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clei lighter than Au will increase, while for ener-
gies for which ymax ~ yer, the fission cross
section will actually coincide with the total reac-
tion cross section. Since the value of z will be
greater than 0.3 for target nuclei lighter than Au,
expression (8) will containalarge error, sowe can
only approximately give the region of ion energies
for which the fission cross section will equal the
total cross section. Thus, for example, for Yb
and Dy, this region is around 150 Mev, The fis-
sion cross section, naturally, also increases with
increasing mass of the bombarding particles.

In conclusion I thank B. T. Geilikman and V,
M. Strutinskii for discussion of this work and for
valuable comments.
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The probability of a quantum transition of a polaron from the 1s to the 2p state caused by
thermal vibrations of the lattice is computed. The adiabatic form of perturbation theory is
used in the calculations. At room and higher temperatures transition to the 2p state occurs

during 1078 —107° sec.
1. INTRODUCTION

POLARONS are the principal carriers of current
in ionic crystals.! As is well known, in crystals
which have large cohesive energies polarons are
characterized by larged effective masses, and also
by the existence of a fluctuation movement of the
electron with respect to the center of gravity of
the polaron. There exists a series of bound states,
between which quantum transitions are possible.
In this paper we shall consider such a transition
between a 1s ground state and a 2p final state.
During the transition, the momentum of the po-

laron is conserved and changes in its kinetic en-
ergy occur at the expense of changes in its effec-
tive mass. The process under consideration turns
out to be a multiphonon process. Frenkel? was the
first to show that such transitions are possible in
crystals, He pointed out that the equilibrium con-
figuration of the field oscillators changes during
such a transition. A quantitative theory of non-
radiative transitions at F centers, based on this
idea, was presented by a number of authors R
Another mechanism for thermal transitions was
suggested by Kubo.”

In this paper the basic idea and method of the
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theory of nonradiative transitions at F centers,
proposed by Lax,* is used.

In the present work by a thermal transition is
meant a transition induced by thermal vibrations
of the lattice, and described by the terms in the
initial Hamiltonian for the quantitative description
of the polaron as proposed by Bogoliubov and Ti-
ablikov. These terms are caused by departures
from adiabaticity, and equal weight is given to all
terms, which have the same order of smallness
(€). By formulating the problem in this way, we
shall obtain information about the duration of the
ground state (1s).

Anticipating the results somewhat, it can be
said, that in the case under consideration the most
important part of the transition matrix element is
that part which is related to the dependence of the
electronic wave function on the oscillator coordi-
nates. This agrees with previously cited work 3~

Finally it should be noted, that for a more con-
sistent treatment, in the theory of F centers
there must arise a question about changes of fre-
quency of the field oscillators in the presence of
an electron. This question is considered in Sec.

2 of this paper.

2. TRANSFORMATION OF THE HAMILTONIAN
OF THE SYSTEM

The Hamiltonian of the polaron problem has the
form

H=L2_+ D4+ 3 3 E () @9-1 + *pip_). (1)
f f

Here p and r are the momentum and coordinate
of the electron; pg and gg¢ are analogous quanti-
ties for the field oscillators; E (f) =hws with wg
s~ w, the limiting frequency of optical vibrations,

Af = — (e/f) (4mhasc/V)'h,

where ¢ =1/n® — 1/€;, n* and ¢, are the square
of the index of refraction and the dielectric con-
stant of the material respectively, and V is the
volume of the crystal.

According to Bogoliubov and Tiablikov,?~1 to
separate the translational invariance of Eq. (1) one
must write

r=2+44q, gi=(r; + Q) e~; (2)

A and q describe the fluctuational and transla-
tional motion of the electron, respectively.

For nonspherically symmetrical states, the
limitations on the new coordinates. Qg should be
written thus

S Sievie () Qe =0, B=1,2,3, 3)
« f

where

SV fafevis () re =3ay. @)
8

f

In terms of the new variables the Hamiltonian
(1) takes the form

H=H, +<H, + 2H, (5)

where
Hy= 5o + S A+ 5 SEH Ik,
f f
Hy = Y {Ae™ + E(f) r—i} Qs

f

Hy =+ SVE () QQut + 5 S} E(DP ci— 05 (1) o)
f
X {Pi+ 5 vis (1) fola);

Hy=—5 S E(D (P
f

o,

2D for,) i (1) (%0)0R

+ 3, BFQuPL + 5 S Pk (k) Qi —  (6)
k

k

* N 1 *
— 3 DB (1) e O){20)00 + 5 3 P () Qu
f k
+ QP { P ves (1 )
k
Here the following notation is used:
P, = — ihd/OA, P;=— i0/0Qs, J = — ihd/dq,.

Pi = Pr— 3 vag (1) [* 3 kbryPy. (7)
o k

The quantity J is the momentum of the whole sys-
tem, and is an integral of the motion,

In the first approximation in €, we obtain for
the electronic function the expression

WO _wo Pm 0\) » (8)

on e Q) =g () e ) o
m
where ¢, (1) and W% are non-self-consistent
quantities of the zeroth approximation. The sym-
bols P (A) and Gp will be used to denote self-
consistent quantities.

The energy of the electron Wy (...Qf ...) de-
pends on Qf through perturbation theory correc-
tions of the first, second, and third order, i.e.,
through €, €, and €%, it being obvious that the
first-order correction €(H;)nn vanishes. This
leads to the definition

A nn
rp=— E_(ff)—-]f , 9)

where
It = (on (N), eifrop (1)).
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The motion of the oscillators is described by
the equation

[*Hy+%Hy — (Eny— Gn)] Qpy = 0, (10)

where
’ (Hl)nm (Hl)mn 11
= (Hy)nn -+ E —G—n——W?,,—— ’ (11

v (H)p (H1) g p (1)
= (Hon + 3, 5y e e

The last terms in (11) and (12) we denote by

(12)

> BrgQiQ¢ and >, BignQiQgQn-

respectively.

In determining the energy E;xN of the whole
system and the corresponding wave function, we
- shall neglect the term of order &3, considering it
to be one of the causes of quantum transitions be-
tween the states that are obtained. In this way we
obtain

e2Hy@ny (... Qi ..) = (Eay — Gr) Oun (- .. Q1. ..), (13)

where N is the set of quantum numbers of the os-
cillators. The first index in &pN indicates that
the motion of the oscillators occurs under the ac-
tion of average field of an electron in the state n.

The unknown quantities, v,g are determined
from the following rela.tionship:”’10

N kevag (k) = B2rakd | E (k) u?, (14)
where p is the diagonalized effective mass ten-
sor of the polaron

ps =12 S1ks2|ry P/ E (). (15)

Taking (14) and (15) into account, we have

~

Hy =1 3 Ja o= + e D) E (F(QiQ—+.
a f

+ PiPL) + 3 BxQQe: (16)
f.g

~

Hy = it (VO[0R)an — S (V) vag (1) f*J6Qs

f

+ ik D (V) QP + ) BrgnQiQgQn,
f

fgh

1n

where
Vaz —_ Ja / ua.
According to Tiablikov,!? diagonalization of Eq.

(16) is accomplished by a single orthogonal trans-
formation by the matrix ag,:

—VE(M __1 N, D -
—‘VE(f)VZaquvy Pf_VW%“ath (18)

py = —i0/0q,.
The matrix afy is determined from the condition

E*(f)asy + ) B_t,g ag, = Nay,, (19)

g
where

Big =V E(f) E (g) (Bsg + Bgy);

qy and A, are the new coordinates and frequen-
cies of the field oscillators. Equation (19) has
three eigenvalues Ay (o =1, 2, 3) which are
equal to zero; thus

a1 = — infers | VE (o>

It should be noted that the coordinates qg corre-
sponding to A, are equal to zero. This means,
that as a result of condition (3), three degrees of
freedom of the field are transferred to the polaron
and they are found in the translational motion of
the latter.

After diagonalization, }le has the form

(20)

o= S50+ 1 3 (pupy + 12qu9—).  (21)

The primes on the summation sign signify that
terms with v =a are to be left out of the sum. It
should be noted that p%, A, and q;, depend on
the state of the electron and therefore should bear
indices which correspond to the appropriate elec-
tronic state. We shall introduce the Bose opera-
tors ¢, and ¢ as follows:

G+ Ch), p =~i]/§__(c_v—cv+). (22)

= V21

Then

~

Hy=1a N2fp= 4 30 (@0 + 1) (23)
-3 Yy

The eigenfunctions and eigenvalues of Eq. (13) as-

sume the form:

(DnNJ = V—leida/h H (Drmv (qv),

vV

(24)

Enny = Gn+522J2/2(~Ln+522}\ ny 1/2)~ (25)

For the wave function of the complete system we
have
(25"

Py = () (SR qv...)Ouny.
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3. PROBABILITY OF A NONRADIATIVE
TRANSITION

Quantum transitions will occur between the
states given by Eq. (25'). These transitions come
about because of the inaccuracy of the function
(25') and omission of the terms €H; from the
Hamiltonian.

The probability Py,’ of a quantum transition
per unit time between the initial state of the sys-
tem nN and its final state n'N’ has the form:

Prnr =25 Avy ZSdI‘](n'N’lﬁ
Nt

— Enn | nN) 23 (Epy— Enn), (26)
Here dT' is the number of states, in the energy in-
terval dE,/yN’ of the final states. Summation over
N’ is performed over all final oscillator states.
AvN denotes an average over the initial quantum
states of the oscillators, N. The matrix element
in (26), to an accuracy of quantities of the order

€3, has the form:

(Wy...,ny. ..|H—Eun|n,...,0n,...)

=3 T O [S22MY™ (F, —1,

SSH(D{Z M, —1) en
- Nﬁ} TT @ [ 4o
M =g 00 Lhydr,

res Gz A VET]‘)J pn (28)

L 1) = S‘_fv—f___f_ N,

*) 2"-’1/2”(0 ),,()
where AL is the lattice vibration frequency, N™®'

= (¥n’, ¥pn) is the non-orthogonality integral of the
self-consistent functions. To evaluate the sum (26)
over all final oscillator states we make use of the
integral form of the Dirac §-function.

To simplify the calculation, let us change ag,
into &gy and A, into hw. Let us also take it into
account that in our case NI’ = 0. Then after a
series of simple transformations, we obtain:

Pow = — 5 gdr S exp {(2nivy - itg) u} du Avy (N |V

X Z(m? i — mi) HeXP[ ] {ﬂ/v S (Relpeios

i —'l2 iou
+ R__l_(;;"e""s)st} V 2 (m_gCg e (29)

__.mg'n;ee—-imu) ' N)’

where

X (L1142 (@) 4 112 (2)) +

"”/VV—
Ri/ VV— Dy —rmy,

hwu=l/zzE (e —ri' P,
f

5 AE (1) (Gn— Wh)ayd
(30)

hvg = G — G4y DVJ& (1fpar — 1/p7).

A quantity with the index “av” is a certain
average value of the denominator in Eq. (28). The
sign [—] indicates a reordering of the operators
in the product, so that they are arranged, reckon-
ing from right to left, in order of decreasing value
of the index s.*!! In computing the average over
the initial states N, the only terms retained in
Eq. (29) are those which remain finite as V — «,

Let us introduce the symbols

S=1fs R A — I B EX(p); 3D

f
22 = [(Gn— W)y ]? Z ABE2 () JEIMY,s (32)
= (Gn— W )a ZA,J"'? ™ —Ji. (33)

The index n corresponds to the self-consistent
state 1s, n’ to the self-consistent state 2p.

In terms of these new symbols one is led to the
following result of averaging:

Punr = (27’8 \exp [—S@n+1)+ilp] X
< BV R+ ) s @+l @)+ LER G+ )X

|Y B l(n + ) + 1/271 (n + D111 (2)

— A+ )V E @+ DY Pl @+ @), (39)
where

7= [exp (ho/kT) — 171 = 2mv,/w, (35)

co———lnn":i, z-———?sl/ﬁ(n+ l)';

Ip(z) is Bessel’s function with an imaginary argu-
ment. The probability depends on the momentum
of the polaron through the quantity ¢£.

Polarons obey the Maxwellian velocity distri-
bution law; therefore the probability, averaged
over the initial kinetic energy of the polaron, can
be calculated from the equation:

Pont = (2epnkT)—"h S P exp (— J?/2ukT)dY . (36)
It can be evaluated approximately at low and high
temperatures.

It should be noted that for the transition con-
sidered here Y = 0, and therefore Eq. (34) is
simplified. Furthermore, it turns out that in the
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state 2p differences among components in the ef-
fective mass tensor of the polaron are not large.
To simplify the calculation of the integral (36), we
introduce an average effective mass of the polaron
in the excited state, representing it by the symbol
Hp'.

At low temperatures, Ig_;(z) turns out to be
the larger of the two Bessel functions in Eq. (34).
A simple calculation leads to the following expres-
sion:

P = oK exp (-— 2TG)

3 kT ¥p— Uy
i+ 3Lt sy g— i+
where
T g e Ssv 1 e
K= Gap & W /o)™
AG
Y=g AG = Gy — G5} (38)

¥ (y) is the logarithmic derivative for T.
For the high temperature region, but at the
same time with the restrictive condition:

1 <kT /ho < S,

one can obtain an approximate expression for (36),
by the method of steepest descent.”? Let us take
account of the fact that in this temperature range
one can write

n=~kT/ho, z=2S(n+1/5).
We then obtain
- Vx BT [ 2y e,
})nrzl=WZ2 E‘(m) S

% exp [—ﬁe—g(l + 2—2)]

3 15 4T 1 o= B \? -2
N I a2,
4R S\ v, 4wy

37)

yhe
X cosh (—25—5,[7)

where
o =14 (/S) (n— ttw) / (n + ).

4, CALCULATION OF THE PARAMETERS OF
THE THEORY AND EVALUATION OF THE
TRANSITION PROBABILITIES

For the ground state of the polaron, following
Ref. 1, we have
2z
bis = ﬁ (1 4 ayr) e=r, oy = me? c/242,
Gy = — 0.0535 metc?/h2, (39)
s = 5,8 1073 (me?c/h?)3 e%c/w?.

For the 2p state of the polaron, consistent with
1s, we have

Ozp = (41)~"h (20" (2B)"12 (2ar) e2677Y 3, (0),
where
% = 0.6585me?c/h?, 28 = 0,5146. W3, =0,0153metc?/k2, (40)

In the self-consistent 2p state, we have

2y

a,

$op = 2";_5 e 12 (2a5r) Y14 (0),

ay = 0.3914me%c/h?, Gyp = — 0.0191metc?/a2. (41)

For the effective mass of the polaron in the ex-

cited states we can write:

Usp = pap=06.30-2719(e2c/w?)aj;

Ko = 2.69-27 (¢*¢/a?) of. (42)

In view of the above, the average effective mass of
the polaron in this state is equal to:

tap = (208, -+ ud,)/3. (42")

The ratio of the polaron effective masses in the
two states is the same in all crystals and is equal
to:
P‘ls/“2p = 1651 (43)
Calculations of Egs. (31), (32), and (33) yield
the following expressions:

_ eay - T[7+97 1172 4 57
S = 52{0.2142 4 0.1957% — [ + T

6721678 1578
+ T T arar)) (44)
o 4 eay (Fw)® [/ 1 2
2= 3 (I4ny [\ Gls—-Wg >av]
7 185 (45)
X<I + 1+¢+14(1+¢)2)'
where T = ay/20;.
From Eqgs. (44) and (45) we obtain
S = 0.0508 mesc? [ w3, (44"
7% = 0.0156 (hw)%e2cay [(Gis — W) ]2 (45")

To calculate the average indicated here, one
can make use of Kessler’s method.!® This aver-
age value is of the order

(Gls - sz)_l»

if the energy of the states 2s, 2p, and 3s, con-
sistent with 1s, are approximately equal to each
other. Then one can write

72 = 0,0567 (hw)?/y- (45")
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For Eq. (37) we obtain

D _1.917.10 3w kT ( _1.148 ﬂ)
w="vs Vel TS de

0.338%w AG "
x cosh (23 )exp(-—o,aas @) 6™

Table I lists the values of the coefficient K of
Eq. (38) for certain alkali-halide crystals.

Values of the probabilities of thermal excita-
tion Ppy’, arrived at from Eq. (37"), are pre-
senteid in Table II (the probability is given in
sec ).

TABLE 1
NaCl . KCl KBr KI
K 3,40-10-5 7,42.107° 7,76-10-5 8.39-10-%
Ko 1.66-109° 2.96-10° 2,37.10° 2.15-10°

In Table II, the last two values (T = 700° K)
are less precise, since the criterion kT/hw < S
does not hold very well.

TABLE II
T °K ‘ NaC1 KCl1 KBr KJ
293 5.39.107 | 3,38.108 | 5,78.10%8 | 7.60-108
500 4,19-108 | 1.22.10° | 1,44.10° | 1.,45.10°
700 0.94-10° | 1.91.10° | 1,74.10° | 1,40-10°

These tables show that at room temperature
and at higher temperatures, the probability of
thermal excitation of the polaron 1s — 2p is sig-
nificant. The transition into an excited state oc-

curs approximately in a time 1078 —107® sec.
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