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The canonical transformation method previously developed by the author for the theory of su-
perfluids is generalized in the present paper. By application of this method and the principle
of compensation of “dangerous” diagrams, it is shown that a superconducting state is inherent
in the Frohlich model. Computation of the principal parameters of this state leads to formu-
las that confirm those of the theory of Bardeen, Cooper, and Shrieffer.

AFTER the discovery of the isotopic effect, the
idea became universal that the interaction between
the electrons and the lattice must play a fundamen-
tal role in the phenomenon of superconductivity. A
series of very interesting syntheses,!™ which treat
a system of electrons interacting with the phonon
field have already been carried out. In the present
paper, we shall show that, by further development
of a method which we have put forward previously
for the theory of superfluidity, it is possible to
give a systematic theory of the superconducting
state. In this case, in particular, the results of the
theory of Bardeen, Cooper, and Schrieffer? are con-
firmed.

For simplicity, we shall start out from the
model proposed by Frohlich,! in which the Coulomb
interaction is not introduced explicitly and the dy-
namic system is characterized by the Hamiltoniant

Hee= D) E (k) aisans + 2 (9) bjbg + H',

R, s q

H= 3 g {“;_f/")}"’ amawsby + conjugate. (1)
kR, ¢, s
R'—h=g

where E (k') is the energy of the electron, w (q)
is the energy of the phonon, g is the coupling con-
stant, and V the volume.

*Note added in proof (Dec. 20, 1957). Very recently, when
our papers had already gone to press, the manuscript of the
detailed work of Bardeen, Cooper, and Schrieffer became known
to us. In particular, a derivation is given therein for formulas
which we have cited from the brief letter by the same authors.
We must note that there are several places that are not clear
in the formulation of the method of Bardeen, Cooper, and
Schrieffer. A detailed comparison of the two methods will be
given in a paper which is currently being prepared for press.

TA system of units is employed here in which h = 1.
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As is now well known, ordinary perturbation
theory in terms of powers of the coupling constant
is inapplicable, since the electron-phonon interac-
tion, in spite of its smallness, is seen to be very
considerable when close to the Fermi surface.
Therefore, we shall first carry out a certain ca-
nonical transformation, starting out from the fol-
lowing considerations.

First, we note that the matrix elements, corre-
sponding to virtual creation of “particles” from
the vacuum, are always associated with the energy
denominators

{e (k) + ... +e(ky) +o(g)+...+o(g)?

in which e (k) ~ |E(k) — EF| is the energy of
the particle [electron — E (k) > Exp or hole —
E (k) < Efp] which becomes small at the Fermi
surface.

Such denominators are not generally “danger-
ous,” and do not lead to singularities in integration
over the momenta ky, ..., Kyg, dy5 .., Qp, €X-
cept when we deal with a virtual process of the
creation of a single pair, without phonons. Then,
because of the conservation law, the particles of
this pair will have oppositely directed momenta
+ k, and the energy denominator %e(k) will be-
come “dangerous” for integration. We note further
that their spins will also be opposite.

Thus, in the choice of the canonical transforma-
tion, it must be kept in mind that it is necessary to
guarantee the mutual compensation of the diagrams
which lead to virtual creation from the vacuum of
pairs of particles with opposite momenta and spins.

We now underscore the analogy with the situa-
tion holding in our theory of superfluids, namely,
in the consideration of a non-ideal Bose gas, where
virtual creation of a pair of particles (with mo-
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menta * k) from the condensate plays the same
role. We then made use of a linear transformation
of the Bose amplitudes, “mixing” bq with biq.
Generalizing this transformation, we now bring
into consideration the case of new Fermi ampli-

tudes
Ko = UpQp, 1y — vk(li-k, —1]59

Opy = URG_g, 1, + Uha;zl: 1,
or +
Ak, 1, = Updpg + Up®py,

+
Q_p, —1j, = Uplpy — Uplpo,

where ug, vk are real numbers, connected by the
relation

2
up + vh = 1.

It is not difficult to check that such a transfor-
mation preserves all the commutation properties
of the Fermi operators and is therefore canonical.

We further note that it represents a generaliza-
tion of the ordinary transformation, with the help
of which the creation and annihilation operators of
holes inside the Fermi surface and of electrons
outside this surface are introduced. Actually, if we
set

Up = 1, Uk=0 for E(k)>E}=
up=0, vy =1 for E (k) <Er,

then we obtain

ORo = Qp, 1),y Ory = Q_p, —y, for E (k) > EF,
Apy = — ai'k, —1yy Opy = a;"' 1y for E (k) <EF,

so that, for example, ajy will be an annihilation
operator for an electron of momentum k and spin
1 outisde the Fermi sphere, and will be an annihi-
lation operator for a hole with momentum -k and
spin —3 inside.

In the general case, when (ug, vk) # (0, 1), we
have to deal with the superposition of a hole and an
electron.

Generalizing to the consideration of the Froh-
lich Hamiltonian, we note that it will be more ad-
vantageous to us not to restrict ourselves to the

relation

Zatsahs= N,

R, s

where N, is the total number of electrons; we
therefore make use of the ordinary procedure in
such a situation and introduce a parameter A which
plays the role of the chemical potential. Then, in-
stead of Hpy, we have the Hamiltonian

H = Hgs — M. (2)
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We determine the parameter A in turn from the

condition that in the state under examination
N=N,. (3)

Transforming H to the new Fermi amplitudes,
we get

H=U+H0+Hinty Hint=H1+H2+H3;
where U is the constant
U = 2Y'E (k) v} — 2020},

and where
— o (q) + ot
Hy, = hZh, g ‘/"21/ {wopohonty +u_ oy, afy, 0ty
“h=gq

" .
& Upr UpGp g - U pU_po_pnoi_po} by -+ conjugate

Q! ® + +
Hy= 2. g VT(VQ {Untips opottprg + U—pl—hr XR1’ %—p71
B, R
R'—h=q

OOy — V_RU—p & po % ko) Y + conjugate
Hy = 2 2(E (k) — \) urx (o oz + ota tho),
Ho= 2 (E (k) — \) (uh — UR) (oho tno + oty o1 )
+ 2 () 07 b,-
We introduce the filling number

= ot 4
VRo = Oko Koy YR1 = Ok Opy

of new quasi-particles, which are generated by the
operator at, Then the “interaction-free vacuum,”
i.e., the state Cy in which

H,Cy =0,

will evidently be

Cv =[5 (vro) 3 (9ma)
3
with zero values of the numbers v,
We further note that A ought to be close to Eg,
since A =Ep in the absence of interaction, and
that consequently, the expression

e (k) = (E (k) —}) (uk — v})

ought to vanish on a surface close to the Fermi
surface.

We now see that the virtual process of creation
from the vacuum of a pair of quasi-particles vk,
and vk without phonons will be “dangerous” in
the sense of the criterion given earlier, since the
corresponding energy denominator will be

1/ 2¢ (k).
The Hamiltonian Hz, which, being applied to a
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vacuum, gives the diagram of Fig. 1,* leads di-
rectly to such a process. This same process is
also obtained, moreover, as a result of the com-
bined action of H;, H,. Thus, for example, in the
second order in the coupling constant g, we have
the diagrams shown in Fig. 2a.

FIG. 2

In higher orders, we get diagrams of the type of
2b, where the circle denotes the coupled part, which
cannot be divided into two coupled parts, and which
is bound only by the two lines of one pair under
consideration.

Making use of the principle of compensation of
dangerous diagrams introduced above, we must
equate to zero the sum of contributions from the
diagrams of Fig. 1 and Fig. 2. We thus obtain an
equation for uy and wvy.

Now we no longer need to take into consideration
the diagrams of Figs.1land2 (and their conjugates),
and therefore, in the expansions of perturbation the-
ory, noexpression will appear with a dangerous en-
ergy denominator.

We now construct a second-order equation for
ug and vik. In this approximation, we must com-
pensate the diagram of Fig. 1 by the diagrams of
Fig. 2a. We get

2 (E (k) —_ )) UrUp + Qk = O,

where Qk is the coefficient for oqtoozﬁicv in the
expression

— H,H7' H,Cy.

*An account of the details of diagrams for the many body
problem can be found in the detailed paper of Gugenholtz.’

Expanding it, we finally obtain
{E (k) — )} upvy

1 o (k— k)
= =) 37 28 5—py rem Tey v (4
where
~ 1\ o(k—k') 2
E(k) = E(k) _W%’gzm(k—-k’)+e(k)+e(k’) (uk’_vlzz’)s-)

Staying within the limits of the approximation,
we replace

e (k) = {E (k) — \} (u} — 0})!
in the denominator of the right side by
e (k) = {E (k) — 2} (uk — oh).
Then, setting
E (k) —) =& (k),
we write down the equation in the form-
& (k) unvp = (uk — i)

1 . o(k— k')
x ‘2(2m)3 S g4 (k— k") F < (k)¢ (k')

uk,vh/dk’. (6)
This equation obviously contains the trivial solu-
tion

uv =0, (u,v)=(0,1),

which corresponds to the “normal state.” It pos-
sesses, however, an additional solution of another
type which goes over into the trivial one at great

distances from the Fermi surface.

Denoting
1 o (k—Fk)
Ck)= ——\g? opdk’
() (Zw)agg o(k—k)+e(h)Fe (k) thevrdi’,
we find from (6)
2 _ 1 £ (k) )
b=+ vEmree )
2 _Lfy__ &R
k= 2{ Ve ®+E® } (7)
whence
o — Q) P 5 . N
R mre® ACEA0)

Thus, our equation reduces to the following

“form:

w© (k—F) C (k) ,
k) __=%) gk,

o(k—k)+e(k)+ek) VC )+ E(R)
(8)

We note that this equation has a singular prop-

1 r
C(k) = I(2m)s \gz
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erty: as g2 — 0, the solution C tends to zero as

exp {—4/g%},

in view of the fact that the integral on the right
side of (8) remains logarithmically divergent in
the vicinity of the surface £ (k) =0 if we set
C =0,

In such a situation, it is not difficult to obtain
an asymptotic form of the solution for small g:

A = const >0,

o {&V2(1T—1)}

+
C (k) =ae™"P Sl

SRR dt, (9
2 J o{kV2T—=10}+15()] (%)
where
= 2.1_ _kz_ . T —_
pP=8 2n2(df(k)/dk)h,h,’ E (k) =4,

(10)

~_°° 1df1 o {kV21T =10} :

lnw—§ln2";d§{2_Slm{kol/2(1——~t)}+5dt} &

Taking into account the additional condition (3)
and the expressions (7), (9) for u, v, it can be
noted that

ko = Er.

Furthermore, it is clear that the corrections to
Eq. (5), obtained by replacing uk, vk in (5) by
their “normal” values

1, k| >kr
=6 —
Uy a (R) {O, k| < b (11
_ _ 0, |k|>kp
”"*6”(’”'“{1, k| <hr

will be exponentially small. -

We can therefore replaced E (k) by the corre-
sponding formula for the normal state in Eqgs. (10)
without loss of accuracy, and integrate the factor

R ) *i{ 14 4'rrk2dk}

272 (dE/dk r=kp V @23 dE Jo
as the relative density dn/dE of the number of
electron levels in an infinitely narrow energy band
close to the Fermi surface. Then

p = g¥dn/dE. (12)

We now proceed to the calculation of the energy
of the ground state in the second approximation.

Of the entire Hj,¢, we shall now take into ac-
count only H;. Consequently, we get for the eigen-
value of H in the ground state

U — < CyH,Hy*H,Cy > =

© (K" — k) (430}, + wyOtpsp}
o (k' —k)+e(k)+ < (%)
(13)
Then, substituting the expressions we have ob-
tained for ug, vk, we compute the difference AE

between the energy of the ground state and the en-
ergy of the normal state. We have

p(~2).

It is interesting to observe that this result coin-
cides with the result of Bardeen and his coworkers 3
To see this we need only write the Bardeen param-
eters w, V in the following fashion:

=2 D {E|R)— Nk — o D
R ReR!

(14)

We now construct, in the given approximation,
the formula for the energy of the elementary exci-

tation. For this purpose, we choose an excited
state

C,=ailCy

and apply perturbation theory to it in the usual
fashion. We obtain the following expression for the

energy of an elementary excitation with momentum
k:

E. (k) = ¢ (k) — < CiHynt (Hy — = (£))™ Hint C1 > oup,

for which we find

o~ 2 , uul, + o203,
E.(f) =5(k) {1 V- 2ek—F) e =T
_g_’_ o(k—Fk)(ok—F)+c(k))
20 D e @ = @ YO (16)

Here the first term, proportional to g‘(k) has no
singular properties whatever and vanishes on the
Fermi surface. The second term is equal to

%/i Zuhvk 2

R’

= 2u,0,C (k) = C (kr) = ce—1l°.

o(k— k)

SE—F o)

on the Fermi surface.

Thus the energies of the excited states are dif-
ferent from the energy of the ground state by the
gap*

A = ge, (17)

We note that in the work of Bardeen and his co-

*Here we have the fermion part of the spectrum in mind;
there is, in-addition, the boson part which, it appears, is not
separated by a gap from the ground state. We shall not cite
the corresponding formulas here since they have no relation
to the theory of the superconducting state at zero temperature.
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workers,? there is an expression of the type 2w
x e~1/P which is interpreted there as the energy
necessary to break up a “pair.”

We now consider the “ground current state,” i.e.,
the state with the lowest energy among all the pos-
sible states with given momentum p.

We therefore need to find the eigenvalue of H
for the additional condition

) kaifars = p.
k,s
Instead, making use of the usual method, we in-
troduce (in addition to the scalar parameter A) an
additional vector parameter u which plays the

role of an average velocity, and choose the total
Hamiltonian in the form

H = Hyr — ) Q) aifsans — ) (uk) afsays =
R,s R, s

= D {E (k) — (uk) — 1} afans + 0 (q) bF by + Hinte
e ‘ (18)

The value of u is determined from the condi-
tion

2 kbz?sahs =p.

R,s

Since we are always dealing in our discussions
only with a small region on the Fermi surface, we
can for simplicity write the following
k2 . klz:
E(k)=%+D, D=EF'—27n,
and then, in the final equations, take

k
m == (dE/dk )k=hF'

Then
E (k) — (uk) = E (k — mu) — 1/, mu?,

and therefore, making the following translation in
the momentum space of k:

k—k -+ um, Qgs —> Qkt-mu, s (19)

and putting
A — A4 mu?/2,

then the Hamiltonian (18) takes the form (2) and
the vector u drops out. We again arrive at the
case of a ground state with zero momentum. No
new investigation is thus needed for the current
state, but it will suffice only to make a transfor-
mation inverse to (19) in the formulas obtained
earlier.

Thus, we can verify, for example, that the en-

ergy of the ground current state, with mean veloc-
ity u, differs from the energy of the ground state
without current by an amount Nmu?/2.

The excitations are separated from the energy
of the ground current state by a gap

Au=A-—kFU>A—kFIUi.

Consequently, if
ke lu| <A,

the current state, although it possesses an energy
greater than the non-current (so long as the ac-
tion of the magnetic field is not taken into account),
is shown to be stable relative to the excitations.

Thus, we see that our model contains the prop-
erty of superconductivity.

Let us make a few other observations.

In our method of investigation, we must take the
parameter p to be small in order to make it pos-
sible to restrict ourselves to asymptotic approxi-
mations. However, as was shown by Tolmachev
and Tiablikov® (with the aid of a method whichdoes
not make use of any assumption on the smallness
of p) the sound velocity becomes imaginary for
p > 3, i.e., the lattice becomes unstable. In cases
in which the lattice is so rigid that the electron-
phonon interaction has no essential effect on the
energy of the phonon, the parameter p must be
small. Even for p =1, the value of e /P is Vese
This, in our opinion, explains the smallness of the
value of the energy gap and therefore of the criti-
cal temperature.

We further note that if we explicitly add a term
of Coulomb interaction to the Frohlich Hamiltonian,
then it will be necessary to carry out a summation
of the diagrams of electron-holes of the Gelman-
Bruckner type, in order to guarantee the phenom-
enon of screening.

By way of a preliminary estimate, we could
first introduce into the Hamiltonian the Coulomb
interaction in the screened form, and also treat it

by means of perturbation theory. Then we would

have obtained substantially the same formulas as
earlier, but we would need to replace g by
1

gz—--;—g ve (kr V(1 =7)) dt,

-1

where vg (k) is the Fourier transform of the
screened function.

Thus it could be immediately established that
the Coulomb interaction contradicts the phenom-
enon of superconductivity.

In conclusion I'consider it my pleasant duty to
thank D. N. Zubarev, V. V. Tolmachev, S. V., Tiab-
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likov and Iu. A. Tserkovinskov for their valuable
discussions.
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The equivalence of the Bardeen Hamiltonian and the Frohlich Hamiltonian is established in the

adiabatic approximation. The energy of the ground state and of elementary excitations are cal-
culated by means of a canonical transformation.

IN Ref. 1, Bogoliubov has shown that the property
of superconductivity is possessed by a model of an
electron gas in which the mutual interaction of the
electrons is neglected but their interaction withthe
phonon field is taken into account. These results
were established with the help of the Frohlich Ham-
iltonian for the description of the system:2

(1)

Ha= Y (E (k) —)) aio an o; Hopn = )80 (q) bs*,;
(k, ©) (@

H:Hel+Hint+HPh;

(2)
- S ho(k—E)(ar o o
H.nt Vv (h.kz,' o (‘)(k )(ah .0 Qho bh k
+ a;z':o Qit o b:;—h)» (3 )

where E (k) is the energy of the electron; hw(q)
the energy of the phonon; k, q are the wave vec-
tors, o the spin variable (o =+ 1); V the vol-
ume of the system; g the coupling constant; and

A the chemical potential. The creation and anni-
hilation operators of electrons (at, a) and phonons

*The first paper of this series' will be denoted by I.

(b*, b) satisfy the usual commutation relations,
and A is defined by the condition

T —
2 Ak, ah,a = N)
R, o

where N is the given number of electrons.

The results of Bardeen® were obtained with the
use of a certain equivalent Hamiltonian of the elec-
tron-electron interaction in place of the Hamilton-
ian (3), under not completely clear assumptions as
to the suitability of the formation of electron pairs
on the Fermi surface. Below, we shall show the
equivalence of the Hamiltonians of Bardeen and
Frohlich, and shall establish the property of super-
conductivity for the Hamiltonian of Bardeen thus
obtained. In the calculation, we shall make use of
the method of Bogoliubov.!

The characteristic feature of electron-phonon
interaction [Eq. (3)] is the fact that it is effective
only in a thin layer at the Fermi surface, and falls
off rapidly with increasing distance from it. There-
fore, the principal contributions to all effects will
be made by electron transitions at the Fermi sur-
face. In this case the energy of the electron tran-



