a) 

where do/dU is the "total differential cross sec
tion," i.e., the sum of all the differential cross 
sections for elastic and inelastic scattering as well 
as charge exchange. Actually the measurements 
were done only over the angular range 1 o s a s 
22°. The authors then extrapolated do/ dQ up to 

where 

p2 = 2 \ _da_ sin x da 
0 j dQ 

24° 

was largely determined by quite arbitrary extrapo
lation of do/ dQ. As a result of this extrapolation, 
they found a marked change in the behavior of p (a ) 
in going from a = 16° to a = 24°. We have re
computed their results, choosing Po so that the 
smooth variation of p (a) is not spoiled. Instead 

a = 7T. So actually (23) was calculated using the 
formula 

22° 

p2 = 2 ~ t'b- sin adtX + p~. (24) 
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of Po = 5 x 10-10 em we used Po = 1.26 x 10-9 em, 
after which the comparison of experimental and 
theoretically calculated values of p (a) looks as 
follows (in the lowest line, the uncorrected values 
of p (a) are given in parentheses): 

0 a, 2 4 6 8 10 12 16 20 24 

10"ptheor. 5.6 4.1 3.3 2.9 2.5 2.3 1.9 1.7 1.54 
10"Pexp. 7.8 5.5 4.1 :3.1 2.5 2.1 1.6 1.4 1.26 

(7.7) (5.3) (3.9) (2.8) (2.3) (1.S) (1.2) (0.8) (0.5) 

The calculated values of p (a ) correspond ap
proximately to a potential "" 1/ r 2 . The experimen
tal values for a > 6° are closer to a Coulomb law 
with Z1Z2 = 114 (fitted at a= 10° ). Thus accord
ing to experiment5 the scattering proceeds as if 
right at the start of interaction all the outer shells 
of both of the colliding atoms flew off, or at least 
were "swollen" considerably ( i.e., excited ) , while 
the inner (neon-like) shells were left complete. 
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