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The thermal conductivity of the lattice is introduced into the phenomenological theory of
paramagnetic relaxation! in parallel fields. It is assumed that the surface of the spherical
sample is isothermal. Lattice thermal conductivity is found to be important at low tem-

peratures (helium temperatures and below).

].. The first phenomenological theory of para-
magnetic relaxation in parallel fields, developed
by Casimir and Du Pré,? in which only spin-
lattice relaxation was considered, was extended
by Eisenstein® to take account of lattice relax-
ation due to the finite thermal conductivity of
the lattice; it was assumed that the surface of
the paramagnetic sample is isothermal. In the
present work we consider lattice relaxation in con-
junction with spin-lattice relaxation and spin re-
laxation. The spin relaxation is considered only
within the framework of the Shaposhnikov analy-
sis,! i.e., spin relaxation is considered without
taking account of the modifications which have been
introduced recently in Ref. 4. Thus, we are ex-
tending the Shaposhnikov analysis in the same way
as Eisenstein extended the Casimir-Du Pré theory.
This extension and the evaluation of the roles
played by all three of the above-mentioned relax-
ation processes at various field strengths, frequen-
cies, and temperatures are of interest for two
reasons: on the one hand, at helium temperatures
and low frequencies, where the Casimir-Du Pré
theory does not agree with experiment, relaxation
within the lattice is important ( cf, Ref. 3); on the
other hand, at high temperatures and frequencies
the spin relaxation becomes important, assuming

a decisive influence at room temperatures and
ultrahigh frequencies (cf. Refs. 5 — 7).

2. Before turning to the analysis indicated
above, we shall consider the question of whether or
not a complete theory of paramagnetic relaxation
should take account of still one other relaxation
process —relaxation within the spin system, due to
the finite thermal conductivity of this system.

The relaxation times 6y and 6y, which char-
acterize the rate of dissipation of temperature in-
homogeneities in the lattice and in the spin sys-
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tem, are proportional respectively to the ratios
cg/A and c¢/Ag where cy is the heat capacity of
the lattice, c is the heat capacity of the spin sys-
tem, and A and Ag are the thermal conductivi-
ties of the lattice and spin system. Thus the ratio
of relaxation times 6g and 6y is given by:

Bs /6y~ ch [ ciks. )

To make a rough estimate it is sufficient to con-
sider the behavior of 65w at frequencies for which
0gw ~ 1; in the indicated frequency region, from
the relation in (1) we have

05w ~ ch [ cihs. (2)

Information as to c, Cys and A for various ma-
terials can be determined over a rather wide tem-
perature range. As far as Ag, however, we are
familiar only with the work of Akhiezer and Po-
meranchuk,® who obtained results for thermal con-
ductivity of paramagnetic materials at very low
temperatures; at these temperatures the small-
excitation method can be used. At temperatures
of 0.14—0.3°K and for H =0, Ag in potassium
chrome alum was found to be approximately 5 X
10% times smaller than A.%? At these same tem-
peratures and in the absence of a magnetic field it
is found that c/cy > 10 (Ref. 10). In the fre-
quency region in which the relation in (2) applies,
we have Ogw > 108; consequently, the thermal
conductivity of the spin system is not important in
the indicated temperature region in the absence of
an external magnetic field at frequencies for which
lattice relaxation is of importance. These fre-
quencies are approximately 10* sec™! because for
the temperatures being considered 6y ~ 107 sec,
as is shown by estimates carried out for a number
of salts of elements of the iron group ( cf. below,
Sec. 7). However, there is a factor of 10® in the
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right-hand part of the inequality given above.
Hence our conclusion that the thermal conductivity
of the spin system can be neglected holds for the
entire frequency region used in studying paramag-
netic relaxation. Obviously this conclusion is all
the more justified when an external magnetic field
is applied or at higher temperatures since ¢y and
A do not change as the field is increased, c does
not change or changes slowly, and Ag falls off
very rapidly as the temperature is increased. The
rapid decrease in Ag predominates over the var-
iation of the other quantities which appear in (2).
It is therefore reasonable to assume that the ther-
mal conducitivity of the spin system is not of any
great importance in paramagnetic relaxation (it
should be noted, however, that the data on Ag

used in the present estimates refer only to the
very low temperatures considered in Ref. 8).

3. Following Eisenstein,® we consider the prob-
lem of a spherical paramagnetic sample at the sur-
face of which a constant temperature is maintained.
The choice of a spherical geometry is occasioned
by the ‘fact that of all the simple shapes the sphere
is the one which most closely approximates the
shape of the samples used in experiments (cf. Ref.
11, for example). As far as the constant temper-
ature at the surface of the sample is concerned it
must be noted that an analysis of the degree to
which this situation corresponds to the experimen-
tal conditions is not a simple one and requires in-
dividual attention in each different experimental
case. There is always, however, some exchange
of heat between the surface of the sample and the
medium which surrounds it. Hence, in any case, it
may be assumed that an analysis of paramagnetic
relaxation under the assumption of isothermal con-
ditions at the surface of the sample, such as used
by Eisenstein,?® is closer to reality than earlier
analyses in which the temperature of the lattice
(hence, the spin system) was assumed to be uni-
form over the entire sample.

We consider a solid non-conducting paramag-
netic material with pure spin magnetism which is
magnetically isotropic. The paramagnetic mater-
ial is placed in an external magnetic field of fixed
direction and magnitude which depends on the time
t as follows:

H(t<0)=H, H(t>0=H,+ne.  (3)

4. In a phenomenological theory of paramag-
netic relaxation which treats both the spin-lattice
relaxation and the spin relaxation attention must
be paid to the fact that when the paramagnetic ma-
terial is placed in an alternating magnetic field its
spin system passes through non-equilibrium states
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(cf. Refs. 1 and 4). Applying non-equilibrium
thermodynamics (the justification for applyingthis
analysis in paramagnetic relaxation is discussed
in Refs. 1 and 12) in the general scheme used ear-
lier!’* and taking account of the thermal conduc-
tivity of the lattice the following equations are ob-
tained:

O ry®pueit + Orr@pprei (¥ + )
— (Din— OrrOuu) 9 = OraDuarcr, 4)

D@ prarsok + Opme + Ory (9 + 81) = — Dprapy, (5)

¥y = MAY + o9, (6)

where
1y =T oot ' Oaiar (PF 1 — Orr@um), (7
=Dy (8

Here ¢ is the variable part of the magnetization
M, ¥ is the difference between the temperature of
the spin system T and the lattice temperature,

3 is the difference in the temperature of the lat-
tice and the fixed temperature T, at the surface
of the sample, the & indices are the partial de-
rivatives of the non-equilibrium thermodynamic
potential of the spin system & (H, T, M) taken at
H=H;, T=Ty and M =M, where M, is the
equilibrium value of the magnetization, corre-
spondingto T =Ty and H =Hy, a(Hy Ty) is the
coefficient of heat conduction between the spin sys-
tem and the lattice, k (Hy, Ty) characterizes the
rate of change of £ due to the interaction within
the spin system (cf. Refs. 1 and 4), 7y is the spin-
lattice relaxation time, which characterizes the
rate of equalization of the temperatures of the spin
system and the lattice under the assumption that
the spin system and the lattice each pass through
their own states of internal equilibrium without
coming to equilibrium with each other, and Tg is
the spin relaxation time, which characterizes the
rate at which the magnetization M approaches its
equilibrium value M, for an isothermal spin sys-
tem at T =Ty [by virtue of internal interactions
in the spin system (cf. Ref. 13)].

It will be assumed that up to t =0, at which
time the variable external magnetic field is switched
on, the system has been in an equilibrium state
corresponding to a magnetic field Hy; and temper-
ature Tg; in this case the initial conditions are
that 4, 9, and £ are zero. The boundary con-
ditions are obviously 3y = 0 at the surface of the
sphere and dd/dr = 0 at the center of the sphere.
Thus, the initial conditions and boundary conditions
for the problem are
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t =0: 3:0, «31:0, £E=0;

(©)

r=R: 9, =0; r=0: (0%/0r)=0.

5. The system of equations given in (4) — (6)
and (9) is solved by means of a Laplace transform,
The steady-state solution is used to find the com-

x 14i(1—F) 70+ (F*/G) [3coth(GR) / GR — 3/ GR? — 1]

plex magnetic susceptibility as a function of the
radial coordinate. In order to obtain the general
characteristics of the entire paramagnetic sample
this expression must be averaged over the entire
sample, The following expression is obtained for
the susceptibility y:

Yo T+i(r,+1g)o—1—F) 170! ; (10)

F*=iFci) o[l — (1 — F) yree? + i (v + ) @] 7%, (11)
G=ic\ o {l + (cn/c) [ 4+ i(l — F)re] [1 — (1 — F) /5502

Fi(u At e, (12)

F=1—Orr Oy (Prr Pum— Prm) 7, (13)

%o =— Pt [ P (14)

The quantity yo is the equilibrium magnetic sus-
ceptibility; the quantity F is equal to 1 — cpp/cy
where cpp and cy are the specific heats of the
spin system for constant magnetization and for
constant field.

~ 6. The general expression given in (10) for ¥,
the complex magnetic susceptibility, is rather
complicated. Hence we consider the two limiting
cases in which the argument of the hyperbolic co-
tangent in (10) is either very small or very large.
In the first case

o 1, b0 c/cn, (15)
where
6, = c;R?/ 15\ (16)

[cf. Eq. (12)] and the following approximate ex-
pressions are obtained for the real part x' and
the imaginary part x” of the susceptibility

14 (1 —F) tle?
T—{ = F) 75,0 + (7, + 7,e?
2F (t; 4+t ) o [1 — (1 — F) 7,7,0%

X
X0

frg

T AR G et o o (A
' Frtt)et (1—Fp TIT wd
o =T =F)rreP+ (7, + 7 0?
F1— (7,4 1202 4+ (1 — F)2titlet ¢y
M= —F) 50 F(r, Frpef? ¢ 1€ (18)
In the second case:
6,m>>1/15 or 0[(,0>>Cl/ 15CH, (19)

and an approximate expression for the complex
susceptibility may be written as follows:
% t4+i(l—F)ro+(F* /G [3/ VGR —1] (20)

%o I—(l—=Frreti(t,+1)0

The quantity 6y given in (16) may be considered
the lattice relaxation time which determines the

rate of dissipation of spatial inhomogeneities in

the lattice temperature.

Below we shall examine the approximate ex-
pressions given in (17), (18), and (20) to determine
the role of lattice relaxation at various tempera-
tures and to investigate the frequency region Tyw
~ 1 at low (helium) temperatures; the latter is of
interest in connection with our analysis of various
experiments (cf. below, Sec. 9).

7. To delineate the role of lattice relaxation at
various temperatures we consider the temperature
dependence of the quantities 6y, Ty, and cyp/cy
which determine the temperature variation of the
magnetic susceptibility. In a large number of
cases the spin-lattice relaxation time, 7y, (for
example, almost all investigated compounds of
elements of the iron group) at temperatures which
are not too low, lies within the limits 107% — 1078
sec;! as the temperature is reduced the spin-lat-
tice relaxation time reaches values close to 1072
—1073 sec at helium temperatures.!®!! The quan-
tity 69 depends on temperature through the heat
capacity of the lattice cp and through the coeffi-
cient of heat conductivity A. At temperatures
which are appreciably above the Debye tempera-
ture of the material c¢p is temperature independ-
ent (cf. Ref. 16 for example). At these tempera-
tures the heat conductivity of dielectric crystals’®
is proportional to T ! so that 69~ T. At lower
temperatures cy diminishes as the temperature
is reduced whereas A exhibits approximately the
same temperature dependence (A ~ T"‘) so that
0y increases with increasing temperature at a
still higher rate. At helium temperatures the ther-
mal conductivity falls off rapidly as the tempera-
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ture is reduced, approximately as TS, (Refs. 9,
17), while ¢y and 6y remain constant at temper-
atures below the Debye temperature. In potassium
chrome alums in the form of single crystals A =
5.3 x 10° T3 erg—sec'l—deg"1 for T =0.14—0.3°
K,} p=1.8g-em™ (Ref. 3), cg = 100 T3 erg-g~!
(Ref. 10). Whence, from Eq. (16), 0p =2 X 107
sec; in a powder 6y becomes longer because of
the reduction in A (Ref. 18). Hence it is clear
that for a wide range of temperatures 6p/7g > 1
and 6p/Typ~ 1 and only at helium temperatures
does 6p/Ty < 1. Finally, in many salts of ele-
ments of the iron group we have cp/cy > 1 down
to very low temperatures; it is only as the helium
temperature is approached that the heat capacity
of the lattice becomes comparable with the heat
capacity of the spin system. The lattice heat ca-
pacity falls off rapidly as the temperature is re-
duced further. Thus, in a number of salts of the
iron group c,z/cH ~ 10% in a field of 5,000 oersted
at 15° K whereas a field of 1,000 oersted is re-
quired to obtain this value at 10° K.10

We now consider the effect of the lattice heat
conductivity on the magnetic susceptibility at var-
ious temperatures. We have shown above that a
wide temperature region, aside from extremely
low temperatures, 02/7 ¢ > 1. At all these tem-
peratures, in accordance with our approximation,
it is meaningful to consider only the case 6fyw
> Y, since fpw < 1 is realized at frequencies
which are small in the sense Tyw <« 1, when the
susceptibility is essentially equal to its static
value. In the appropriate approximate expression
(20) terms proportional to F*/G and F*/Gs/ R
take account of the effect of lattice heat capacity
and heat conductivity respectively [cf. Eqgs. (11)
and (12)]. Because of the ratio F*/G, these terms
are proportional to the quantity cy/cg which, as
we have seen, is small down to very low tempera-
tures. Moreover, the second of these terms falls
off still more rapidly as the temperature increases
because of the factor (GI/Z/R)'1 which, in ac-
cordance with Eqgs. (12) and (16) is proportional to
(le)-l/ 2 (cf. the temperature dependence for 68y
indicated above). Thus we may conclude that the
lattice heat conductivity, being considered in the
present work, is important only at extremely low
temperatures (helium temperatures and below).

8. In accordance with this conclusion, we now
consider the helium temperature region; this is
the region which is of interest from the point of
view of experimental results (cf. Sec. 9). At he-
lium temperatures 01/7'2 <« 1, hence in our ap-
proximation it is necessary to take the case 6yw
« 1 since when 6pw > 1 and 6yw ~ 1, the con-
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dition that 6p/Tp << 1 corresponds to frequencies
such that Tgw > 1; at these frequencies lattice
relaxation processes become unimportant. Having
in mind a discussion of experiments at helium tem-
peratures, we apply Eqs. (16) and (17) for frequen-
cies such that 7yw ~ 1. Inasmuch as 7y~ 1072 —
1073 sec at helium temperdtures while the spin
relaxation time Tg, as has been shown by many
experiments,“ is temperature independent and of
the order of 107 sec, Tg > Tg. Hence we may ex-
pand Egs. (17) and (18) in a power series in Tgw
and consider only the linear terms; this procedure
yields:

—Z—l—:(]—— F‘l,'%m?‘ ) (1_._£T%m2 l

X 1+ Tlw?, 14 T2 T

L wme g,

+(1—F) eI+ 2o ¢ 5 @1

” Ft,0
L T l_1+%
0 1] T L

14+ @U—F) —FY) ot + (1 — F) ot =, (22)

14 1ot T

1 —w? ¢y OLJ

1 —{—T%mz [T

It is obvious from the expressions obtained that at
the frequencies being considered the spin-lattice re-
laxation, which is governed by the Casimir-Du Pré
formula,? plays an important role; the second and
third terms reflect the effect of spin relaxation and
lattice relaxation repsectively. Since the coeffi-
cients for Tg/Tp and 6gcy/Tycy are of the order
of unity at average fields regardless of tempera-
ture, the effect of both of the above-indicated re-
laxation processes on magnetic susceptibility is
determined by the quantities 7g/7p and 0gcp/Tocy.
At helium temperatures Tg/7g~ 10™'—1075 while
6gcH/Tgcy, as has been indicated by estimates for
a number of materials (cf. below, Sec. 9), is of
the order of 1072 — 10~!; whence it is clear that
spin relaxation is not important at the temperatures
and frequencies being considered. However, at
higher temperatures and these same frequencies
the spin relaxation process becomes more impor-
tant whereas the lattice relaxation becomes less
important. Thus, at some temperature the effect
of both of these processes on magnetic suscepti-
bility should be the same. To détermine this tem-
perature and to evaluate the spin relaxation and
lattice relaxation as compared with spin-lattice re-
laxation, we consider the expressionin (20). This re-
lation, as has been mentioned above, is of interest
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at relatively high temperatures for which cy/cy
> 1 in the frequency region for which Tyw ~ 1
(and Tgw < 1). Expanding the expression in (20)

F 'r%mz

2,2
1 — 1w Cy
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with Tgw « 1 and cpg/cy <« 1 we obtain the fol-
lowing expressions for y’ and y":

202
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The second and third terms, which are proportional
to Tg/7Tg and (CH/CQ)(TQ/TQ)l/z characterize the
effect of spin relaxation and laftice relaxation on
the susceptibility. If we estimate these effects for
potassium chrome alum on the basis of the data in
Refs. 3 and 14, at average fields (F ~ 1) these
quantities become of the same order of magnitude
at T ~ 13° K, namely 107 — 1075, Thus, when the
effects of both relaxation processes on the complex
susceptibility becomes equal they are no longer
important.

9. In conlusion we shall use the results ob-
tained in the present work for a qualitative discus-
sion of a number of experiments carried out at
helium temperatures!!*15:20:21 which have not been
explained satisfactorily by the Casimir-Du Pré
theory.2 All these experiments were carried out
in the frequency region for which Tgw ~ 1 and for
average constant magnetic fields in the range (10°
—10* oersted). In this region of frequency and
field strength relaxation effects are described by
Egs. (21) and (24). It is apparent from these equa-
tions that the role of lattice relaxation and spin re-
laxation are characterized respectively by the
quantities 6pcy/Tgcy and Tg/Ty which we now
evaluate.

As an example we consider iron ammonium
alums. The quantity cyg is found from the for-
mula®* c¢(b/c + H)T™? where ¢ and b are the
constants in the Curie susceptibility relation and
the specific heat of the spin system; c = 8.8%x1073
deg-g~! (Ref. 22), b/c = 0.24 X 10° gauss2 (Ref.
14). We take A to be 1.31 X% 10° T3 erg-sec™ -
deg‘1 (Ref, 23) iron aommonium alum in the form
of a pressed powder. The results given below for
powder and crystal samples may differ from the
true values but are correct within an order of

Lot e uFﬁ@qw (23)
(4 Tt + (1 — F)tjo?) (t0)* €1\
14 (2 (1—F)—F2)tje? + (1 — F)? that 7,
F(1+ 2wt T
1—Ti0?+2T0 cy (’r, )l’”
1+ 'r%mz) (le)’lz ? 0—1 . (24)

magnitude.!® Further, 7y = (0.2 —0.4) X 1073 sec
for Hj = 285 — 968 oersted and Ty =2.13°K for
the powder while Ty =7.5% 1073 gec for Ty =
0.94° K in a field Hy = 748 oersted for a single
crystal;“ p=1."7 g—cm‘3 (Ref. 22), and 75 =0.7
% 10~% sec (Ref. 14). Starting from these data,
for a powder sample in the form of a sphere of
radius 1 cm we obtain the following values for
Bgcy/Tgcp: for Ty =2.13°K and Hy = 285 and 968
oersted, 0.32 and 0.53 respectively; for T, = 0.93°
K and H, = 285 and 968 oersted, 2.1 and 3.3 re-
spectively. For a sample in the form of a single
crystal an estimate gives the following values of
6gcyy/Tgey for Hy = 748 oersted: 0,02 for Ty =
2.16° K and 0.11 for T, = 0.94° K. In the case of
the single crystal with T, =2.16° K and Hj = 748
oersted we have ‘rs/q =107", Thus the role of
lattice relaxation is important in the materials
being considered whereas spin relaxation is com-
pletely negligible.

A similar qualitative evaluation of experiments
has been carried out for potassium chrome alums,
cesium titanium alums, and manganese ammonium
sulphate (of these materials the potassium chrome
and cesium titanium alums have also been consid-
ered by Eisensteins’“); the same qualitative re-
sults were obtained.

In conclusion we wish to express our gratitude
to I. G. Shaposhnikov for proposing this work and
for his guidance in the course of its execution,
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The free energy and the distribution functions (binary and ternary) of a system of charged
particles are calculated with effects of short-range forces included. Expressions for these
quantities are written in terms of series of group integrals (correlations). It is shown that
for an electron plasma in a compensating field the Coulomb potential does not give diverg-
ences in the expressions for the free energy and the distribution functions. The total free
energy of a system of particles with a Coulomb interaction potential is also calculated. The
“transition function” for such systems is constructed.

1. STATEMENT OF THE PROBLEM integro-differential equations. In these calcula-
tions for systems of charged particles short-range
forces could be taken into account only with special
forms of force law; for example, with the choice of
the mutual potential in the form!

NTIL recently the determination of the thermo-
dyanamic characteristics of ionic systems has
been carried out by the use of partial distribution
functions — single-particle and binary functions.
The calculations involved cumbersome computa- O =(/r)[1—A (r)e™].
tions and the solution of complicated systems of



