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A cascade is considered to consist of several types of particles moving in a generally inhomo-
geneous medium varying with time. The particles collide with the particles of the medium and
in this process are absorbed, scattered, and produce new cascade particles. The functions,
determining the distribution of the particles of each type in cascades initiated by a single par-
ticle of a given type appearing at a given time with known initial position and velocity, are as-
sumed to be known. By means of these functions, the probability of the joint presence of a
given number of cascade particles at a given instant in a given cell of the particle type-posi-
tion-velocity space is found. The detecting probability is calculated for detectors having a
sensitivity dependent upon the type and velocity of particles as well as upon their place and
time of incidence.

LET Aj (j=1,2,...n) represent n various types of particles forming a cascade initiated by a single
particle of a given type A; with a given velocity u, which has appeared at the instant s at a given
point q. Let

V(P,Q)dQ (P=(s,q,u,i),Q=(L,r,v,]),dQ = drdv) (1)

be the probability that at the time t one particle of this cascade, of the type Aj has the radius vector
between r and r + dr and velocity between v and v + dv. This probability was found for the case of
a homogeneous! and of a multi-layer? medium. In the following we shall assume that the functions V are
known for any inhomogeneous and time-varying: medium without referring to their actual expressions.
Using the notation and results of Refs. 1 and 2 we shall solve several generalized problems concerning
the correlations in particle distribution.

1. Let L be a natural number. We shall find the probability

V (P, Q1 Qs . .. QL) dQ:dQ, . . . dQ, or, in shortV (P, Q) dQ, (2)

that there are Kg particles of the type Ajy and with velocity between vy and vy + dvg having at the in-
stants t, radius vector between ry and ry + drﬂ respectively.
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We shall consider a cascade for which probability (2) is fulfilled, i.e., in which L particles of the
type A;, with velocities between vy and vy + dvy have radius vectors between ry and ry + dry at the
instants t). A certain number of cascade development lines Cy, originating in the point P and passing
through or terminating in the points Q ) correspond to those particles. All the lines form a tree-like
system R in the space E of the variables t, r, v, j, beginning with a single branch D; emerging from
the point P at the time s, which then splits at the time 7 into two or more branches D,, D3, ... These,
in turn, branch out at the moments 74, 73... etc. until all branches terminate in the end points Q. We
shall denote the branching-out points of the lines Dy by Pl’: . These points will be said to be of multi-
plicity M(M =2, 3,...) when M new branches start from a point.

The system R is not continuous since the types and velocities of particles change abruptly in colli-
sions. The projection of R in the t-r space is, however, a continuous branching curve. We shall refer

to the set of all systems R corresponding to a given posi-
% tion of the points P and Qg the projections of which in the
g t-r space are topologically equivalent, as to the graph S. A
/ {/ graph corresponding tothe pomts, P, QQy .. «.Q:o, P}...P}
/ is shown in Fig. 1. The points P}, P}, and P} are double,
and Pz is quadruple. The number Ny, of all possible graphs
corresponding to a given L is, obviously, finite, For ex-
ample, Ny =1, Ny = 2, N3 = 3, etc. All graphs corresponding
to the cases L =1,2,3, are shown in Fig. 2. We shall call
a graph S elementary, and denote it by T, if its branches
Dy, do not pass beyond the points Py but terminate in them.
Every graph S can be decomposed into elementary graphs
T, chosing as dividing points those of the points Py traversed by S. It is obvious that the number of
elementary graphs into which every S graph can be divided is also finite—always less than L. The graph
represented in Fig. 1 is divided into four elementary graphs by the points Q;, Q;, and Qg.
We shall denote Vg(P, Q) drdv the probability (2) with the additional condition that cascade develop
according to a given graph S. From elementary theorems on sum and product of probabilities it is evi-
dent that the function V is equal to the sum of the functions Vg corrsponding to all graphs S for a

given choice of the points P and Q ¢» and the function Vg is equal to the product of functions corre-
sponding to all elementatry graphs T into which S may be decomposed.

FIG. 1

V=

“Ml*

I v-. (3)

Consequently, the solution is reduced to a calculation of the functions Vp corresponding to the elemen-
tary graphs.

It is easy to see from the rules for the sum and product of probabilities that Vr represents a sum of
multiple integrals, the integrands of which the products of the following factors: a factor

V(P,, Pll) dPll (P/ — (T,, pI’ v/’ kr), PII — (T”, p//’ v//’ k”)),

corresponds to every branch D with the origin in Q' and end in Q”, and a factor

QM (P', Pr)drdw, (P" = (,p, %, k), Pr (%, 0, Wi, Lm)),

corresponds to every branching point P* of multiplicity M. L and w,, denote the types and velocities of

secondary particles (m =1, 2...M). This factor represents the probability that the incident particle will

collide with the time dr and that among secondary particles there will be M particles of the type L

with velocity between w__ and w,, + dw,, respectively. Integration and summation is carried out over

T, p, V, k characterizing all the branching points and over the types and velocities of all secondary particles.
Assuming without loss of generality that t; < t,, we find, for instance, for L = 2:

V(P Q@) =V (P, Q)V (@ @) + I (VP PYQ (P, PLPYV (PL, Q) V (P}, Qu) dwidw,.

Pl

where T denotes integration over 7, p, v, and summation over k.
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2. In solving the above problem we did not impose any limitation upon either the type of the develop-
ment graph or the number of collisions in each of its branches. We can modify the problem assuming
that the cascade develops according to a given graph and that the
number of collisions in some of its branches is pre-determined.

L= l=7
A &, % It is easy to see that instead of relation (3) we shall have now
4 0,\ * S
2 v=TIv, (4)
2 2 ;IJ 7 17] Vr.
P @ l} o 7 The factor in Eq. (4) corresponding to each branch with a fixed
y 4 ¢ % number of collisions will now be, instead of V(P’, P”),
N x
4 AR A 2w P, P) T1Q (Po PO W (P, Pen) dws
Y/] ! Y P;lg g
Y/ , ,
G~ & 9 g ey (Pg= (g, pgs Yer kg)s Pg = (%as Pes Was lg), g = 1,2, ... G —1),
¢ where Q' and W are given by Egs. (5) and (6) of Ref. 1 respectively.
0’\ g* Tk é“ é ;;* If we want to calculate, for example, VT(P, Q4 Qy, Q3) where T
¢ b , is the last graph of Fig. 2, under the condition that the number of
¢ e 7 o
e f’ J A 7 collisions along the first branch is arbitrary and along all other four
% / /’ / branches limited to one per branch, we obtain
ao—ddp o My & /, _ :
B RO g VrPQu Q@)= X {{i{ve. P
4 4 4 PrPolirtiator bog
FIG. 2 X Q*(PY, Pi1, Pia) W (P11, P3) Q¥ (P3, Pin, Pra)

X W (P ;1’ Q)W (P ;2» Q) W (P ;z’ Qs) AW11dW12dWy,dWs.

3. In deducing the expressions (3) and (4) we assumed that the regions in which the particles P, are
found are infinitesimally small. We shall generalize the problem for the case when the regions are finite. Let
ty(£=1,2,..., L) be L moments of time, let Ry be L regions in the r — v —j space, and let N, be L
positive integers, We shall denote by

W(-P)tl)Rlle) (5)
the required probability of finding Ny particles at the moments t; and in the regions Ry respectively.
Let My be L positive integers and let Tome Vem? jﬂm( m=1,2,..., Ml) represent the coordinates of
M, points in the region Ry. Let
{1
V(P: le)dle (l= 1,2,...L,m= 1,2, Ml)

be the probability of the type (2) for L = ZM, and t,,, =t,.
We shall denote by

: _ 1 |
V(P,t, Ri, My) = T %SV (P, Qum) dQum (6)
3

the probability that there will be at least M, particles in the regions R, at the moments t, respec-
tively. [In Eq. (6) and in the following dQ tm =dr,zmdv!Z m’ and the integration is carried out over the
part of the ry,,vy . plane contained in Ry J.

In order to find the relation between (5) and (6) we shall solve first an auxiliary problem. Let there
be given I cells C;(i =1, 2,...,I) such that there can be at most one particle in each of them. Let the
appearance of particles in the different cells be uncorrelated. Let P and Q be positive integers not
greater than I, Let i (p=1,2,...,P)and j (q=1, 2,...,Q) be two sequences of different natural
numbers =1, We shalf)denote by V(ip) the probability that the cells C; are occupied regardless of
whether the other cells are occupied or not, and by W (jq) the probability that the cells C-p are occupied
while all other cells are free. Both these functions are symmetric with respect to all arguments. It is
evident that

Vo= 2V (i) and Wo= W (j)— M

ip iq
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represent, respectively, the probability that not less than P or exactly Q cells are occupied. We shall
show that the following relation holds:

q>P

V(in)= g=py W) (io=is for g<P), ®)
q

where the summation is carried out over all j, for q < P. Eq. (8) expresses the elementary fact that
the probability that the cells C;, are occupied regardless whether other cells are occupied equals the
sum of the occupation probabilities for all combinations of the cells C; containing the cells C; . The
factor 1/(Q —P) is due to indeterminate grouping of the numbers j q Summmg over all lp and taking
into account Eq. (7), the relation (8) leads to

This equation represents an infinite system of equations for wq which can be solved easily, yielding

_ 3 =Pl _
Vo= 2 Gro=qr"» @=01-.). (9)

The values (5) and (6) are analogous to those of Eq. (9). In consequence they are connected by a relation
similar to (9)
i Ly,

W (P, t;, Ri, Ni) = N (M, =N

V (P, ti, Ri, M;). (10)
My=Njl=1
Equation (10) is more complicated than Eq. (9) since we are dealing now with L regions R, instead of one.

In calculating the probability (5) we did not require the Ny particles found in Ry to be of a certain
type. The solution, however, is more general — it is sufficient to divide the region R into n regions
Rl in order to find the probability that given numbers of particles Nj; i (=1, 2,...n) of each type A
are present in Ryp.

4. We can generalize the obtained solution further if we replace the regions Ry by detecting devices,
acting at the moments ty respectively, each of which detects the traversing particles with a certain prob-
ability U (Q) depending on the device Ry, on the time t, on the type A; of the particle, on its velocity
v, and on its position r. The probability (5) is in this case expressed again by Eq. (9), V being given now,
however, not by Eq. (6) but by a more general formula

LM,

V (P, ti, Ri, Mj) = VP, Qun) [T U* (Qum) dQun- (11)
im

1
I-.[Ml! itm

1

5. The various types of counters used for the detection of cosmic rays do not fall exactly into the
category of devices of Sec. 4. The actual detectors function continuously or during a certain time inter-
val, while above it was assumed that the particles were detected at certain instants. We shall consider
therefore another type of devices Ry(2 =1, 2,... L) which can time the arrival of particles. Each device
is characterized by a certain working volume Ry, whlch for the sake of symmetry, we shall consider as
a volume in the space E, and by a certain function U (Q) defined on a surface S of the region R, or,
which is equivalent, on surfaces Sl in E, since Ug¢do yields the detection probability of a particle of
the type A; entering Ry through an element do of the surface S;° corresponding to the values o
and ¢ + do of the six-dimensional variable o. Evidently, this assumption represents an approximation
since in view of the finite resolving power of the detectors, the detection probability U! can also depend
on the sequence of arrival of various particles at Ry. In this approximation the probability V is again
given by Eq. (11), it is necessary, however, to write according to Eq. (4) of Ref. 2, instead of V(P, Qum)»

the following function:
1 Vim  Fi(ty, Timy Vim)

atl arlm Ovlm ’
ds  og oc

VI(P, Qim) =V (P, Qum)
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and the integration and summation should be carried out over the surfaces st.

V being known, we can find the required probability (5) by means of relation (9) which remains valid.

All the probabilities found above may be useful, for example, in investigations of the cosmic radiation
by means of coincidence counters or cloud chambers.?

It should be noted that the probabilities found are analogous to the probabilities of certain configura-
tions of molecules in a gaseous medium. In the case studied above, however, the problem is greatly sim-
plified since all the probabilities can be expressed by means of the distribution function (1), while there
are no similar expressions for the correlation function in gasses.?

The author wishes to express his gratitude to Academician I. N. Bogoliubov for a constructive discus-
sion of the results and to Prof. D. D. Ivanenko for his constant interest in the work.
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The average values of the spin operators for a system of particles having spin 1 and 1/; are
calculated. The transition matrix M is given explicitely. Consideriation is given to the case
of small energies, when one can restrict oneself to S- and P-waves. Expressions are ob-
tained for the cross-section, polarization, and correlation function. Relationships are estab-
lished between the parameters of the transition matrix and the experimentally observed values.
A group of experiments is suggested which could enable one to determine, through triple-
scattering, the amplitude of the scattered wave and to carry out a phase-shift analysis.

THE theory of reactions involving polarized nucleons has been recently developed in a series of arti-
cles.! The polarization arising in nucleon-nucleon collision is due to spin-orbit interaction, and its
measurement provides additional information about the coefficients of the amplitude for nucleon-nucleon
scattering. A group of experiments is indicated which would allow one to determine the nucleon-nucleon
scattering amplitude and to carry out a phase-shift analysis.

The present article is concerned with the elastic scattering of nucleons against a target made up of
spin 1 particles.

The state of the system is described as usual through the Neuman density matrix p in the combined
spin space of the system of two particles, or through the density matrix for two independent beams of free



