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Combination scattering by plasma density oscillations may occur when electromagnetic waves 
are propagated in a plasma. The intensity of combination scattering of electromagnetic waves 
in a plasma is determined in the absence and in the presence of a constant uniform magnetic 
field. 

I. It is well known that there can exist in a plasma weakly damped electromagnetic oscillations which 
are associated with oscillations of plasma density whose frequency (without taking dispersion into ac
count) is given by1 Q = J 47Tlloe2 /m. The existenee of these oscillations leads to a periodic variation of 
the dielectric constant in the plasma. Because of this, combination scattering of electromagnetic waves 
propagated in the plasma becomes possible, i.e., if a wave of frequency w0 > Q is propagated in the 
plasma then at the same time waves with frequencies w = w0 ± nQ, where n is an integer, will also be 
propagated. The object of this paper is to determine the intensity of these waves. 

Let us first determine the dielectric constant of the plasma. We start with the equation 

1 aD 1 dE 4n. 
curiH = c a!= cdi + --;;Jrree' ( 1) 

where Jfree is the current density associated with the motion of the plasma electrons and is equal to 
lfree = env, n is the electron density, v is the electron velocity which is related to the electric field 
by the equation v = eE/m. From these equations it follows that 

I 

v(r, t) = ~ ~ E(r, t')dt', 
t 

hree(r, f)=-~ n(r, t)~ E(r, t')dt'. 

Substituting this expression for lfree into Eq. ( 1 ), we find 

We now introduce the dielectric constant operator by D = €E. Then 

t ,, 

; (r, t) E (r, t) = E (r, t) + 4: 2 ~ dt'n (r, t') ~ dt"E (r, t"). (2) 
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Let the electric field vary with time in accordance with the harmonic law E (r, t) = E (r)e-iwt. There
sult of applying the dielectric constant operator to E (r, t) reduces in this case to multiplication by 

I 

s (r t) = 1 - me· eiwt dt' n (r t') e-iwt'. 
!. ., ~ 

w ' lmw ' ( 3) 

We now note that the plasma electron density n (r, t) contains the constant term n0 plus a small ad
ditional term <'>n ( r, t) ,;, <'>n ( r ) cos Qt, <'>n « n0• Therefore 

zw(r, t)=s(w)-1-osw(r, t), 

where 

• 0 2 , _ 21te21ln (r) ( eiQI e-illt ) 
c (w) = 1- 2 , os"' (r, t) -- --,.. -1- +,.. . 

(1.) mw (.1)- ~" c:.u ~" 

If we introduce the operator for the fluctuation in the dielectric constant 

a;=(~- 1)':,1ln ~~ t) (;- 1)''', 

( 4) 

( 5) 

where € is the operator for the dielectric constant of a plasma of density no which is determined by 
means of the formula 

~e-iwt = e ( (U) e-iwt' 

then 

a~e-iwl = OSw (r, t) e-iwl. 

2. Let the plane monochromatic wave E0 (r, t) = e 0E0 exp (iko· r - iw0t) be propagated in the plasma. 
Then the electric and magnetic fields of the scattered wave may be determined by means of Maxwell's 
equations in which the current and charge densities have in the first approximation the form 

. 1 a (, AE ) 1 d. (,A E ) J = f.1t at OE o , p = - Lm IV QE o . 

Since <'lE has a time dependence of the form e+mt the current j will excite a wave of frequency 
w0 ± Q. In the second approximation we would obtain the current 

., 1 a ('AE) 
J = 4Jt at QE ' 

( 6) 

where E is the electric field of the scattered wave. This current obviously excites a wave of frequency 
w0 ± 2Q, etc. Thus in a plasma when an electromagnetic wave of frequency w0 is being propagated com
bination frequencies w0 ± nQ arise where n is an integer. In future we shall restrict ourselves to an 
investigation only of the combination frequencies w0 ± Q. 

Introducing instead of the field instensities E and H of the scattered wave the vector and the scalar 
potentials A and cp and assuming that divA= 0 we shall start with the following basic equations: 

AA ~ a•A ~ a 47t • 
u --=-----gradw =- -J 

c2 at• c at . c ' 

The increase per unit time in the energy of the electromagnetic field is given by the expression 

aw 1 R \ {E ao• H aH'} d 1 R 1 (' 'A*d 1 i . 
7fT = 81t e J Tt + Tt v = 2 e c ~ J v + 2 Re .\ pq> dv, 

( 7) 

(8) 

where D is the electric displacement vector. Here the first term determines the increase in the energy 
of the transverse oscillations of the electromagnetic field, i.e., the intensity of scattering of electromag
netic waves 

( 9) 

while the second term determines the increase in the energy of the longitudinal oscillations of the plasma 
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I'={- Re ~ p~·dv. ( 10) 

3. We seek a solution of Eq. ( 7) of the form 

A (r, t) = ~~ q'A (t) AA (r), ( 11) 
'A 

where 

tlA;.. + k~A'A = 0, AA(r) = e'A ( 4;;c2 / s ( w'A))'1'eiki,r . ( 12) 

eA is the polarization unit vector ( eA · kA = 0 ); kA and wA are related by the dispersion relation w~ 
= k~c2/E (wA), while the constant has been chosen so that the following normalization condition is sat
isfied 

(the index A determines both k and the polarization). 
Using ( 7) and noting that 

we obtain the following equation for the determination of qA: 

.. 2 1 \ • 
q'A + w'Aq/.. = fA (f),, fA {t) = c ~ jA/..dv. ( 13) 

This equation has the form of the equation for the forced vibrations of an oscillator acted on by the force 
fA (t ). 

Setting 

"' 
we shall write the solution of ( 13) in the form2•3 

1 ~ { 1 + . , ( )} b"'e-i"'t q/.. = - -- t;;o w/.. - w /.. • 
2"''A "'/.. -«l 

( 14) 

"' 
We substitute the expansion (11) into (9). Making use of (14) we obtain the following formula for the 

intensity of scattering: 

I-T~ ~ ~ r br /28 (w~-- w) (~~~, (15) 
"' /..~1.2 

where the summation is taken over the two polarization directions of the scattered wave. 
Making use of the relation between the fluctuation. in the dielectric constant and the deviation of the 

electron density from its equilibrium value we shall obtain the current that appears in ( 7) 

j = -~ .2} [I- s(w)l'''[l-s(wo)J'I'I):~r) wEoeoeik,r-i"'t. ( 16) 

W=Wo .0 

Substituting this expression into ( 13) we obtain 

onk-k, = ~ on ( r) e-i (k-k,) r dr. 

From this, in accordance with ( 15 ), we obtain the following expression for the intensity of scattering of 
electromagnetic waves: 

I=] ~/"'(&,·f)do, 
(•)-'Wo-f·O 

( 17) 
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it is the angle between the propagation vector of the scattered wave k and the wave vector of the inci
dent wave k0, while cp is the angle between the direction of polarization of the incident wave e0 and the 
normal to the plane (ko, k) . The average value of the square of the absolute value of the Fourier com
ponent of the fluctuation in the electron density which appears in ( 18) may be expressed in terms of the 
Fourier component of the correlation function 

(The correlation function is defined, as is well known, by means of the relation 

Thus 

On expanding c5n (r, t) into plane waves 

on(r, t) = ~onk(t)eikr, 
k 

one may obtain the total energy of the plasma in the form 

where 

(p is the pressure, p is the density). 
If one assumes that the equipartition law holds, then 

(m / 2n~k2 ) {I ~rik [2 + w~ I onk i2 } = T; 

T is the plasma temperature in ergs. Assuming that s2 == T/m we obtain4 

i 0nk !2 = n0k2 / ( 4r.n0e2 / T + k2). 

( 181
) 

For the sake of definiteness we shall henceforth use this formula for the average value of the square of 
the absolute value of the Fourier component of the density fluctuations. 

The quantity Iw (it, cp) represents the intensity of radiation of the combination frequency w == w0 ± Q 

per unit solid angle. In the case of an unpolarized incident wave, averaging Iw (it, cp) over the angle cp 
gives 

( 19) 

We note that if it== 1r/2 then the scattered radiation will be polarized in the plane (ko, k) irrespec
tively of the character of polarization of the incident wave. 

We consider two limiting cases: (k - k0 )2 « 47rn0e2 /T and (k - ko )2 » 47rn0e2 /T. In the first case 
the collective oscillations of the plasma play an essential role, and the total intensity of radiation of fre
quency w is equal to 

(20) 
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On dividing the total intensity of scattering I = Iwo+n + Iwo-n by the energy flux density of the incident 
wave we obtain the scattering coefficient 

(21) 

In the second limiting case the average quadratic fluctuation in the electron density is equal to n0 and 
the intensity of scattering is determined by Rayleigh's formula 

In this case the scattering coefficient is 

1 - 1 1:;"2(<o-1)2 '12 4 
- '> 16 .; "0 --a- So Wa· u· 1t''"' n0c (22) 

4. Let us now investigate the scattering of electromagnetic waves in a plasma in the presence of an 
external magnetic field H0• In this case the plasma is an optically active anisotropic medium whose 
properties may be described by the dielectric constant tensor5 

where 

s1 = 1- Q 2 j(w2- co't), s2 = wHQ2 j<Jl(co2 - w'f,), s3 = 1- Q 2jw2, wH = eH jmc. 

The electric and the magnetic fields of the scattered wave should be determined from the following ex
pressions for the current density and the charge density: 

• 1 a('' Eo) 1 a (''Eo) 
Ji = 41t (if osik h , p = - 41t ax. osik h. , 

' 
(23) 

where <5Eik is the operator for the fluctuation in the dielectric constant of the plasma in the presence of 
a magnetic field. Repeating the calculations which led to formula ( 5) one may show that this operator has 
the following form:* 

" " 112 8n (r, t) " (\ . "" _11 2 lhik = (z- 1) --- (sa,- oih) (s- 1) '. 
no 

Instead of equations ( 7 ) and ( 8 ) we must now use 

LlA-- _a_ oAk-~ o2Ah- ~_I!__~- - ~ ·. 
' ox. ox c2 ot2 c ox "t - c 1" 

' k k u 

and the condition6 

Choosing for the normal mode waves 

A 'A (r) = (4rrc2 /su,e7ef)'1'eVkt.r, 

normalized in accordance with the condition 

where eA. is the complex polarization vector 

J.. _ ( e2 • •• • n~ sin & cos .fl-} 
e - - 2-- , t, t 2 . , ), = 1, 2 

[n'A-e1 n'A!an2 .fl--e3 

(24) 

(25) 

(26) 

*In deriving this formula it should be kept in mind that the equation of motion has the form v = eE/m 
+ (e/mc )[v x Hol· 
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and nA_ is the index of refraction 

2 (ei- e~) sin2 .& +e1e3 (1 + cos2 &) ± 'V (ei- e;- e1e8)2 sin• .& + 4eiei cos2 .& 
n1.2 = 2 (e1 sin2 .& + e3 cos2 .&) ' 

we obtain in this case the following expression for the driving force: 

where ~ and elL are the propagation vector and the polarization vector of the incident wave. 
It can be shown that the intensity of scattering at the combination frequency w is given by the follow

ing general formula: 

(27) 

If the incident wave is travelling along the magnetic field then the intensity is given by the following ex
pression 

(28) 

where the signs + and - refer respectively to right and left polarization of the incident wave. 
If (kA. - ~ )2 « 41ffi()e2/T then the scattering is due mainly to the collective oscillations of plasma 

density and the angular distribution of the scattering is given by the following expression 

( 29) 

The presence of the magnetic field leads to a considerable change in the angular distribution of the scat
tering of electromagnetic waves. 

In the limiting case of a weak magnetic field ( E1 = E3, E2 « 1) expression (24) becomes simplified 

(30) 

In the case of a strong magnetic field ( E2 = 0, E1 -F E3 ) we have 

I± (&) = () w w() (s - I )2 s' I + - 0 ~ - 2 ':"<l ~ cos & + -2- I + _() ~ - 2 ~ II ~ cos & cos2 & , 2E2T • 2 { ( w2 y-- ) n7 ( w2 ,r- ) } 
"' (81t)" nomiJ.2c5 10 j w• el w el e2 w 2 n2 {i) r n2 

1 2 2 

(31) 

If (kA. - ~ )2 » 4rn0e2 /T the plasma oscillations may be neglected. In this case the scattering of the 
electromagnetic wave is determined by the random thermal motion of the individual electrons of the 
plasma. The angular distribution of the scattering is given by the following formula 
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{32) 

This expression is evidently a generalization of Rayleigh's formula for the intensity of scattering to the 
case of an optically active anisotropic medium. 

5. Let us also determine the absorption of eleetromagnetic waves due to the excitation of plasma os
cillations in which the energy of the incident electromagnetic wave is converted into the energy of longi
tudinal plasma oscillations. 

The longitudinal field of the oscillations is characterized by the scalar potential cp satisfying the equa
tion {8 ). We seek the solution of this equation in the form 

cp (r, t) = ~ q" (t) <Da (r), <Da (r) = V 4;rc2eik"r . 

" 
The charge density p may be written, making use of { 6 ) , in the form 

1 ~ 0.2£~ (eo grad an (r)) eik,r-iwl. P = s-:: _,, 
" - no(o)o'~ 

oo=CJ).±O 

Substitution of { 33 ) and { 34) into equation { 8 ) leads to the following expression for <]a: 

For E ( w) we shall take the following expression for the dielectric constant of the plasma: 

s (w) = 1-- Q2 jw(w + ij'), 

{33) 

{34) 

(35) 

where y is the collision frequency of electrons in the plasma. {It is necessary to take collisions into ac
count for otherwise at w0 = 2n the absorption coefficient becomes infinite.) 

The amount of energy absorbed per unit time per unit volume is given by formula { 10) which gives 
after taking into account ( 33 ), { 34 ), and ( 35) 

I' = { Re ~ q: ~ p<D~v = 1!1t ~ (36) 
a CU=(I)o± 

Assuming that (k - k0 )2 « 41Tn0e2 /T and carrying out in { 36 ) integration over the angles and over 
K = I k - ko I from 0 to Km = 1/a, where a =...; T /41TD0e2 is the De bye radius, we obtain the following ex
pression for the absorption coefficient: 

{37) 
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