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where the summation is taken over all possible cyclic permutations of the arguments y1, ••• , Yn• and 
l. is the number of interchanges necessary to go from Yj ... YnY1 ••• Yj-1 to y1 ••• Yn· 

We seek the solution of Eq. ( 1) in the form 

Gn (xl, · · · • Xn; Y11 • • · • Yn I A)=-~ (-1)1 [GI(xl, YJ/ A) Gn-dX2, ••. , Xn; Yi+l• · · ·, Yn• Y11 · .. , YJ-tfA) 
p 

+ Gln(Xl, · • • 'Xn; Yi• • • •' Yn, YH • • • • Yi-II A)J. (2) 

The equation for Gm in the momentum representation can be solved exactly by a method used previ
ously.3 We get as the result 

- euiL• r { ·[ 2R-l ] } { - euiL ~ e-1 (up) v - 1 } 
Gin (ph . .. , P2n-1j A)= -- V 4r. (27t)• j dve-"'exp - l m- ~ (upi) v+f(v) exp - V 47t (27t)• j (up) AIL (p) dp 

0 i-1 

\ { / [80n 1 (ps, · · ·, P2n 1 1 A) J } { ( 2n-1 ). } X jD.,.,v,(k) G1(P2 A) - llA (k) - T exp i k+p2 - ~ p1 x dxdk. 
vl A....,.T xA A• A v i-1 

( 3) 

It follows that the probability for the emission of n low-energy photons is given by the Poisson for
mula 

Wn = e-W w,n ' w = 2e• In E. 
n. 7t £1 ' 

where the energy of the photons lies between E 1 and E2• 

1J. Schwinger, Proc. Nat. Acad. Sci. 37, 452 ( 1951). 
2F. Bloch and A. Nordsieck, Phys. Rev. 52, 54 ( 1937). 
3 R. V. Tevikian, J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 1573 ( 1957), Soviet Phys. JETP 5, 1282 

(1957). 
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THE speed of electromagnetic waves has been investigated experimentally in various researches, over 
a frequency range approximately from 1015 cps (optical waves) to 106 or 105 cps (so-called medium radio 
waves). Recently we have determined the speed of electromagnetic waves under natural conditions at 
lower, audio frequencies, namely from about 3 x 104 to 103 cps; in addition, the investigations are about to 
be extended down to frequencies of some tens of cycles per second. 

The method used in our work was that of complete harmonic analysis of photo-oscillograms of individ
ual atmospheric events E (t, r), taken at various distances from their sources (thunderstorm dis
charges) .1•2 The distances r from the sources were determined by means of three direction-finders. 
The method consists in the following. 

The spectral density of the signal E ( t, r) can be written in the form 
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where A( w, r) and cp( w, r) are determined by har
monic analysis of E ( t, r). If the radiated signal E ( t, r) 
is assigned the "standardized" spectral density A ( w, 0) 
x eicp( w, 0), then from ( 1) one immediately obtains the 
propagation function 500 ----- b 
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E (w r) e-i4> (c.>, r) = A (cu, r) ei[«> (c.>, r)-'1' (c.>, o)J ( 2) 
' A (cu, 0) ' 

which describes the variation of the amplitude and phase 
of the received spectrum of the wave. The complete phase 
is 

r 

,.., ( ~ dr cur cur .... w, r) = w -( -) = ---- =-+ ~ (w, r), 
o v cu, r v ( cu, r) c 

(3) 

-soo where v and v are respectively the differential and the 
FIG. 1 mean phase velocity of the wave, and where tf; ( w, r) is 

the so-called supplementary phase, describing the devia
tion of the phase of the wave and of its speed from their values in free space, where v =c. Since 

1 7 1 f E (t' r) = 2,; j A (w, r) e1 [c.>l+«> (o>, r)) dw = 2,; .) E (w, r) A (w, 0) ei [c.> (t-rlc)-<)1 (co, r)+cp (c.>, O)ldw ( 4) 
-co -oo 

does not depend on the linear term wr/c in the phase (it leads only to a uniform displacement of E (t, r) 
along the time axis), the Fourier analysis determines the value of the phase only to within a term wr I c, 
i.e., 

'fl (w, r) =- ~ (w, r) + 'fl (w, 0). ( 5) 

Consequently, the mean phase velocity is equal to 

v(w, r) = c /[1- cp(cu, r)--:,cp(cu, O) +J (6) 

In this connection it is important to take the following into consideration. Usually the recorded signal 
E (t, r) is cut off at the beginning, because of the threshold of sensitivity of the apparatus. This means 
that in the analysis the quantity determined is { cp ( w, r) - w~t}, i.e., the phase characteristic with an 
additional linear term w~t. where ~t is the cutoff time of the signal. However, the value of ~t can 
be determined from the experimental phase curve. For in the high-frequency part of the range being con
sidered, dtf; /dw ~ 0; therefore if the experimental curve has a linear behavior in this region, this is 
caused by the term w~t. Atmospheric events were studied by the method described in various seasons, 
at various times of day from 9 AM to 5 PM local time, and at r "' 800 to 3100 km. One example of the 

ii;c 
u 

FIG. 2 

zo 
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treatment of an individual atmospheric event is shown in Fig. 1. In it, 
a is the phase curve obtained by the harmonic analysis of E ( t, r). 
Subtracting from curve a of the phase characteristics of the receiver 
and of the standardized source we obtain curve b, while curve c cor
responds to the desired function t/Ji ( w, q ), obtained after subtract
ing the straight line w~t from b. From the figure it is evident that 
the theoretical values of tf; (w, r) (the continuous curve in Fig. 1c) 
begin to deviate from the experimental at f ,...., 7 to 8 kcs. 

All the individual signals were treated in similar fashion, and the 
results were used to plot curves showing the distribution of the quan-

tity (1 + t/li ~ ), which determines v /c, for seven frequency inter
w ri 
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f, kc 
v/c, exptl. 
f, kc 
v;c, theoret. 
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Most probable values of v/c vals. The distribution curves obtained had 
pronounced maxima; they give the values of 
v / c shown in Fig. 2 (points) and in the 
table. 

1.5-2.5 3-3.5 
1.09 1.05 
2 3 
1.014 1.0456 

4-4.5 
1.024 

5-6 
1.014 
5 
1.017 

7-9 10-14 16-20 
1. 006 1 . 004 1. 002 
7 10 20 
1.0085 1.0041 1.0015 Comparison of the experimental and theo

retical3 values (Fig. 2, curve b) shows that 
they begin to deviate significantly at f < 3 

kcs. This deviation is perhaps due to the fact that at such low frequencies the model of the ionosphere 
chosen in the calculations becomes inappropriate, since the wavelengths are comparable with the thick
ness of the ionospheric layers. 

It should be pointed out that since, at the distances r considered, only the zero-order mode of the 

spectrum of the received wave plays an important part, therefore the values of ( 1 + ~ ~ ) immedi

ately determine the imaginary values Sot of the wave numbers; and a comparison of them with the cor
responding theoretical values of Sot may permit determination of the effective conductivity of the iono
sphere with respect to transmission of electromagnetic waves in the range of frequencies investigated. 

1Ia. L. Al'pert, Usp. Fiz. Nauk 60, 369 ( 1956 ); Pa;IJ;HOTexHHKa H aJieKTpoHHKa (Radio Eng. and Elec
tronics) 1, 293 ( 1956 ). 

2s. V. Borodina, Trudy, Inst. for Terr. Magn., Ionosphere, and Radio-Wave Propagation 13, 3 (1957). 
3Ia. L. Al'pert, PacnpocTpaHeHHe aJieKTpoMarHHTHbiX BOJIH HH3KOH 'IIICTOTbi Ha;IJ; 3eMHOH noBepxHOCTbiO 

(Propagation of Low-Frequency Electromagnetic Waves above the Surface of the Earth, Acad. Sci. Press, 
1955 ). 

Translated by W. F. Brown, Jr. 
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THE elastic and exchange scattering of 11"- mesons by hydrogen has been studied by us. The beam of 11"

mesons was obtained with the use of the synchrocyclotron of the Joint Institute for Nuclear Research. 
The energy of the beam was found to be 333 ± 9 Mev. Measurements were made with the use of scintil
lation counters. Liquid hydrogen was used as the target and was contained in a foamed plystyrene con
tainer. 

Table I presents the measured differential elastic scattering cross-section for 1r- mesons after the 
inclusion of all corrections. Table 

41.9 
61.3 
79.2 

100.8 
119.7 
140.6 
159.2 

TABLE I TABLE U II presents the corrected differential 

_<1:1_, 10-·n cm2 /sterad 
de.> 

1.28±0.14 
0.90±0.10 
0.69±0.09 
0.51+0.03 
0.52±0.07 
0. !)6+0.10 
0.93_±0.13 

t'}~ms 

20.8 
41.0 
60.0 
77.7 
99.0 

128.8 
146.9 
159.7 

_<1:1_ 10-n cm2 /sterad 
de.>. 

6.52±1.37 
6.31±1.30 
3.72±0.77 
2.36±0.50 
1.55±0.34 
0.95±0.23 
1.29±0.31 
1.10+0.24 

cross-section for gamma ray em is
s ion from the de cay of 1r0 me sons. 

By performing a least squares fit 
of the function da/dw =a+ bcos .'t 
+ c cos2 t't to the cross-section data 
( t't measured in the center of mass 
system), one obtains the following re
sults (in units of 10-2' cm2 /sterad): 

a) Elastic scattering of 1r -


