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The maser is considered as an oscillating system with one degree of freedom, the steady-

state oscillations of which are descrbied by the Basov-Prokhorov equations.

It is shown that

there is a “soft” mode and an analog of the “hard” mode which is preceded by a region of
noise generation. The natural line width due to thermal noise is determined and found to be
107 cps for an ammonia maser at room temperature.

].. The general form of the oscillating equation for
a maser is represented by the system:

Ly (E +4rc) =0; Ln(E)=s3,

where E is the field in the oscillator circuit and
o is the molecular polarization. The first equa-
tion is the usual differential circuit equation while
the second applies to the system of molecules.
The analysis of the second equation is extremely
difficult and has not been carried out at the pres-
ent time. However, certain problems in the the-
ory of maser oscillations can be solved by means
of the Basov-Prokhorov equation! which describes
the steady-state oscillations and is a circuit equa-
tion with a complex dielectric constant € associ-
ated with the beam of molecules
d2V wo dV m
; + Ql o T = V=0
This equation can be obtained from the system written
above if the well-known relation E (¢ — 1)/4r =0
is applied in the second equation; in the present
case this relation applies only in the case of sinu-
soidal oscillations because of saturation effects.
Fluctuations in amplitude and frequency in a
maser are a result of thermal noise £ (t) with a
spectral density

w: = 4r®; 0 = hw/2 -+ [eho*T — 1] ho

and the “shot” effect associated with the dielectric
constant of the gas, i.e., fluctuations in €. When
these fluctuations are taken into account the equa-
tion is written in the form

a2 (Ve) Va)

e Q -+ 0V = o ().

It can be shown that the random dependence of ¢
on t gives rise to a fluctuating emf ( containing the
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derivatives d¢/dt and d%¢/dt?) which is negli-
gibly small compared with & (t) even when T =0.
However, the parametric effect of the fluctuations
in € are important and are considered below.

The final equation is

g+ o = [oQ(1- 2RV

0)2 v

—Q <%’ :)9 ] es|22 )d;t ]
where V =Ajexpiwt is the steady-state sinu-
soidal voltage across the condenser, Q is the
quality factor of the circuit, wy is the natural
resonant frequency of the circuit in the absence
of molecules, € =¢€;(w, Eg, t) — iy (w, Eg, t) is
the dielectric constant of the gas averaged over
the volume, which is time dependent because of
the shot effect, Ey = A/d is the field in the con-
denser, and p =1/Q.

Equation (1) can be used only when V changes
in a quasi-static way. Consequently the applica-
tion of Eq. (1) for finding fluctuations in V is
valid if £ (t) is characterized by a narrow spec-
trum Awg < Awg (where Aw, is the width of
the absorption line of the gas) centered about the
frequency of the steady-state oscillations. As is
shown by the theory,? this spectrum determines
completely the spectral line width of the maser.

The solution of Eq. (1) is written in the form
V = Acos?d and the fluctuations are analyzed in
accordance with the Bershtein method.® The usual
transformations®* yield the following equations:

¢

+ a2k (D),

B =¥ (4,8) — 2 5(t)cosant;

‘(%4— =0 (A,m(}) —_ 0)12 (t) sin mlty

. N (2)
WMM=%—§@—§H:
r e &



272 V. S. TROITSKII

where w = & and w; are respectively the instan-
taneous and mean statistical frequencies of the
steady-state oscillations.

2, Using the well-known expression! for the
polarizability xy(w,t) and ky(w, t) and the
distribution over time of flight P (1) = (‘r/'r%)

X exp(—T/Ty), the dielectric constant of the beam
of gas molecules in the circuit, averaged over the
volume, can be written

o T

4 M (1 d
ey (0, Eq ) = 2 O S P L sz (1) dt
; ; 3)
_ 4mhd3r,  M(Y)

e mrrem (@ Egt)=1—uls,),
where u = (wy — w)Ty, wy is the frequency of the
photon, A% = E%B‘r%, d is the dipole moment of
the molecules, S and £ are the cross section
and length of the beam of molecules and M (t) is
the number of molecules in the condenser at any
given instant of time.

The fluctuations in M (t) are determined by
the shot effect in the dielectric constant. For a
beam with the distribution denoted above by P (T),
the spectral density in the fluctuations of the num-
ber of particles m(t) = M(t) — M is

W (F) = 2Mr,y (3 + Q2c3) /(1 + Q2}), Q=2xF. (4)

3. The mean values of the amplitude A, and
the frequency ¥y = w; are found from the condi-
tions @ (Ag, wy) =0 and wy =¥ (A, w;). From
the first of these, to an accuracy of uz, we find
the equation for power as a function of tuning and
oscillation frequency

A= —1—u2 (5)

The second equation yields an equation for the cir-
cuit frequency (or oscillation frequency if the
maser is excited)

wW—u2o+u(l +A24+Ry)—ov(l4+A%)=0, (6)

where 71 = (81rﬁ3/SEd2)T%ﬁQ is a dimensionless

dv p2q — Pq2
af =Pt T m g

g, dm 1
—q —E_i_ I—aq

da Pm P o L o1
= Dot E/n al y—y 3 7, cos wpt — & 7, sin o, f,

It can be shown that the factor p,q — pd, is
identically equal to zero, i.e., fluctuations in the
number of particles do not produce fluctuations
in the frequency of oscillation [assuming that Eq.
(3) applies for €]. This is easily explained by
the effect of saturation more precisely by the de-

[Z fw; cosw t — géw; sin wf —
0

ps = 00/OM,;

parameter which characterizes the excitation of
the maser (N is the mean flux of molecules per
unit time), V = (wy — wy)Ty, R = wy7/2Q is the
ratio of the quality factor of the absorption line
of the gas Qg = wyTy/2 to the figure of merit of
the circuit; usually R is approximately 103 —10%,
The mean amplitude and frequency are deter-
mined from the solution which satisfies Eqgs. (5)
and (6). From Eq. (5) we obtain the values at
which self-excitation is achieved |ul| = vn — 1.
To determine the stability of these oscillations we
write Eq. (2) with £(t) =0 in the form

o, =WV (4), dAy/dt =D, (4o, ¥ (Ay)). (7
In accordance with the general rule the oscilla-
tions are stable when

dd Pq
d—A—“’=p0=(p+p’~>< , %)

where p =9&/0A, p; =9%/0w, q =09V¥/0A, q; =
9V /8w for w =w; and A =A;. An examination
of this equation indicates that when 7 = 2 the re-
gion of stable oscillations coincides with the exci-
tation region |u| = vn — 1; when 7 > 2 the re-
gion of stable sinusoidal oscillations is smaller
than the region of self-excitation and is equal to
[u| = vn/2. In the unstable region v7/2 < |u]|
= Vvn — 1 one expects noise oscillations with a
spectrum of absorption lines or relaxation oscil-
lations in which both frequency and amplitude
change. When n = 2 there is a “soft” mode of
production of harmonic oscillations depending on
u or n while for n = 2 there is an analog to a
“hard” model.

4. To determine the fluctuations in amplitude
and phase we set d=w =wy; + V(t); A=Ap+ Ay
X a(t), where v(t) and Aya(t) are the fluc-
tuations in frequency and amplitude. Substituting
these in Eq. (2) and taking M (t) =M + m (t),
after making a series expansion and separation of
variables, limiting ourselves to linear terms we
have

d [, o 3
ZT\E' Tﬁcosmlt)],

®

gz = OY/OM;  pm = pz + p1gs/ (1 — qv).

pendence of the frequency of oscillation (by virtue
of €4) not onlyon M but also on Ej;. From Eq.
(8) we obtain an expression for the spectral densi-
ties v(t) and a(t) (for ux 0; nn > 1)

Wo(F)= =" 4 9% (F) =

N (n—1)2 " P(p—1)’

[C] wi

RPQ* " (9)
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where P is the oscillation power of the maser.
The amplitude fluctuations are produced by the
shot effect in the flux of molecules (first term)

as well as thermal fluctuations (second term).
The frequency fluctuations are produced only by
thermal effects. In an ammonia maser with the
circuit at room temperature kT > liw and ©
=kT; setting 7o =104 sec, P = 10~° watts, from
Eq. (9) the spectral line width is found to be®

—9

AF = W, (0) /4= = (kT [hw,) (1/=N)= > = 107" cps.

At low circuit temperatures, if millimeter waves
are considered (or absolute zero for any wave-
length) Hw;>» kT and ©=hw,/2, yielding AF
= w%/ SWQ% for the line width due to “zero field”
fluctuations.

Equation (9) shows that the fluctuations in the
frequency of a maser are R? ~ 10° —10® times
smaller than the fluctuations associated with the
thermal noise in an equivalent vacuum tube oscil-
lator. The monochromaticity and stability of
maser oscillations are explained by the automatic
frequency-regulating effect which results from
the dependence of € on the frequency of oscilla-
tion. In accordance with Eq. (3), an increase in
frequency by an amount vy leads to an increase
in €;, thereby producing a compensating reduc-
tion of frequency by an amount vy; the resulting
frequency displacement is

d (mo ) dey
— | — VY = gqV.
dz; \Ve/do N

v=Y v, =

Thus v = y/(1 — q;) = Vp/R (it can be shown

that 1 —q; =gy = R). If yy is the fluctuation in
frequency which takes place without self-compen-
sation (fluctuations in an ordinary oscillator),

Eq. (9) is easily obtained from the expression »2
= v%/R%,

If the frequency of the fluctuations is such that
27F > 1'0—1 the self-regulating effect of €; does
not operate (€; cannot “follow” variations in w
and A) and one expects that at these frequencies
W(F) will be R? times larger than indicated by
Eq. (9). However, this situation does not lead to
a broadening of the line but merely increases the
intensity in the wings. The spectral line width has
been considered in Ref. 6 by another method but
the results obtained there differ somewhat from
those described here.

A detailed description of the present work is
given in Ref. 7.
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