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Combination scattering by plasma density oscillations may occur when electromagnetic waves
are propagated in a plasma. The intensity of combination scattering of electromagnetic waves
in a plasma is determined in the absence and in the presence of a constant uniform magnetic
field.

I. 1t is well known that there can exist in a plasma weakly damped electromagnetic oscillations which
are associated with oscillations of plasma density whose frequency (without taking dispersion into ac-
count) is given by1 Q= \/41moe§/m. The existence of these oscillations leads to a periodic variation of
the dielectric constant in the plasma. Because of this, combination scattering of electromagnetic waves
propagated in the plasma becomes possible, i.e., if a wave of frequency w, > Q@ is propagated in the
plasma then at the same time waves with frequencies w = wy+ nQ2, where n is an integer, will also be
propagated. The object of this paper is to determine the intensity of these waves.

Let us first determine the dielectric constant of the plasma. We start with the equation

10D 1 dE | 4r, ,
CU['HZ‘?'(_’T=?E+?]&E6, (1)
where jfree is the current density associated with the motion of the plasma electrons and is equal to
jfree = env, n is the electron density, v is the electron velocity which is related to the electric field

by the equation v =eE/m. From these equations it follows that

t
v(r, t):%S E(r, t')dt’,
t

: e2 ’ ’
oo (T 1) = 1 (r, t)S E(r, )dt'.

Substituting this expression for jfree into Eq. (1), we find

t
oD  OE | 4me? N
37::-5—‘--”1—’1(]', t)SE(r’ t)dt

We now introduce the dielectric constant operator by D = €E. Then

t 1

s(r, t)E(r, t) = E(r, t)+“"’ezg dt'n(r, t') S dt"E (r, t"). (2)

m
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Let the electric field vary with time in accordance with the harmonic law E (r, t) = E ( r)e'i""t. The re-
sult of applying the dielectric constant operator to E (r, t) reduces in this case to multiplication by

t
co (1, 1) = 1—%@@'8 dt'n(r, 1')e=iot’. (3)
We now note that the plasma electron density n(r, t) contains the constant term n; plus a small ad-
ditional term &n(r, t) = dn(r)cosQt, 6n <« ny. Therefore
2o (r, t) = ¢ (W) + og, (1, 1), (4)

where

2me23n (r)( it e i >

o) = 12 & =
@) =1=75, t(r )= me m—9+m+0

If we introduce the operator for the fluctuation in the dielectric constant

SO
[CINY

2 1, 3 s > iz
= C—ild Gy (5)

where € is the operator for the dielectric constant of a plasma of density n, which is determined by
means of the formula

te—iol — ¢ (@) e—iot,
then
ee—iot = 3z, (r, t)e—iot,

2. Let the plane monochromatic wave Eg(r, t) =ejEjexp (ikg-r — iwgt) be propagated in the plasma.
Then the electric and magnetic fields of the scattered wave may be determined by means of Maxwell’s
equations in which the current and charge densities have in the first approximation the form

. 1 9 ,4» 1 ...,
j =?,7r—6T(OEE°)’ p= —Ed‘V(OEEO)' (6)

Since 8¢ has a time dependence of the form e*it the current j will excite a wave of frequency
wo = 2. In the second approximation we would obtain the current

J' = 5 (2E),
where E is the electric field of the scattered wave. This current obviously excites a wave of frequency
wy = 29, etc. Thus in a plasma when an electromagnetic wave of frequency w, is being propagated com-
bination frequencies wy+ nQ arise where n is an integer. In future we shall restrict ourselves to an
investigation only of the combination frequencies wj+ Q.

Introducing instead of the field instensities E and H of the scattered wave the vector and the scalar
potentials A and ¢ and assuming that divA =0 we shall start with the following basic equations:

N ~

s 0°A d 4r .
AA—'E‘@Tz_%BTgrad‘P:_TRJ’ (7)
sAAf.p = — 4=p. (8)

The increase per unit time in the energy of the electromagnetic field is given by the expression

% e e ) e s e

where D is the electric displacement vector. Here the first term determines the increase in the energy
of the transverse oscillations of the electromagnetic field, i.e., the intensity of scattering of electromag-
netic waves

1=%Regj/\'d0, (9)

while the second term determines the increase in the energy of the longitudinal oscillations of the plasma
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I'= %Res ps"do. (10)

3. We seek a solution of Eq. (7) of the form

A(r, t)=a()A, (), (11)
A
where
AAL + KA =0, Ay (r) = e (4rc? | & (wy)) 2™ . (12)
e is the polarization unit vector (eX k) =0); k) and wy are related by the dispersion relation w?

= kz)\cz/ € (w)\ ), while the constant has been chosen so that the following normalization condition is sat-
isfied

(iAo = (4nct /& (62)) 2

(the index A determines both k and the polarization).
Using (7) and noting that

Se grad 5A;dv = 0,

we obtain the following equation for the determination of qy:
G+ @l = h (), () =3 (iAo, (13)
This equation has the form of the equation for the forced vibrations of an oscillator acted on by the force

fy (t).
Setting

fa(t) = Dibge—iot,

we shall write the solution of (13) in the form?3

1 1 : o ©p—iw
0= 55 o + i o — @) s (14)

We substitute the expansion (11) into (9). Making use of (14) we obtain the following formula for the
intensity of scattering:

© 1oa dk
=733 S}bk 3 (on — ) g (15)
o A=12

where the summation is taken over the two polarization directions of the scattered wave.
Making use of the relation between the fluctuation in the dielectric constant and the deviation of the
electron density from its equilibrium value we shall obtain the current that appears in (7)
J=—g D) [ =@l — (o) 22 oF egeur-ior, (16)

0
O=w, Q

Substituting this expression into (13) we obtain

(5} iEob)
b;‘ =

R A— —_= g —_— Ve A a b _ = : —i(k—ko) r, .
Ty @1 = @)l (o) i, D {on(me dr

From this, in accordance with (15), we obtain the following expression for the intensity of scattering of
electromagnetic waves:

I= 3 (1.0, 9, (17)

=Wy 0
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ZES Ve (@) . — . . .
N O[] — 2 ()] [1 — = (@o)]} nk—i, |? {cOS? 2 - sin? » cos? 9}, (18)

Jo (9, 2) =

4 is the angle between the propagation vector of the scattered wave k and the wave vector of the inci-
dent wave ko, while ¢ is the angle between the direction of polarization of the incident wave e, and the
normal to the plane (kj, k). The average value of the square of the absolute value of the Fourier com-
ponent of the fluctuation in the electron density which appears in (18) may be expressed in terms of the
Fourier component of the correlation function

long P =no {1 4+ w}, w= gv (r) e=ikrdy.
(The correlation function is defined, as is well known, by means of the relation

gy (ry — 11) = 3n(ry) 61 (ry) — ned (1, —1y).)
Thus

2LV E (@)ot
(8m)3n,c®

I, (9, 0) = [1— 2 ()] [1 —= ()] (1 4 vk-1,) (c0s? © + sin® v cos? 9). (18"

On expanding 6n(r, t) into plane waves

Sn(r, t) = D)any (t) eikr,
k

one may obtain the total energy of the plasma in the form

nom(8v)2 | ms? 3E)? m Ny S e
8{——‘% + 2—71—0 (’Jfl)2 + (8—")}(10 = Z—2ﬂ—-0k2 {l 0Ny I“ + C\)ﬁ Z 0fg !'},
k

where
wi = Q2 4 k%52, 5% = (dp/ dp)r

(p is the pressure, p is the density).
If one assumes that the equipartition law holds, then

(m ] 2ngk?) {| dny |2 4 of |ng 12} = T;

2

T is the plasma temperature in ergs. Assuming that s®=T/m we obtain?

[an 1P = ngk? [ (4mnge? | T + k2).
For the sake of definiteness we shall henceforth use this formula for the average value of the square of
the absolute value of the Fourier component of the density fluctuations.
The quantity I, (9, ¢) represents the intensity of radiation of the combination frequency w = wy+ Q
per unit solid angle. In the case of an unpolarized incident wave, averaging I, (9, ¢) over the angle ¢
gives

I (s E% | (] — e Ve o ng (k2 -+ k2 — 2kkq cos 9) i 2y
m(1)—_ (8n)3ngc3( ) ( ——co)] e 4ﬁnoe2/T—{—k2+k§—2kkoc059( Fcost), (19)

go=c (), =z (w), kg = whzo/C?, k> = e /c2.

We note that if & =7/2 then the scattered radiation will be polarized in the plane (ky, k) irrespec-
tively of the character of polarization of the incident wave.

We consider two limiting cases: (k —kg)? <« 4mnye?/T and (k — ky)? > 4mnge?/T. In the first case
the collective oscillations of the plasma play an essential role, and the total intensity of radiation of fre-
quency w is equal to

e2EET 2
@ 7 24nmic g

I V< (e 4 alzg), 0=+ Q. (20)
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On dividing the total intensity of scattering I = Toer * Twy—0 by the energy flux density of the incident
wave we obtain the scattering coefficient

eT ? E_ o 9
= 3mics 2 o ’/a—o (0% + exgo). (21)
=0, {Q 0

In the second limiting case the average quadratic fluctuation in the electron density is equal to n; and
the intensity of scattering is determined by Rayleigh’s formula

1 L a(eg—1) 1
I = —— E} (G0 = 1)° S (22)

= 316w nycd
In this case the scattering coefficient is
L = (8~ /3) (€2 / mc?)2n,.

4. Let us now investigate the scattering of electromagnetic waves in a plasma in the presence of an
external magnetic field H,. In this case the plasma is an optically active anisotropic medium whose
_ properties may be described by the dielectric constant tensor®

g —isy 0
sip=|Isy & 0) ,
0 0 s,

g =1—0Q2/(e* — wi,), gy = Q2 /(02— wf), &= 1—Q%a?, oy =eH /mc.

where

The electric and the magnetic fields of the scattered wave should be determined from the following ex-
pressions for the current density and the charge density:

d

. 1 N 1.0 ,.»
ji = EW(OE”‘E?‘)’ 0= Indx, (32ikER), (23)

where 6¢€jk is the operator for the fluctuation in the dielectric constant of the plasma in the presence of
a magnetic field. Repeating the calculations which led to formula (5) one may show that this operator has
the following form:*

B = — 120D gy — 1) (24)

ny

Instead of equations (7) and (8) we must now use
AA; — 2 R iR TR TR 709 — =i €ir0%0 [ 0x;0x, = — 4mp, (25)

and the condition®
0 (sindr) [ 0xi = 0.
Choosing for the normal mode waves
A% (1) = (4=c? [ epelel ) tete™a" (26)
normalized in accordance with the condition
( Aleindl"do = dmey,

A

where e is the complex polarization vector

n2 sin 9 cos 9
e"—[ © . ‘—-——}, h=1,2

- ’

123 ) o .
n} —e n? sin? 9 — &g

*In deriving this formula it should be kept in mind that the equation of motion has the form v =eE/m
+ (e/mc)[v X Hy).
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and n) is the index of refraction

. (62 — €2)sin2 & 4-e1e5 (1 + cos29) 4 V(ef — €2 —£155)sin® 8 - 4elel cos? &
Lz ™= 2 (g, sin2 & 4 g3 cos? 9)

’

we obtain in this case the following expression for the driving force:

_ - N 5 A
hity= D) B%e ™, By=— (eine} er) "E, (B —x,, / 1o) {Bin — =i (o)} ehei o,

W=Wo+0

L
4Vw

where ky; and el are the propagation vector and the polarization vector of the incident wave.
It can be shown that the intensity of scattering at the combination frequency w is given by the follow-
ing general formula:

A 2n, (ky —k,)?

E20ln? le e} — ¢, (@) el er® |2
° 9 — 00 2} [} ik \0/ "R T
lo @) (8m)°ne® 3 S50 o (@) €} ey e )lmn T+ Gy — k)% 0

If the incident wave is travelling along the magnetic field then the intensity is given by the following ex-
pression

Egoio” 2n (ky — k,)?

+ — —_— =
le®)=ghpzll—ale) za@l 5 S N8O merrmg =y (28)
2 4 sin? 9 cos? & 2¢2
8 — e \2 <2 nj sin : 2
Sr(e, 9) (1 i—ni—el) /[81 (n}‘——e )2 et 3(ni sin? § — gg)2 -‘l ni—-el]’

where the signs + and — refer respectively to right and left polarization of the incident wave.
If (k) - ky ) < 41rnoe2/ T then the scattering is due mainly to the collective oscillations of plasma
density and the angular distribution of the scattering is given by the following expression

+ 2E2TQ'20)4 -
11.._) ('9) (81:)3n0mc5 (w0 £+ mH)o 2 S}\ 0, '9) nA ((“) '9) {1 + — 0 3(%:)(%%)0_) 2 (%‘;) —V-EI(’:O()&-——%E;—(&))— COS%} . (29)

The presence of the magnetic field leads to a considerable change in the angular distribution of the scat-

tering of electromagnetic waves.
In the limiting case of a weak magnetic field (€; = €3, €5 < 1) expression (24) becomes simplified

2 EXMotel
(8r)® nemQ2cs 2 e

o7 0E10

(o0) — 1o (o)) e (14 2020

2

—o% l/s“’ cos 9) (1 + 082 9) = e50) 5y (—Z% — '%'i Ej‘: cos 3) (1 -+cos?9)

15(9) =

[0}
— - 30?2 b
F 22, Vsl( — —cos2 S+ % 2™ /e—: cosd — s—;’i:cosz{} 44 Ve“’ cos? 8)}
=1
nYs = e ey cos Y|, 19=¢; (@), €0 ===, (t3y). (30)

In the case of a strong magnetic field (€, =0, €; # €5) we have

2E2Twt0?
15(9)__50_“’_“3)_(510—1)2{5'1(1.;. “’0@_2“2;/3‘%050) (1+ 5“’—2";‘; /s"’ cos%)cos-«‘}}
2

T (8r)BnemQ2cs w2 g

[
(0
(0

163/ (61 5in? & - 5 cos? 9). (31)

If (kx —ky )2 > 47rnoe2/T the plasma oscillations may be neglected. In this case the scattering of the
electromagnetic wave is determined by the random thermal motion of the individual electrons of the
plasma. The angular distribution of the scattering is given by the following formula
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, 2 E .
I+ (‘Q’)=(ST)3,?£5 {e1(00) — T =25 (@)}%0) D) Sa(wo, 9) 13 (00, 9). (32)

2=1,2

This expression is evidently a generalization of Rayleigh’s formula for the intensity of scattering to the
case of an optically active anisotropic medium.

5. Let us also determine the absorption of electromagnetic waves due to the excitation of plasma os-
cillations in which the energy of the incident electromagnetic wave is converted into the energy of longi-
tudinal plasma oscillations.

The longitudinal field of the oscillations is characterized by the scalar potential ¢ satisfying the equa-
tion (8). We seek the solution of this equation in the form

o(r, 1) = D qa(t) Do (1), Qo(r) = V drcie’™e" . (33)

The charge density p may be written, making use of (6), in the form

1 Q2E, ikt —iw
P=gx E e (e, grad 3n (r)) efker—iot, (34)
W=0lp =0

Substitution of (33) and (34) into equation (8) leads to the following expression for qg:

= 5y _E2 A it
e = 4V;m -mZI;t cwgwnek? (eoke) ank"—ko € (@) e (35)

For € (w) we shall take the following expression for the dielectric constant of the plasma:
e(@)=1—Q/o(+i),

where vy is the collision frequency of electrons in the plasma. (It is necessary to take collisions into ac-
count for otherwise at wy = 2@ the absorption coefficient becomes infinite.)

The amount of energy absorbed per unit time per unit volume is given by formula (10 ) which gives
after taking into account (33), (34), and (35)

, 1 .. . 1 AE%Q4 (eok)? Qzy —— dk 36
I =?Re2!q°gp®°dv=m E 73@8 ok% (mz_gz)z_i_.yzmzlonk—k-'z(—z?)s?' (36)
c =yt

Assuming that (k — kg)? « 4mge?/T and carrying out in (36) integration over the angles and over
kK =|k —ky| from 0 to kpy, = 1/a, where a =V T/4mge® is the Debye radius, we obtain the following ex-
pression for the absorption coefficient:

r 1 Qs Q2y
2 =~ 60n? noascs:)“mg ((.)2 . 92)2 + '\{20)2 )

m:moiQ. (37)
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