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A method is proposed for describing the non-equilibrium states of solid solutions which is
based on the furnishing of a system of correlation functions for the dissolved atoms. A method
of determining the free energy of solid solutions in states of total or partial equilibrium is also
proposed. In the general case, the free energy is expressed in terms of a double, triple, etc.,
“interaction” of impurity atoms, which are assumed known. For isotopic mixtures, the “vibra-
tional interaction” energy is determined in closed form and the entire problem can be carried
through to its conclusion. The correlation functions obtained for the dissolved atoms are de-
termined with the aid of the expressions thus constructed. The effect of correlation on the scat-
tering of neutrons by isotope solutions is ascertained

INTRODUCTION

THE thermodynamic properties of solid solutions can be investigated by means of methods which are to
a certain degree similar to the methods developed in the theory of non-ideal gases. In such a case, use
is made of the concept of the “interaction” of impurity atoms. By the “interaction” of n atoms of an im-
purity we mean the difference between the free energy of a system with n impurity atoms, located at
some distance from one another, and the same quantity for impurity atoms that are infinitely far apart. It
is obvious that these interactions are rapidly decreasing functions of the distances between the atoms.

The determination of such a type of interaction is separate problem. In the case of solutions of atoms
which differ markedly from one another, the principal part of the energy of interaction is its static part.
(In this case, usually, only the interaction of nearest neighbors is taken into account.) If the potential
energy of the interaction does not depend on the type of atoms (isotope solutions), the vibrational part of
the interaction plays the chief role. Its determination can be brought about by means of the method
developed earlier.?

Considering the interaction as given, we have succeeded in obtaining a general expression for the
equilibrium free energy of the solution.

Prescription of the non-equilibrium states is obtained through the use of a system of correlation func-
tions which determine the probabilities relative to the location of the dissolved atoms. To date, so far as
we know, there exists no such method for the description of the non-equilibrium states. The method de-
veloped here permits us to compute the free energy of the solution in a state of partial equilibrium.

As an example, we have obtained an explicit expression for the non-equilibrium free energy for the
case in which the lack of equilibrium arises as the result of the quenching of the solution from the tem-
perature ©’to the temperature ©.

The correlation functions of the impurity atoms are obtained with the help of expressions computed for
the free energy. For isotope solutions, the energy for the vibrational interaction of which is computed in
closed form, the determination of the correlation can be carried through to its conclusion.

We begin with the calculation of the equilibrium values of the free energy of the solution.

1. EQUILIBRIUM FREE ENERGY

The equilibrium free energy is given, as is well known, by the expression

F—=—8InZ Z=E Z exp {— E“:m)}=2exp {——F—-%U—t—)-}. (1
M Ea(M) m
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Here © =KkT, k = Boltzmann’s constant, T = temperature I =configuration of the impurity atoms,
Eq (1) is the energy level of the system for a given configuration, F ( 1) is the free energy of the solution
for the given configuration. For n impurity atoms, the function F (' 1 ) can be expressed in the form

F () = Fo+ ndy 4+ Un (M),  Un (M) = $r () — ndy. (2)

F, is the free energy of the pure solvent y/; is the change in the free energy upon the substitution of a
single atom of impurity for an atom of solvent, y/,( %l ) is the change in the free energy upon replacing n
atoms, U (%t ) = Uy(ry, ..., ry) is the free energy of interaction of n impurity atoms located at the sites
ry,..., 'y. Inthe case of a simple lattice, where the interaction of the particles depends only on the mu-
tual distance between them, U, is completely determined by the position of n—1 particles relative to
a single individual [ Uy = Uy (ry —ry), Ug = Us(ry —ry, r3—r,) etc.]. It is evident that only the last term
depends on the configuration in (2). According to (1) and (2), we have for the free energy of the solution in
the case of dissolved atoms:

F = Fot ity + NBclnc (1 — &) In (1 — c)] — NB®y, By = B (c) = - 1ne 0779, @
) 1 U, @
e Unl® 1 LA, A= m 2<exp {-—— 5 }—1) 4)
M

Here N is the total number of particles in the system, ¢ =n/N, % =N!/(N—n)! n! is the total number of
configurations: &5, as a function of the concentration c, does not have any singularities and can be rep-
resented in the form of a series in powers of c. In this case, we make use of the asymptotic relation
(valid for N — «)

®, = eQ Dy | o, (5)

where Q is the difference operator, analogous to the operator of differentiation with respect to the concen-
tration. If T is the operator which changes the number of impurity atoms by unity, then

Q=N (T —1). (6)

(The change in the concentration upon the addition of one particle is equal to 1/N.) Equation (5) represents
the discrete analogue of the formula for a function of continuous parameters

fx+c) = e@loxf (x)

and is obtained from it by replacing the operator 9/8x by the operator Q With accuracy up to terms
proportional to c®, the expression takes the form

O, =[N G124 N o (T3 — 37%) | @ e, @

(Application of the unity operator and the operator T to ‘I’k|k o yields zero, since &= &, = 0.) Thus,
we get*

Op= N> In(1 4 A;) +-4° c, [n (1 -+ Ag) — 31In (1 + A,)], (8)

o= 3o = ) sy B (- ) ) ®

Here and below, the terms with r = 0, ' = 0, r = r/, etc. are excluded from the summation over r and r’.
Inasmuch as A, and A are quantities of the order of 1/N, we can carry out a logarithmic expansion in
(8). We note that in each successive term of (8) the expansion ought to be carried out with greater ac-
curacy. For example, in the component ~ c? in the logarithmic expansion, it suffices to limit ourselves to
the term of first order of smallness; in the component ~ 3, the expansion ought to be carried out up to
terms of order 1/N%, This circumstance is determined by the fact that in the expression

In(l 4+ Ay) — 31 (1 + A,)

*For simplicity here and in what follows (with the exception of Sec. 3) it is assumed that the lattice
is simple. Generalization to the case of a complicated lattice presents no special difficulties.
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the terms of first order of smallness vanish. Carrying through the expansion, we get
2 3
@, =D (c) = 5f2 + =5 (Fs— 3f3), (10)

where

f2=2|(exp{——£%(2} — 1), f3=2 (exp {—— gs’—((;’—r/)~}—--3exp{—- U+o(r)—} +2). (11)

r,r’

The equilibrium free energy of the solution is equal to
F=Fot-Ney+ N8 elne + (1—c) In (1—0)— N8 [ fat 57 (F— 373 ] - (12)

with the same accuracy. Thus the free energy of a solution is a functional of the interaction of two, three,
etc., impurity atoms. Here the terms proportional to cK are determined only by interactions of no more

than k particles.
We can also represent the free energy in the form of a functional of pair interactions ¢, and “polari-
zation corrections” of third, fourth, etc., orders ¢ . It suffices here to make use of the relation

1 1
Un(ry, ..., 1) =-2—Z e (1 —rp)+ 37 D o=, ti—r) e 0, (T — Ty, oo, Ty —Ty). (13)

itk i+htl
Each of the r in the sums here run over all values of the radius vectors of the impurity atoms (ry, ...,
ry) which are present for the given configuration. In particular, we have the relation

Up(r) =0, (r), Us(r, ') =05 (r) +- 02 (') + @5 (r —1’) + ‘P.s (r, 1),

and conversely,
92 (1) = Uz (), @5 (r, ') = Uy (1, 1) — Uy (1) — Uz (1') — Uy (r — ).

From the expression we have obtained for the free energy of solution, it is easy to determine the chem-
ical potentials p of the solvent and p* of the dissolved material:

p=po+OIn(1—0)+6[Fh+ 5 — 3],
4 . \ (14)
P'=Po+“?1+91nc"9[cf2 +%(fs—"3fg—f2)"i3‘(fs_3f§)]'

Here p, is the chemical potential of the pure solvent.

2. NON-EQUILIBRIUM STATES OF SOLID SOLUTIONS. CALCULATION OF
THE FREE ENERGY, ENTROPY, AND CORRELATION FUNCTIONS

Keeping in mind the determination of the correlation functions, we compute the free energy of the solu-
tion in a state of particle equilibrium. The computation of such a quantity is of independent interest, inas-
much as the configuration of solid solutions is usually not an equilibrium one (because of the slowness of
processes of rearrangement of the atoms).

First, it is necessary to establish the method of description of the macroscopic non-equilibrium states
of solid solutions. As is shown, the most complete description of such a state can be obtained by giving
the collection of correlation functions Wy connected with the probabilities P(ry, ..., rg) of locating
k foreign atoms at the sites ry, ..., rx by the relations

P(ry,...,tp) =ctWy(ry—ry, ..., Ix —1y). (15)

In practice, it suffices to give the first few Wy (i.e., k =2,3,4). This follows from the fact that the
functions @y (ry,. .., rg-4) in (18) rapidly fall off with the distances ry, ..., rg-; as well as with the
number k.

The free energy of a non-equilibrium solution is determined in this case by the expression
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F{W} =—06 2 exp{—f(—gn—)}, (16)
M {w}

where the summation runs only over the configurations which correspond to the given values of W. If
Mk(ry, ..., rk-1) denotes the number of groups of k impurity atoms with distances ry, ..., rg-q

between them, then, by Eq. (15), we have
My (rg, ..., They) = NWy(ry, . . .\ Thy)- 17
On the other hand, for an arbitrary configuration, the free energy is equal to

FOR) = Fo+ Noby+ Jr D Mi(ry, o Tt 9, (T -+ Taa)
21 %1

Liyenny rk_l

h
=Fo+ Nepy + N D7 D Walry oo, ten) 9 (Frs - -5 Timd)- (18)
ST

Fiyeeny rh—l

Here ¢i(r;,...,rg—y) isthe pair interaction (k = 2) and the polarization correction (k = 2) deter-
mined above. This signifies that the F (3l ) are the same for all configurations corresponding to the
same values of W. Therefore, we have

Ch'
F(W)=F,+ NC%-I-NZT! D Wity oy o) 9 (F1y - -+ Try) — B0 (W) (19)
k r,,...,rk_l

Here o {W} = —In % {W} is the configurational part of the entropy as a functional of the correlation
functions, and % {W} is the number of admissible configurations.
For equilibrium values of the correlation functions Wy, the free energy acquires the value

R — ~
F=F0—|—NC‘I;‘1 +N 2%‘ 25 Wh(rl,. ey rk_l)CPk(rl,.. .y rk—l)-ec {W}’ (20)
R D ryen Th—g
which, on the other hand, is degarmined by Egs. (11) and (12). Inasmuch as the free energy is a minimum
for the equilibrium values of W, the relation
R ~ ~
N2+, — 63 (W} /3W, =0, (21)

holds, where the functignal derivative appears in the second term. Taking (21) into account, it is easy to
see that Wi and o {W} are determined from the equilibrium energy by means of the relations

k 7 ) ™
N'CkTWk=°F/°(?hle' (22)
c{W}=— oF /0@ |1=,,, G1y PRt (23)

Equations (22) and (23) determine the equilibrium correlations and the configurational part of the entropy
of solution in terms of the function ¢ .
If we use Eq. (12) for F, then we get

’W/’z (l‘) —e ™ r) /e +c 2 (e—Ua rr)e __ 28—[% )+ (r)1/0 + e " (r) | 6)~ (223.)
T

Wa(r, t)=e P ®™10 (Us(r, 1) = 05 (1) + 92 (') + 05 (r — ') + 05 (r, 1)),

°=—N{clnc—|—(l——c)ln(l—— c)+_f}%‘_.[1_e—¢z(r>le(1 + %@)]

+§C“"_ Z[I—e‘""”"”e(l-;- Us(g r’))_3e—¢,<r)/e(l+g%ﬁ)_>+3e—[epur)+mr'n;e<1+3‘%L’_))] _|_} (23a)

r,r’ "
We can consider Egs. (22a) and (23a) as parametric expressions for the entropy. The expression for

the entropy in terms of the correlation functions is obtained by solving (22a) for ¢, and ¢3;, and substi-
tuting the resultant values in (23a):

e(r)=—8 {ln W, (r)— W:(r) MW, (r, 1) — 2W, (r) Wy (') + Wy (0)], Us (r, ') = — B In W, (r, 1),

s {W} = —N{clnc+ (I—¢)ln(l—c¢) +—021E[Wg(r)lnwz(r)—Wg(r)-i-l]—l—
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+3r DWW ) InWylr, 1) = W, r) 4 1= 3(Wy (6, 1) In Wy (1) — Wa () Wa () + Wa @Dl +- .} (23b)
r,r
[ The sign of the equilibrium of the correlation functions is omitted in (23b), inasmuch as the resultant ex-
pression for the entropy is valid (as is easy to show) for arbitrary values of Wi.]

In the case in which all the polarization corrections are equal to zero (the interaction of the particles
is composed of their pair interactions) it suffices, for the determination of the non-equilibrium state, to
give only the binary correlation functions W,. The remaining functions are determined from the condition
of a minimum for the free energy (21) and is given in terms of Wj,.

In particular, for W3, Eq. (21) yields in this case

Wo(r, 1) = Wa(t) Ws (7)) Wa (r —r).

[In using (21), it should be recalled that the expression under the sign of the double sum in (23b) should
be symmetrized relative to a permutation of the particles.] The expression for the entropy in this case
is materially simplified and has the form

c=—N {Cln c+(l—c)ln(l—c)+ 02—22 [(1+V2(r))ln(l+V2(r))—V2(r)]——g—i 2 Vo) VoY Vot — 1)+ - - } (24)
Here
Vor) =Wy (r)—1.

We note that in this case the entropy is specified parametrically by means of only two relations. Actu-
ally, Eq. (23) determines the entropy as a functional only of the pair interaction ¢, (r), which can be de-
termined from the expression for the binary correlation function Wy(r).

The free energy of a solid solution corresponding to a non-equilibrium configuration is determined
from Eq. (19) by substitution in it of the expression for the entropy, found with the necessary accuracy.

Let us consider the special case in which the non-equilibrium comes about as the result of a quenching
of the solution from the temperature ©’ to the temperature ©. Obviously the configuration of the solu-
tion is not changed in the quenching, and the values of the correlation coefficients in the non-equilibrium
state thus obtained are equal to their equilibrium values at the temperature ©’. The free energy in this
case is equal to

k 4 I~

F (0, 0.0) = Fo(0) + Ncb, (0) + N D4 Wi (rs s Ty, )0, (1y, - ., Ty, 8) — O3 {{T3) (@f)}. (25)
13 Py T

If we substitute the explicit expressions for the correlation functions and the entropy, we then obtain (with

accuracy up to terms ~ cz)

F®,0,¢)=F@®,¢)+N %2 rZ{e‘% rene [q:z (r,0) — %% (r, 9')] — BTN _ p—war, e)le]},

Here F (O, c) is the equilibrium free energy of the solution.

3. SOLUTIONS OF ISOTOPES

The method just developed for the determination of the free energy is applicable for solutions of gen-
eral form. In this case the interactions of the impurity atoms Uy or, what amounts to the same thing, the
¢k, ought to be given, and are the parameters of the system. Here we have a case in which all the calcu-
lations can be carried through to completion. The latter applies to a solution of isotopes, for which the
functions Up(and the ¢pn) are the energy of vibrational interaction of the impurity isotope and can be
expressed in terms of the spectrum of frequencies of an ideal crystal (i.e., the lattices of the pure
isotope).*

The change in the vibrational part of the free energy in the case in which there are n atoms of the
principal isotope with mass m, located at the lattice sites ry, ..., ry, are replaced by impurity atoms
with mass m’, is given by the expression!

*Part of the results contained in Ref, 1 was later obtained independently by Montroll and Potts? who
determined the energy of the vibrational interaction of the defects of the lattice.
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Yo (Fy,y ooy Ty) = Sin (2, 1y, .., 1) 1’ (2) d2, (26)

= 1 xx! d , b
! & = —;argD<°pq°xx/+vZSIr —r, (1 );T__:T,T)) (Pog=12,...,nx,x=1,2,3), (27)

xx’ dQ; .,m r x ’ —m’
Fe=2 | e iuT k), =" 1@ =0in(l—e RV £ Ja Yz
I 9 (k)= t I ‘
b)j =

Here k 1s the wave vector, w:(k) is the j-th member of the frequencies of the pure fundamental 1sotope,
u; (u u ) is the normalized polarization vector dQj is the element of area of the surface wJ (k) =
over wh1ch tJhe integration is carried out.* The interaction of n impurity atoms, as is easily seen, is
equal to

(28)

Up = Uy — niy = g (5 — 151) ' (2) dz. (29)

We find the expression for ¢ by means of Eq. (13). In particular, we have
9o (r) = Dy (1) — 243, o3 (r, 1) = Y5 (r, 1) — by (r) — Yo (r') — Yo (r — 1) + 3y,

For small values of €, these relations become materially simplified. With an accuracy up to terms

~ €% we have, for z lying in the region of the continuous spectrum of the pure solvent,

B, P T) = o2 21 @)= Re 3 1 (2 Ve -2

, , 30
—&meviwﬁq(ﬂﬁi,m (=12 i K= 1,2,3), (30)

PFq X, x

Here |’ is the principal value of the integral. For the given values of z,

Vi o) =2 = U 0 22 + i @),

w—2z—i0

Outside the region of the continuous spectrum, £, = 0 in the case of sufficiently small €. It is easy to
be convinced that (30) can be written in the form

Ea(2, T ey 1) = 15 () + 5 D) (5o (21— T)— 251 (2) (P, 4= 1,2, ..., ). (31)

P+q

Then, taking Eq. (29) into account, we obtain

Up(ry, ..., 1p) = 1 ZUz(l‘p—l‘q) (32)

pP+q

Thus the interaction of an arbitrary number of atoms of the impurity isotope, with accuracy up to terms
~ €2, is composed of their pair interactions.t The interaction of two impurity atoms is equal (with the

same accuracy) to
(33)

Ua(r) = —2¢ Regdz (2 @) PIPENO S 155

If we substitute the expression y = hv'z/2 (which is valid for low temperatures) in Eq. (33) and change
over to integration over the wave vector k, we get

0’3 (k) + @ (k) O (k") +- ‘”?' (k) e‘.ln‘z' (k—k’)r

. _ 1 -2 ’
Us (r) = 4 <*k Re ngkdk o (k) F o) (K)

Iy

[uj (k), uj (k) [* (34)

*In Ref. 1 the corresponding formulas were written for the idealized case of a simple lattice with a
single direction of polarization, when only one frequency mode exists and the vector u is a unit vector
in the direction of polarization. Formulas (42) and (43) correspond to the case of three directions of polar-
ization in Ref. 1 for small e.

T Similarly, it can be shown that with accuracy up to terms ~ ek, the interaction of an arbitrary num-
ber of impurity atoms consists of their pair interactions and polarization corrections of order no higher
than k.
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To facilitate the estimate of the energy of interaction, we write its value in the idealized case of a simple
lattice with a single direction of polarization:

o (k) o (k') omi(k—k) r

7’: r
Uz(r) = -—:2TReSdkdk m

Substitution of the expressions obtained here for the interactions into the general formulas yields the
thermodynamic functions and the equilibrium value of the correlation for solutions of isotopes.

In the general case of a complicated lattice, the expressions for the interactions of the impurity iso-
topes are somewhat more involved. Let the position of the p-th atom of the impurity be given by the radius
vector rp+ r( sp), where rp is determined by the fundamental cell of the lattice, while r(sp) is the
position of the impurity atom inside this cell. Then a change in the vibrational free energy upon the inser-
tion of n atoms of impurity is determined by the expressions

Op(Fgy e vy Tny Sgpev ey Sp) = BE’”('Z’ Ti,evvs Ty Spyeess Sn) 3 (2) d2; (35)
o i . S.x 8, % dp. 5% s'x! — de omikr sx s7x!
¢n = ——-arg D (quaxx/ -+ v.2'8]1,1-‘:_'.‘]‘7 () m) , Ir (1) JZ \ g —] V-m?] e oy (k)vi T (k), (36)
of (k)=p '

U;gx — u?x (k) ezn:ikr (s),
where € and yx(z) are determined by Egs. (27) and (28). In the case under consideration, Y4 depends
on which atom of the basic cell is replaced by the impurity. Therefore, the interaction of n impurity
atoms is determined by the relation

U, = by — Zns'l."l (s),
S

where ng is the number of impurity particles which replace atoms of type s of the basic lattice. It is
easy to show that, with accuracy up to terms ~ e¢2 the following relations hold

Un(Tyy oot Tay Sy, 0 v0, Sp) = % Z Uy (rp—ry, Sp, Sq) (37)
p+q
n - , sx, s'x/ ! ostxt, stxt dp
Us(r, s, s') = — 2s2 Regdz [22x (2) X’lel_, (z)g 5557 () —u_z]. (38)

Transformation to integration over the wave vector puts Eq. (36) in the following form for the low temper-
ature case:

o (k) + @, (k) o, (k') + oF, (k') .

%, () F wy, () T (v (K), v (k)P (39)
1

Us(r, s, 8) =2 Rejzjj,gdk dk’

As must follow from the relations obtained, the interactions of the isotopes are very small. For the
minimum separation of the atoms, in accordance with (33), the interaction has the value ~ €2 ©p (6p =
kTp, Tp is the Debye temperature). Obviously, an appreciable correlation in the positions of the atoms
will take place only at temperatures of the order or smaller than eZTD . However, in a solid because of
the slowness of the diffusion of the atoms at arbitrarily low temperatures, configurations actually exist
which are in equilibrium at the temperature of solidification. Therefore, it is essential for the appearance
of correlation in solutions of isotopes that the solidification itself take place at a temperature T ~ ezTD .
Hydrogen, for which Tp ~ 100°, Tg, ~20°, € ~ 1/2 satisfies this condition. For other substances, suffi-
ciently low temperatures of solidification can exist in the case of their solidification from the gaseous
phase (in the sublimation region).

It should be pointed out that the lattice of hydrogen is molecular and the important role at energies
@3, + » . is played not by vibrational but by rotational interactions, in which different statistics are essen-
tial. It should further be noted that in the general case still another circumstance can make a contribution
to the energy of interaction of the isotopes. Because of the presence of anharmonics, the mean volume
occupied by the atom (under consideration of the zero vibrations) depends on the amplitude, i.e., on the
mass of the isotope. Therefore, upon substitution of an impurity atom at any lattice point, there arises an
additional elastic energy. A semi-empirical estimate of this energy carried out for hydrogen by Prigogine
et al.,? gives the value U, ~ 107 erg, which corresponds to a temperature of T ~ 10°.

The presence of correlation measures the non-ideality of the solutions of isotopes. In particular, for
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sufficiently large values of the interaction, a separation of the solution takes place into phases; this was
recently observed for impurities of hydrogen isotopes.**

In the case in which the interaction is insufficient for a separation of the solution, the presence of cor-
relation can be found with the aid of a study of slow neutron scattering. As is known, the probability that in
passage through the crystal the neutron possesses the momentum p’ if its initial momentum was p is
proportional to the quantity

2

= DA — D) (Ao — Aexp | (0 — p) (r — )+ A° | (40)

rr’

2lexp {2—’{’ ® —p) r}

Here r denotes the equilibrium position of the atoms of the crystal, A, characterizes the interaction
between neutrons and the nucleus at site r (in the case under analysis, A depends only on the mass).
Averaging is carried out over 11 possible configurations. The second component in (40) determines the
coherent scattering of the neutron. It gives sharp maximum of intensity of scattered neutrons, determined

by the relation p’ — p = li7, here 7T is the vector of the reciprocal lattice. The first term in (40) in the
case of absence of correlation, when all terms with r # r’ reduce to zero, is equal to

2 Avexp {0 —p)1)

N (A*— A7)
and determines the background noise which does not depend on the scattering angle. If correlation exists,
the noise is equal to

N (22— %) 4 Neg (A4 — AsP 3 (Ws (1) — Dexp {5 (0 —p) 1} (41)
Here the indices 1 and 2 refer to isotopes of the solvent and impurity, respectively. According to (41) the
noise is inhomogeneous in the presence of correlation, and we can determine the value of the correlation
functions from the structure of the noise.

It should be observed that Eqs. (40), (41) are approximate, inasmuch as they were obtained without
account of the thermal vibrations of the crystal. Account of the latter obviously does not reduce to the
addition of a thermal factor, since the amplitudes of the vibration depend on the kind of isotope and on
the correlation of the atoms of the lattice.
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*This conclusion (which did not appear in the published paper of Ref. 4, and which was kindly commun-
icated to us by the authors) can be made on the basis of an analysis of x-rays of the mixture Hy —D, with
high concentration of both isotopes, in this case, two systems of lines are quite clearly seen.



