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Finally, we may note in forming potential wells 
it is possible to make simultaneous use of fields 
at different frequencies; 1 then, in averaging Eq. 
(1) over a sufficiently long time interval the po­
tential 4> in Eq. (3) will be of the form 

<D = {71214) ~{\ EnJiwn)2 • 

n 

Thus it is possible to create three-dimensional 
potential wells from one-dimensional and two-di­
mensional wells. This possibility is of interest, 
in itself, as a means of focussing rectilinear beams 
of charged particles.2•3 I 

1 F. B. Knox, Australian Journal of Physics 10, 
221 (1957). 

2v. s. Tkalich, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 32, 625 (1957), Soviet Phys. JETP 5, 
518 ( 1957 ). 

3 M. A. Miller, Communication at the Second 
All-Union Conference MVO on Radioelectronics, 
Saratov, 1957. 

Translated by H. Lashinsky 
44 

ON THE THEORY OF THE DE HAAS-VAN 
ALPHEN EFFECT FOR OPEN ISOENER­
GETIC SURFACES 

G. E. ZIL'BERMAN 

Joint Institute for Nuclear Research 

Submitted to JETP editor October 18, 1957 

J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 243-245 
(January, 1958) 

THE theory of electron motion with an arbitrary 
dispersion law E (k) within a crystal located in a 
uniform magnetic field was developed in Refs. 1 -
3. The magnetic susceptibility x of an aggregate 
of such electrons oscillates with changes of the 
magnetic field strength H (the de Haas -van Al­
phen effect). When the isoenergetic suriace in 
k-space that is determined by the equatio~ E (k) 
= const is closed, the period of the~e· oscillations 
is determined1•2 by the magnitude of the extremal 
section Sm of the isoenergetic surface by a plane 
perpendicular to H. When the surface E (k) = 
const is an open surface such as a corrugated cyl-

inder with the magnetic axis perpendicular to the 
cylinder axis, the oscillations are generally deter­
mined not by extremal sections but by the "bound­
ary" sections which are discussed below. 

The figure shows part of an open surface and 
its intersection with the plane k3 = const (H =Hz). 
When k3 is greater than some value kb the tra-

jectories (the curves which bound the section) are 
closed, and when 1 k3 1 < kb they are open. We 
use the term "boundary section"· for that obtained 
with the plane k3 = kb. The energy spectrum of 
electrons in closed trajectories; i.e., with I k3 1 
> kb, is almost discrete (slightly broadened dis­
crete levels), and when 1 k3 1 < kb it is almost 
continuous (small gaps in a continuous spectrum3 ). 

Close to the boundary section the width of the gaps 
is of the same order as the width of the allowed 
bands (formed from discrete levels3 ). 

Because of the (exponential) smallness of the 
discontinuities (gaps) when I k3 I < kb, the ex­
tremal section makes a very small contribution 
to the oscillating part of the state sum (1). The 
principal contribution comes from the boundary 
section. 

The number of electron states with energies 
from zero to E will bet-s 

+oo 
1 I 1 

Zosc(E • H) = 21t2a2 ~ ] 21tip 
• P--oo 

ka max a,/201.~ 
X ~ dks ~ exp {- 21tipn(k1 , k8 , E)} dk1• 

-hamax o 

(1) 

Here ~ is the lattice constant, a 0 = "fic/eH, k1 

is a continuous parameter describing the broaden­
ing, and a is the spin quantum number. For sec­
tions S (in a single cell of k-space) close to the 
boundary section the following dispersion law was 
obtained in Ref. 3: 
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A = - 2a~e-2 {k3 - kb) Ra1 Y R.12 I K1b, 

e = Va1a2 I oco (e<:g;: 1), (3) 

R;:/ = - 82kb 1 a)(~b, R;/ = - iJ2Klb 1 ak~. 

Here K1b is the value of K 1 on the boundary of 
cells in k-space (for the boundary section K1b 
and R12 vanish but their ratio remains constant). 
Substituting (2) in (1), integrating over k1 and 
dropping small quantities, we obtain for the inte­
gral in (1) 

where 

(5) 

For the calculation of (4) it is necessary to 
know the dependence of the area of a section S on 
x = (kb - k3 )/k0• Assuming that in the vicinity of 
the "isthmus" shown in the figure the surface (a 
corrugated cylinder) can be replaced by a one­
sheet hyperboloid, we obtain this dependence in the 
form 

s = sb- ( 1 I rcoc~) X In I ax I; 

a = ( e 2 I 4rc3) (a2 / a1) 2 V R.12 I Krb· (6) 

The integral (4) with the single parameter lln a I 
was calculated numerically, assuming lln a I ...., 1 
-10. 

Passing from the state sum to the thermody­
namic potential Q, we obtain 

(7) 

which differs from the usual potential (for closed 
surfaces) as follows: ( 1) The period of the oscil­
lations is determined not by Sm but by Sb and 
the phase 'Y is weakly dependent on the magnetic 
field; ( 2) the factor l a2sm/8k~ 1-1/2 of the ampli­
tude is replaced by 

This denotes multiplication of the amplitude by 
H112, so that the oscillating terms in x will con­
tain H-1 instead of H-312• In absolute magnitude 

the amplitude is generally smaller by the factor 
E-1 than for electrons in closed trajectories. But 
when, for example, we have a field H ...., 104 oersted 
and thus E ...., 10-2, the reduction by the factor 
E-1 can be concealed by other factors. 

Other oscillatory effects such as oscillations of 
the resistance (the Shubnikov- de Haas effect), 
oscillations of the thermoelectric power or of the 
Hall field, etc. will also be determined in the pres­
ent case by boundary and not by extremal sections. 

The author takes this opportunity to thank I. M. 
Lifshitz for discussion of this work. 

11. M. Lifshitz and A.M. Kosevich, Dokl. Akad. 
Nauk SSSR 96, 963 ( 1954 ); J. Exptl. Theoret. Phys. 
(U.S.S.R.) 29, 730 ( 1955 ), Soviet Phys. JE~P 2, 
636 ( 1956 ). 

2 G. E. ZiPberman, ,J. Exptl. Theoret. Phys. 
(U.S.S.R.) 32,296 (1957), Soviet Phys. JETP 5, 
208 ( 1957 ). 

3 G. E. ZiPberman, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 33, 387 (1957), Soviet Phys. JETP 6, 
299 ( 1958 ). 

Translated by I. Emin 
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IN a recently published article, S. M. Rytov1 de­
velops a theory of scattering of light in liquids 
under the assumption that this scattering is due 
entirely to fluctuation deformations ua{3 and to 
fluctuations of the temperature e. Actually, only 
the fluctuations of Uaf3 and e are considered in 
Ref. 1, when it is indicated at the same time that 
the theory includes all internal processes in the 
medium and describes the entire spectrum of the 
scattered light. Next, it is emphasized, in the re­
marks on p. 518 of Ref. 1 [p. 404 in the transla­
tion] that the spectral amplitudes of the fluctua­
tions of any internal parameter can be expressed 
linearly in terms of ua{3 and e, and there is no 
scattering by isotropic fluctuations which cannot 
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up the crystals as infinitely long unidimensional or 
two-dimensional atom complexes, bound together 
by "small" forces of one nature, whereas in the 
complex itself the atoms are bound by "big" forces 
of another nature. 

6. The difference between the typical molecular 
crystals (e.g., the CH4 or C6H6 crystals) and the 
heteropolar molecular crystals (such as the NaCl, 
HgCl2 or PbS crystals) lies: (1) in the degree of 
molecularity {3; (2) in the nature of the forces in 
the molecules; (3) in the nature of intermolecular 

forces. The quantity {3 is defined as the ratio of 
the intramolecular energy ua ~ D ( D is the en­
ergy of dissociation of the diatomic molecule into 
ions) to the intermolecular energy ue per bond. 
For the substances for which {3 is given below, it 
is possible to take ue ~ 2S/l. Example: 
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{3 = 300 ( CH4 ), 200 ( HCl), 22 ( HgCl2 ), 10 ( NaCl) 
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Reads 

!:l.y = 2.87 x 10-3 em 

!::J.J. ~ = 7.2 x 10-5 radians 

2-(d, 3n); and of the I~7 cross 
section, 3-(d, 2n); 4-(d, 3n) 

p, yp, h, 1/p 

For y = 5/3, /J. has • o o 

Should Read 

W = y2 a~4 sin 2q>/2p (a11 a 44 

- a}4 sin2 3q>) 

The coefficient k:! equals 
Oo 185 x 10-3 em -i 0 

!:l.y = 3.18 x 10-3 em 

!::J.J.~ = 5.9 x 10-5 radians 
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PY2• 'YPY2• hy2, Y2/p 
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