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The cascade considered consists of several types of particles which, ,moving in an inhomoge
neous medium which may also vary with the time, collide with the particles of the medium and 
may be scattered or absorbed, and can also produce new cascade particles. Functions are in
troduced to characterize the distributions of the particles of each type in coordinate space and 
velocity space at any instant of time. Integral equations are obtained for these functions. For 
the case of a homogeneous medium not changing with time approximate solutions of these 
equations which are good for large values of the time, are obtained. Better approximations 
are obtained by iteration. 

WE consider a cascade consisting of n types Aj (j = 1, 2, •.. , n) of particles K which move in a 
given medium and collide with its particles, so that there are scatterings, absorptions, and productions of 
new particles of the various types. We suppose that the properties of the medium in which the cascade 
develops are functions of the coordinates and the time. We also assume that the density of the cascade is 
small, so that its particles have practically no collisions with each other, and so that motion of each par
ticle between collisions, and also its acts of collision with the particles of the medium, are not affected 
by the motion of the other particles of the cascade. It is further assumed that the motion of the particles 
between collisions takes place according to the laws of dynamics, being determinate for given initial 
positions and velocities, and that distributions as to type and velocities of the particles emerging from 
collisions is a stochastic one. Examples of such cascades are first of all electron-photon cosmic-ray 
showers, and also nucleon-meson and nucleon-photon cascades.1- 5 Cascades of this type are also studied 
in the theory of the multiple scattering of particles,6•1 in the theory of chemical chain reactions,8•9 in the 
theory of gas discharges, and so on. 

In the theory of cosmic-ray showers one usually considers only the energy distribution of the particles 
of the different types as function of the depth, and their scattering and distribution as to direction are 
found separately.1 Sometimes also all these quantities are considered simultaneously, but the time is 
still not introduced into the discussion. But in such treatments the postulate that the process be of the 
Markov type, which is necessary for the setting up of equations for the distribution function, is only 
approximately fulfilled .10 In the researches of Jano:ssy3 the development of a shower is traced through in 
great detail. The particles are characterized not only by the magnitude, but also by the direction of the 
velocity, so that the Markov property of the process is assured. The results obtained make it possible to 
follow the motion of each particle, but with the development of the cascade the number of variables in
creases without limit, and the expressions become complicated. In general the discussion of cascade 
processes is always carried out under strong simplifying assumptions regarding the form of the functions 
giving the distribution of the particles in the cascade, and also of the form of the functions characterizing 
the elementary processes of scattering, of absorption, and of production of new particles. Therefore it 
has seemed to us worth while to find equations for the functions that characterize at each given moment 
the distribution of the particles as to type, position, and velocity, without interesting ourselves in the 
history of each individual particle. This seems expedient because, on one hand, in such a treatment the 
Markov character of the process is assured, and on the other hand the number of variables does not in
crease with the development of the cascade, so that the equations are not very complicated. By the use of 
suitable substitutions one can solve these equations, though indeed only approximately, under very general 
assumptions about the functions characterizing the elementary processes of motion and transmutation of 
the particles, and, as we shall see in two subsequent papers, by means of the resulting distribution func
tions one can solve a number of more complicated problems. 
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Let Aj, r, and v be the type, radius vector, and velocity of a single cascade particle. We assume that 
between collisions this particle moves according to the law 

dr;'dt=v, dv;'dt=Fi(t,r,v), ( 1) 

where Fj is the force acting on the particle divided by its mass. We denote by 

~~ = 'f'i(t, r, v, s), ~~ = ~i(t,r,v,s) (2) 

the solution of the system ( 1), i.e., the values of the radius vector and the velocity of the particle at the 
time s, if at the time t it has the radius vector r and the velocity v. 

In a given collision the incident particle may be scattered or absorbed. In either case new particles 
may be produced. Since we are interested not in the individual paths of the separate particles, but only 
in their distribution as to type, position, and velocity, for the sake of unifying the notation we shall regard 
scattering as absorption of the incident particle and production of a new particle of the same type at the 
same position, but with a different velocity. We shall also regard processes of spontaneous decay and 
production of new particles conventionally as collisions, since both kinds of processes are characterized 
by transition probabilities of the same type, and we shall not concern ourselves with the mechanisms of 
elementary processes. 

Q';i (t, r,v, w;)dt dw; (i=1,2, ... m) ( 3) 

denote the probability that the particle of type Aj with radius vector r and velocity v undergoes a col
lision in the time interval t, t + dt and that among the particles obtained from this process there are m 
particles (m = 0, 1, ... ) of type Aki with velocities between wi and wi + dwi. Here dwi means the 
product dw1dw2 ••• dwm, ki (i = 1, 2, ... ) and m are integers between 1 and m, and the wi are m 
arbitrary velocities. We shall take the probabilities (3) to be given. 

The value of ( 3) for m = 0 

Pi (t, r, v) dt = Q~ (t, r, v) dt ( 4) 

gives the probability that the particle K undergoes a collision of arbitrary type in the time interval dt, 
and the value of ( 3) for m = 1 

Qjk (t, r, v, w) dt dw ( 5) 

gives the probability that this particle undergoes a collision in the time interval dt and among the parti
cles produced there is a particle Ak with velocity between w and w + dw. 

Out of all possible collisions we single out a certain class of collisions - let us call it the class C -
by using any chosen criterion as to the time and place of the collision, and also as to the types and veloc
ities of the incident particle and the emerging particles. For example, we can include in the class C all 
collisions in which the incident particle has an energy larger than a given value E and the sum of the 
energies of the particles emerging is less than another given value E'. The class C can be empty, and 
also can include all collisions. But by the definition given we cannot assign to the class C those colli
sions, for example, in which the incident particle has appeared as the result of another collision with a 
given number of emerging particles. In particular, we can take as the class C those collisions in which 
the incident particle is absorbed without producing any other particles -the class C1 - or those colli
sions in which there are particles of the type of the incident particle among those emerging - the class 
C2• We designate all the particles of the same type as the particle K produced from it in collisions of 
the class C as the swarm of particle K. If the particle K itself does not belong to the swarm of another 
particle, we call it the primary particle of the swarm. 

In the following arguments the concept of the class C is not necessary. It is very suitable, however, 
in obtaining greater precision in finding the desired functions that give the distribution of the cascade 
particles. As we shall see, this classification makes it possible to consider collisions that lead only to 
scattering of the particles separately from those that lead to the production of new particles; the latter col
lisions may be small in number in comparison with the former, but are quite essential for the develop
ment of the cascade. For similar reasons the classification is useful in cases in which the processes 
causing the development of the cascade at high and low energies are different. This case occurs, for ex
ample, in cosmic rays, for which ionization, Compton scattering, and pair production become prominent 
at different energies. 
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The quantities (3)- ( 5) which we have defined on the basis of all possible collisions can also be de
fined with the restriction to collisions of class C only. We denote the quantity ( 5) fork = j, calculated 
only for collisions of class C, by 

Pi(t,r,v,w)dtdw. ( 6) 

Obviously this is the probability for a collision of class C of one particle of type Aj during the time dt, 
accompanied by the emission of a particle of its swarm with velocity between w and w + dw. Further
more we denote by 

( 7) 

the probability of a collision of the particle K in the time dt accompanied by the emission of one pri
mary particle of type Ak with velocity between w and w + dw. 

Suppose that at the time s there is a particle K0 of type Ai with radius vector q and with velocity 
u. We call it the initial particle of the cascade. We denote by 

W; (s, q, u, t, r, v)drdv ( 8) 

the probability that at the time t a particle belon1png to the swarm of K0 has radius vector between r 
and r + dr and velocity between v and v + dv. Since according to the assumptions that have been made 
the development of the cascade is caused by the ac:tion of the medium, and the state of the medium does 
not depend on the propagation of the cascade, it is clear that the development of the cascade will have the 
Markov property.10 Because of this the functions Wi will satisfy the equation11 (integration with respect 
to vector quantities is always taken over the entire space): 

W';(s,q,u,t,r,v)=a(:p1-q)o(~~-u)o(:p~. '11D/o(r,v) 
I 

+ ~~ W;(s, q, u,-r, !f~I, w)P;(-r, cpi, w, '¥}) M(t,r,v,..:) [o(:p}, ~i)jiJ(r, v)]d..:dw. 
(9) 

s 

Here the functions (,P~ and 1/1~ are given by Eq. (2), and 

( 
t \ 

M; (t, r, v, s) = exp - ~i. p; (-r, ~~. 4})d-r) ( 10) 

gives the probability that a particle of type Ai that at the time t has radius vector r and velocity v 
has not undergone any collisions in the time interval s, t.H 

Let Vj (t, r, v) dr dv be the probability for finding at the time t a cascade particle of type Aj with 
radius vector between r and r + dr and velocity between v and v + dv, and let Uj (t, r, v) be the prob
ability for production of one primary particle in the time interval dt with radius vector between r and 
r + dr and velocity between v and v + dv. Let 

V;i(s,q,u,t,r,v)drdv and Uu(s,q,u,t,r,v)dtdrdv (11) 

be these same probabilities, but on the hypothesis that the cascade is produced from a single particle Ko 
of type Ai that has appeared at the time s at the point q with the velocity u. 

Making use of the Markov property of the process, we find that the functions Uj and Vj are connected 
by the relations 

t 

Vj{t, r, v)= ~~~ Uj{s, q, u) Wi(s, q, u, t, r, v)dsdqdu, 
-00 

Ui (t, r, v) = U~ (t, r, v) + '\; ~ V;(t, r, w) Pu (t, r, w, v)dw, 

where uj is the density of sources of initial partieles that occur not as the result of collisions of the 
cascade particles, but as the consequence of external processes. 

By elimination of Uj we get 

( 12) 

( 13) 
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I 

Vi(t,r,v) = V~(t,r,v)+ ~ ~ ~~~V;(s,q,u)P;i(s,q,u,w)\V1 (s,q,w,t,r,v)dsdqdudw. (14) 
i -co 

Here for brevity we have denoted by 

t 

Vj(t,r,v)= ~ ~~Uj(s,q,u)W 1 (s,q,u,t,r,v)dsdqdu 
-<X> 

the density of particles of type Aj belonging to the swarms of the particles produced by the external 
sources. 

Suppose that the cascade is produced by a single particle of type Ai with velocity u which has ap
peared at the time t at the point q: 

Vj=~;1o(t-s)o(r-q)o(v-u), Vj=oiiW1(s,q,u,t,r,v). 

The corresponding solution Vij (s, q, u, t, r, v) of Eq. (14) is to be regarded as the Green's function of 
these equations. For it we get the equations 

I 

V;1(s,q,u,t,r,v)=o;1W1(s,q,u,t,r,v)+ ~~ ~~~Vn,(s,q,u,-:,p, v)P111 (-:,p, v,w) W1 (-:,p,w,t,r,v)d-:dpdvdw. (15) 
k s 

The functions Pi• Pi, Pij• Fi, and consequently also (,Of and 1flf, are known. Then the functions Wi are 
determined by Eq. (9), and Vij by (15). 

Let us suppose that C ::: C1, and consequently Pi= 0. Then from Eq. (9) we get 

W; (s, q, u, t, r, v) = o ( p~- q) o (4f -u) M; (t, r, v, s) a(~[.'¥!) ;a (r, v). ( 16) 

and Eq. ( 15) takes the form 

vii (s, q, u, t, r, v) = OijO (l~J- q) 0 (~[- u) Mj (t, r, v, s) a (~·j,~j) I a (r, v) 

t 

+ ~ ~ vik (s, q, U, 't, ~]. w)Pkj ('t, <pj. w' ~j.) Mj (t' r, v '-:) [a(<pj,f{) I a (r, v)]d-: dw. 
k s 

If the properties of the medium are independent of the coordinates and the time and the forces Fi 
acting on the particles are equal to zero, we get 

W; (s, q, u, t, r, v) = W; (t- s, r- q, u, v), V;i (s, q, u, t, r, v) = V;1 (t- s, r- q, u, v), P; (t, r, v, w) = P; (v, w), 

P;1(t,r,v,w)=Pu(v,w), p;(t,r,v)=p;(v),M;(t,r,v,s)=e-Pi(v)lt-sl, ~f=r-v(t- s), ~I=v. 

( 17) 

(18) 

Then, without loss of generality, we can sets= 0, q = 0, and from Eqs. (9), (11), (17), (18) we find for 
wi and Vij with c = C1: 

W; (t, r, u, v) = 8 (r-ut) 8 (v- u) e-P;(v)t, ( 19) 

t 

Vii(t,r,u,v)=oiio(r-ut)o(v-u)e-PJ(v)t + ~~~ V;n(t -'t,r-v-:,u,w) Pk1(w,v)e-Pj(vJ<d-:dw, (20) 
k 0 

and with C = C2 we get 

t 
w i (t, r, U, v) =a (r-ut) a (v- u) e-P;(v)" + ~~ W; (t- 't, r- V't, U, w) P; (w, v) e-P;(v)<d't dw, (21) 

0 

t 

V;j (t, r, u, v) = 0uWJ (t, r, U, v) + ~ ~ ~~~ vik (t- -:, r- p, u, 't) P"j{v, w) wj (-:, p, w, v) d-: rddv dw. (22) 
k 0 

All the equations (9), (15), (17), (20)- (22) we have obtained for Wi and Vij are integral equa
tions,12 and not integra-differential equations such as are usually found in the theory of cosmic-ray 
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showers.1•4 To each of them three corresponds another integral equation adjoint to it.12• 13 

By well known methods14.15 one can get from each of these equations two systems of mutually adjoint 
differential equations for the unknowns Wi and Vij· They are equations of first order with respect to 
t, but of infinite order with respect to u, or to v, respectively, and therefore are of no great practical 
interest. 

All the equations (14), (15), (17), (20), and (22) are equations of the type 

V =,A+ ct>V, 

where A is the inhomogeneous terms and <P is a -corresponding integral operator. By the iteration 
method an m-th order approximate solution is obtained in the form 

(23) 

where Y0 is the initial approximation for Y. Whatever Y0 may be, the iteration process converges. 
If, as is usually done, we take Y0 =A, it is not hard to verify18 that ym gives a good approximation only 
for t- s < mt, where 1 is the average time of free flight of a particle. In order to find a solution giving 
a good approximation for arbitrary t, we use Eq. ( 23), but as Y0 we take a function giving a good 
approximation for Y for large t. 

Let us consider Eq. (20). As the initial approximation we set 

(24) 

where 

x1 =exp{-1it}, /,1 =(1--exp{-·ut}l(l +exp{-lit}). (25) 

Here the quantities 

(26) 

depend on the variables i and u that characterize the initial particle. For brevity we have not written 
the arguments i and u. Without loss of genrality we shall suppose that 

(27) 

The quantities (26) must be determined in such a way that the function (24) approximate Yij as well as 
possible for large t. The expression ( 24) represents a certain generalization of the Chandrasekhar 
function that gives the analogous probability in the diffusion of particles in Brownian motion. This function 
is obtained from ( 24) for n = 1 if 

a:=~ I }12 = c, 1 = 6 ..-:a"IJ I m, o = 0, e = I, s' = s" = ... = 0, (28) 

where m, a, and c are respectively the mass, radius, and most probable speed of the particle, and 11 
is the viscosity of the medium.13 We shall not use the relations (28), since the cascade particles, unlike 
particles in Brownian motion, are produced and absorbed and do not come into thermal equilibrium with 
the medium. The formula (24) is a generalization of the expression that we used in Ref. 16 in the solu
tion of an analogous problem of the diffusion of neutrons. 

To determine the constants (26), we substitute Eq. (24) into Eq. (20). We find that the error to within 
which Y~j satisfies Eq. (20) can be written in the form Y~jR~j' where 

Rii (t, r, u, v) = 1- oi1a (r-ut) o (v- u) e-P i<v)tiV~j(t, r, u, v) 

- ~ ~ ~ [V?k (t- ":, r- V't, u, w) j V?1 (t, r, u, v)] Pki (w, v) e-Pf(v)"d't dw 

k 0 
(29) 

is the fractional error. We try to determine the quantities (26) in such a way that the error Rij goes to 
zero as rapidly as possible with increasing t. From Eq. (24) it is clear that the terms of highest order 
for large t will be of the type c exp {- ( 6k- 6 j) 1t}, so that for 6j f; 6k in Eq. ( 24) terms appear that 
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increase exponentially as t increases, Consequently, in order to make the error a minimum, we must 
set 

( 30) 

Let us expand Rij in powers of C 1 (and exp {- 'Yjt } , but these latter go to zero faster than any power 
of C 1, so that they can be neglected) and try to determine the quantities (26) in such a way that as 
many as possible of the coefficients of this expansion are zero. In the calculation of Rij we can take 
Kj = 0, Xj = 1, E' = E" = ... = 0, drop the second term in Eq, (29), and take the upper limit in the integra
bon overT to be co, since all these steps lead to errors that decrease exponentially. We find 

(31) 

As can be seen, we cannot make more than two coefficients in the expansion of Rij equal to zero, so that 
we confine ourselves to terms of order t-1• We get: 

{ 1 r 3 (v.r-U-V)2 (y1r-u-w)"]} 
X P~ti(w, v) I+ t 2 -c+ ' 1 

2 - ' 2 d-cdw. 
L ~jYj ~kYk 

From Eq. (24) it is clear that, at least for large t, 

1 
m1 (v) dv = T3exp {- v2 j x2} dv 

7t 'ai I 
(32) 

will be the probability that a cascade particle of type Aj has its velocity between v and v + dv. If we set 

~ mk (w) P, 1 (w, v) dw = a111 (v), 

the integration over w and then over T can be carried out simply. We find 

__ (y11r- u)2 a111 (v)- 2 (ykr - u)vb111 \V) + v2 c111 (v) ]} • 

~~ y11 (p1 (v)- 8) 

Yj r- u -v)' a111 (v) 

~' YJ (pi (v)- 8) 

(33) 

We cannot equate to zero the constant term and the coefficient of t -t in this expression, since they 
involve the variables r and v, on which the quantities ( 26) cannot depend. Therefore, as in Ref. 13, we 
confine ourselves to setting their average values with respect to v equal to zero. Multiplying by (32), 
integrating with respect to v, and using certain considerations of symmetry, we get 

o--~>1 [oj \{ a1, 1(v) +_!_r_:l_ a111 (u) + (y/~-u)'a1, 1 (v)+v'a1, 1 (u) _ (y11r-u)2 a11 i(v)+·v'c,1(v)]1.dv=O ( 34) 
"I "_, f3~" p1(v)-8 t L 2 (p1(v)-il)" f3;y1 (p 1 (v)~-il) ~h11 (p1 (v)-ll) J • 

This equation must hold for all r and t. Therefore it falls apart into five, or more precisely into 5n2, 

equations, since it must be satisfied for all values of the index j and of the omitted index i. Thus we get 
a number of equations that exceeds by n2 the number of unknowns involved in Eq. (34). But all of these 
equations are satisfied if we set 

(35) 

Then Eq. ( 34) separates into 

( 36) 

( 37) 
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From Eq. (36) it can be seen that E j is determined apart from a certain factor, 

(38) 

where E is a function of i and u still to be determined, and the quantities ej are normalized by 

,, 1 
.i.Jei= · (39) 

We cannot find the equations that are still lacking in order to determine all the unknowns (26) by equat
ing to zero the successive coefficients in the expansion of Rij as averaged over v because, as can eas
ily be verified, this gives an infinite set of new equations. Therefore we must bring in new considerations 
in order to get the required equations. 

From Eqs. (32), (33), and (39) we find that, at least for large t, 

ni (v) dv = ~ eiaii (v) dv I~ <"i ~au (v) dv 
' !J 

(40) 

will be the probability for the production of a primary particle of type Aj with velocity between v and 
v + dv. 

Let ri ( u) be the average radius vector of all particles for large t, if the initial particle of the cas
cade was of type Ai and had velocity u; then 

R = ~ ~ ni(u)[f; (u)idu 

' 
(41) 

is the absolute value of this radius vector, averaged over i and u according to Eq. ( 40). Let r 2 ( t) be 
the dispersion of the displacements of the particles at the time t, averaged over the type and the velocity 
of the initial particle, so that the quantity 

D = lim 0
1
1 f2 (t) 

t~oo 
(42) 

can be called the diffusion coefficient of the cascade particles. The quantities R and D can be found by 
two methods -from Eq. (24), or by statistical calculations, for example by the method of Yang. 18 As in 
Ref. 13, by equating these values we find two more equations. 

From Eqs. (24), (41), and (42) we find 

1 e 

R=-~~n;(u)udu, 
y i 

1 32 
D=--'----4 y (43) 

Let us introduce the concept of the chain C of a given particle K at the time t. This is the succes
sion of particles, each converted into the next, by which K is obtained from K0• We call the particle K 
a particle of the m-th generation if its chain consists of m particles. Let Vfj ( u, v) dv be the probabil
ity that one particle among the particles of the m -th generation produced from a single particle of type Ai 
with velocity u is a particle of type Aj with velocity between v and v + dv. 

Following Ref. 13, we find 

1 -' ' m+r -- ""\ m Pkj(w,v) 
Vii (u, v)- ''ii o (v- u), Vii (u, v) - LJ j V 1" (u, w) ,,~·p ( l d dw. 

k L ki w, v v 
j 

(44) 

Let rf(u) be the average displacement of the particles of the m-th generation, if the particle that 
produced the cascade was of type Ai and had velocity u. We get 

r7'(u) = ~'~l!7}(u,v) Pj~v) dv, (45) 

(46) 
111"'"'1 

Then from Eqs. (41), (45), and (46) we find a second expression for R and, equating it to the expression 

(43), we get I J 

~ ~ n;(u) udu = 1 ~ ~ n; (u) I~ rt (u) I du. (47) 
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Let tN and r~ be the mean lifetime and the dispersion of the displacements of all the particles of the 
N-th generation, so that we can set13 •18 

Here, following (18), we have 
N 

D ] . 1 -., 
;::::::; Ill--- f/v. 

N~oo (i/N 

t N = N t, r;. =-- ~ r"'rn = N r' 2 + 2 ( N - I) r' . r 2 + 2 ( N - 2) r'. r 3 + ... , 
m. n=I 

(48} 

(49} 

where t is the mean lifetime of one particle, and rm is the displacement of one particle of the m-th 
generation. We find that 

- "'\' ni (u) 
t = LJ ~-(-) du, 

i Pi u (50} 

- ')-1 ~ n.(u) t2 2 1'2d r = --u u, 
7' P7 (u) 

(51} 

(52} 

From Eqs. (48) and (49} we find a second expression for D and, equating to Eq. (43), we get finally 

00 

3 R2- 1 -2 ~ --
- X- t = - r' + r' · rm 4 y 2 , 

m~2 

(53} 

where t, r' 2, and r' • rm are given by Eqs. (50}- (52). 
Equations (30), (35}- (37), (39), (47), and (53) are sufficient for the determination of the quantities aj, 

f3j• 'Yj• <5j, and ej· In this connection it must be noted that in all these equations i and u do not occur. 
Consequently, all these quantities, which we had taken dependent on i and u, without indicating this only 
for the sake of brevity, turn out to be independent of i and u, and f3j, 'Yj• <5j are even independent of j. 

In order to find the remaining unknowns 

(54} 

we integrate (24} with respect to r and v and sum with respect to j. Using Eqs. (38} and (39}, we find 

(55} 

where Ni (t, u} is the total number of particles at the time t. From the definition of the functions Yij 
it is clear that Ni ( 0, u} = 1. We denote by Ni, Nj', ••• the derivatives of the functions Ni with respect 
to t for t = 0. Differentiating Eq. (55) and setting t = 0, we find 

(56} 

We calculate the quantities Ni, Nj' from Eq. (23} with Y0 =A. Then, using the fact that the operator <I> 

is of the order of t, we see that in the calculat}on of Nf we can without loss of accuracy use Eq. (23} 
with m = k. Breaking off the series 1 + E'e-c5 t ..• in Eq. (24} at a certain term, we can write a suffi
cient number of equations of the type of Eq. (56} to determine all the quantities (54). In particular, if we 
use two terms we get for Ei, Ei and c5i 

N; ~ N? I (LV;+ 8)' ,, N; + 28Ni -r .,. 
si = N; + 2aN; + 82 ' Ei = N;- N? ' 'Ji = - N; + 8 

(57} 

From Eq. (23), with Y0 =A and m = 2, in virtue of Eq. (20), we get for Nj_ and Nj', after some calcu-
lation, 

N; (u) =-Pi (u) + ~ ~ Pii (u, v) dv, 
I 

N; (u)= + p7 (u) ++ -9~~pih(u, w) P,,i(w, v}dwdv -+ ~~ (pi(u) +Pi (v)) Pii (u, v)dv. 
I" I 

(58} 
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The expressions (57) and (58) determine the quantities (54). It is clear that the values obtained for them 
depend on i and u. They must satisfy the inequality (27). 

Consequently, V~j finally takes the form 
' . 

9. )-o .. 3 (1 '-8;1- / -8;1 ) /~3 3B3(J- 2)'1J(¥f-2))''•) V;/(f,f,U,V -.,e/'( [ +s;e f-.,e + ... 1 '-!X]I X 1 • 

(59) 

xexp{-af- (v-xu)" _(-yr"-A(u-:-v))2}(x=e-YI ),=(1-e-YI) i(J +e-YI)). 
a2 (1 _ x') ~- (-yt -- 2).) ' 1 

I 

The constants aj, {3, y, o, and ej are determined from Eqs. (36), (37), (39), (47), and (53). In the solu
tion of these equations it is expedient first to eliminate {3, y, and ej and determine o and aj. Since 
the functions (54) are not involved in these equations, they are determined subsequently from Eq. (56) or, 
in particular, from Eqs. (57) and (58). We shall not consider the problem of the existence and uniqueness 
of the solution. We note only that if several solutions are found one must choose the solution correspond
ing to the smallest value of o, since it gives the main value of V~j for large t. 

The method that has been explained for the solution of the equations (20) can be applied to Eq. (21). 
This is an equation of the type of Eq. (20) for n = 1. Consequently, one can obtain its solution by iteration, 
taking as the initial approximation 

W? (t, r, u, v) = c~ [ (ei(u) e-d;l + e; (u) e-tt'; (u) 1 + ... ) I <-3aT b~ ( 1 - k~)''• (c;t - 21;)'1'] 

withthequantities ai, bi, ci, di, ei(u), di(u), ei(u) ••• determinedlike a, (3, y, o, q(u), 
o +Of (u), Ei (u) Ef (u) for n = 1 and P11 = Pi• 

(60) 

We look for the solution of Eq. (22) also in the form (24). The determination of the quantities (26) is 
carried out in the same way. Here, using Eqs. (30) and (35), we get instead of Eq. (34) 

X {1 + J....[~--:+(-yr-u-v)' -- (-y(r-p)-u-w)•J}d'tdpd'ldvdw 
t 2 ~2-y ~'y j , 

where Wj is given by the expression (60). From considerations of symmetry it follows that here, as in 
Eq. (34) the terms containing r and u drop out. The integration over p and v is carried out imme
diately. After this the integration over T becomes elementary. The integration over w reduces to the 
substitution of the expressions (33). 

After carrying out all these rather cumbersome calculations, we get instead of Eqs. (36) and (37) 

with19 

eJ- ~Ek ~ahj(v)rx.j(V, o)dv = 0, 
h 

ei(v) e~(v) 00~ e-xt 
•rxi (•1, x) = -d--+ -,-- + ... , ~ (x) = --1 dt. 

i- x di (v)- x 0 1 + e-

(61) 

(62) 

To derive the equations analogous to (47) and (fi3) we must first of all change the concept of the gener
ation of a particle. We shall call a particle K a particle of the m-th generation if the particles of its 
chain belong to m different swarms, i.e., if among them there are m primary particles. By 
vfj ( u, v) dv we shall now mean the probability of finding a particle of type Aj with velocity between v 
and v + dv among the primary particles of the m-th generation, if the cascade is produced from an ini
tial particle of type Ai with velocity u. Instead of Eq. ( 44) we now get 
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V',._,.·(u, v) = ;;,.,· 3 (v- u), V'n+J ( ) - ~ ~~ ym ( ) R;, (w, v) P"i (v, v) 
,, u, v .... L.. .\ "' u, w '1 ·~· dw d-y 

, . ~ ,\J R1, (w, v) P 111 (v, v) dvdv 
" j . 

with 
0') 

R,, (u. v) ,= ~~ U7dt, r. u, v)dtdr. 
0 

The mean lifetime and mean displacement of the particles of the swarm will be ti ( u) and uq ( u), where 
ti and q are suitable functions of u, which can be found without difficulty by means of Wi. Then Eq. 
(50) remains valid, with 1/pi replaced by ~. and Eqs. (46) and (52) with 1/pi replaced by ri, while 
instead of Eq. (51) we must write 

0') 

?2 = ~ ~ ~~~ r~m; (u) \\7; (t, r, u, v) dt drdudv. 
i 0 

Equations (47) and (53) remain valid with the indicated changes of the definitions of the quantities ap
pearing in them. As regards the definition of the functions (54), for them Eqs. (56), (57), and (58) remain 
valid, it being only necessary t9 replace the quantity Pij in Eq. (58) by Qij [ Eq. (7) ]. 

Both the proposed methods for finding the functions Vij by solution of Eq. (20) or Eq. (22) are in prin
ciple equally applicable. It is clear, however, from the structure of Eqs. (36) and (37), and of (61) and 
(62), respectively, that if the majority of the particles arising in the collisions are particles of the same 

jfi 
type as the incident particle, i.e., if Qh » ~ Qb, then it is more advantageous to take C2 as the 

1 
class C. Then one must use the method based on Eq. (22) with Pii = 0. If, on the other hand, Qfi 

jfi 
< L: Q'J·J·' it is better to use Eq. (20). 
"' j 

From the expression (59), which is a solution both of Eq. (20) and of Eq. (22), we can draw some gen
eral conclusions about the distribution of particles in first approximation. The fact that one gets for the 
o values not depending on i, j, and u means that the numbers of particles of the various types Aj fall 
off by the same exponential laws for any i and u. The fact that the values of f3 and 'Y are independent 
of i, j, and u means that the ratio of the densities of particles of different types is the same at differ
ent points of space and at different times. The dependence of the quantities a j and ej on j (but not on 
i and u) means that the velocity distributions and the ratios of the densities of the various types of par
ticles depend on the types of particles, but not on the type and velocity of the initial particle. The type 
and velocity of the initial particle affect the absolute values of the densities only through the common fac
tor € ( 1 + E'e-o't + ••• ). All of this is readily understandable, since for large t the distribution of the 
particles as to type, position, and velocity must be determined primarily by the transition probabilities 
Pi• Pi, and Pij• and not by the choice of the initial particle. 

The substitution (24) is fortunately chosen because, on one hand, it provides for a rather rapid de
crease of the errors vfj Rij with increase of t, makes it possible to satisfy the equations (39), which 
exceed in number the disposable unlmowns, and leads to values independent of r, and on the other hand 
the approximate solution (59) obtained on the basis of this substitution gives a qualitatively correct rep
resentation of the development of the cascade process. In this connection it must be noted that the sub
stitution (24) is convenient practically, since it can be applied for arbitrary choice of the functions Pi• 
Pi, and Pij• and a large part of the functions (26) turn out to be constants, not even depending on the in
dices i and j, which can be calculated by means of the single integrations involved in Eqs. (26), (47) and 
(61), (62), respectively. The method we have given for finding the functions has advantages in comparison 
with other methods used in such cases, based on the principle of least squares, because in the latter 
methods the squaring and averaging of errors involves highly multiple integrals. 

An idea of the accuracy of the resulting solution can be obtained by calculations of the type of those 
presented in Ref. 16. 

I consider it my pleasant duty to express my gratitude to Academician N. N. Bogoliubov for a valuable 
discussion of the results and to Professor D. D. Ivanenko for his constant interest in the work. 

1s. Z. Belen'kii, JlaBHHHhie rrpo11ecchr B KOCMH'IecKux Jiyqax (Cascade Processes in Cosmic Rays), 
Gostekhizdat, Moscow, 1948. 



534 KH. IA. KHRISTOV 

2B. Rossi, High Energy Particles (Russ. Transl.), Gostekhizdat, Moscow, 1955. 
3 L. Janossy, J. Exptl. Theoret. Phys. (U.S.S.R.) 26, 386 518 (1954). 
4 N. Arley, On the Theory of Stochastic Processes and their Application to the Theory of Cosmic 

Radiation. New York, 1948. 
5 R. Stephenson, Introduction to Nuclear Engineering (Russ. Transl.) Moscow, 1956. 
6 A. A. Vlasov, Teopux MHorux qacTuu; (Theory of Many Particles), GITTL, Moscow-Leningrad, 1950. 
7N. Bohr, Passage of Atomic Particles through Matter (Russ. Transl.) IlL, Moscow, 1950. 
8 N. S. Akulov,Teopux u;errHbiX rrpou;eccou (Theory of Chain Processes), GITTL, Moscow-Leningrad, 

1951. 
9 A. A. Semenov, U:errHbie peaKu;uu (Chain Reactions), Goskhimizdat, Leningrad, 1934. 

10 M. C. Wang and G. E. Uhlenbeck, Revs. Mod. Phys. 17, 323 (1945). 
11 Kh. Ia. Khristov, Dokl. Akad. Nauk SSSR 111, 981 (1956). 
12 J. Doob. Stochastic Processes (Russ. Transl.). ITL, Moscow, 1956. 
13 Kh. Ia. Khristov, Dokl. Akad. Nauk SSSR 111, 1197 (1956). 
14 J. Keilson and J. E. Stoner, Quart. Appl. Math. 10, 243 (1952). 
15 Ch. Christov (Khristov), Acta Physica Hung. 1), 325 (1956). 
16 Ch. Christov (Khristov), Acta Physica Hung. '7, 51 ( 1957). 
17 s. Chandrasekhar, Revs. Mod. Phys. 15, 1 (1943). 
18 L. M. Yang, Proc. Roy. Soc. A198, 94 (1949). 
19 I. M. Ryshik and I. S. Gradshtein TaoJIHIJ;bl nHTerpaJiou, cyMM, px~ou u rrpon3Be~eHuii: (Tables of Inte

grals, Sums, Series, and Products) Moscow, 1951. 

Translated by W. H. Furry 
133 

SOVIET PHYSICS JETP VOLUME 6 (33), NUMBER 3 MARCH, 1958 

CALCULATION OF THE INTERACTION POTENTIAL OF ATOMS 
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The sum of the Coulomb interaction between atomic nuclei and the change in electron energy 
connected with the mutual approach of the nuclei is taken as the interaction potential. The 
electron energy is computed on the basis of the statistical model. 

I. It was shown in a previous article1 that the energy H0 of electrons, in the approximation of the 
Thomas-Fermi statistical model and for the pres,ence of two nuclei, lies between the two values H and 
H1, which differ by not more than 5 per cent: 

_1_ _ I {' [-~ ( )o/o _ _1_ ( 3;, _ 3;,) ( >] _ _1_ (~ ~) ( >} d e' H - .\ 1' 5 Pol+ Po2 2 Por-+ Po2 Po1 + Po2 2 r1 + r2 Pol+ Po2 v, 
( 1) 

.1 H 1 = q) [_1_ (o'1• + p'l•) (p + p ) ---52 (p'1• + p'/, Y~J- -2!_ (~ + ~) (Por + Do">} dv, e' j 1 ' 2 ,-01 02 01 02 01 02 r 1 r2 • • 

where }.. = Y2 ( 3~ )213 n2/me2 = 2.52 x 10-8 em, Z 1e and Z2e are the nuclear charges, Pod r 1 ) and 
p02 ( r 2 ) are the Thomas-Fermi electron densities in the atoms without consideration of the mutual inter
action, r 1 is the distance to the nucleus of the first atom, r 2, to the nucleus of the second atom. 


