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The kinetic equations of an electron gas in a plane diode are used to show how one can construct
a distribution function satisfying given conditions of emission and reflection at the electrodes
for the one-dimensional case, neglecting the collision integral. Corrections to Langmuir’s re-
sult, important for small anode potentials, are obtained.

PHYSICAL processes occurring in vacuum tubes are determined by the interactions of charged particles
and physical conditions on the boundaries (for instance, on electrodes).

Particles of different energies satisfy different physical boundary conditions and we must thus use
kinetic onsiderations in our calculations. We give below a method of integrating the kinetic equation for
charged particles, suitable for one-dimensional problems. As an example we shall consider the flow of
a direct electron current through a plane diode. The collective interactions of the electrons will be taken
into account by using a self-consistent field; the individual interactions between electrons — collisions —
will not be taken into account.

With these assumptions the distribution function f(x, v) of the electron gas satisfies the kinetic
equation

U————-———-—=O. (1)

The potential energy u(x) of an electron in a self-consistent field must be determined from Poisson’s
equation

d?ufdx®* = —4meln(x), n(x)= S [ (x,v)dv. (2)

—00

We formulate the boundary conditions for the distribution function for the most typical case, namely,
a region bounded by two surfaces (in the case of a diode, the anode and the cathode).

The solution of the kinetic equation in the presence of two boundaries involves well-known mathema-
tical difficulties. If the boundary values of the distribution function at both boundaries are arbitrary, the
problem is incompatible. Actually, the kinetic equation together with data on one of the boundaries corre-
sponds to the usual Cauchy problem, and determines uniquely the solution in the whole region, and in
particular on the second boundary.

This problem was solved by Vainshtein! for a particular case (corresponding to no reflection of par-
ticles from the electrodes), where one can limit oneself to giving the distribution function on part of the
boundary, for instance, on the cathode for positive velocities and on the anode for negative velocities.
That distribution function was formulated by introducing discontinuous functions.

In the general case, the difficulties just mentioned result from incorrectly specifying the boundary
conditions. The physical processes on the boundaries, viz. emission, reflection, and absorption of the par-
ticles, are mathematically formulated in the form of functional equations for its boundary values, but not
in terms of the boundary values themselves. Below it is shown that for such boundary conditions one can
find a solution of the kinetic equation.

The boundary conditions in the case of a diode must describe the emission of electrons from the
cathode [with a distribution function fe( mv?/ 2) ] and the elastic reflection of the electrons, characterized
by a reflection coefficient R(mv?/2) that depends on the electron energy.

Such reflection, indeed, exists and is a quantum effect, connected with the passage of charged particles
through a potential jump on the metal-vacuum boundary. Below we shall construct the solution for any
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function R(mv?/2)x*
The presence of emission and reflection on the cathode (x = 0) leads to the boundary condition

f(0,v > 0)=fe (mv?/2)+R . (mv?/2) f (0, v<0); (3)

Reflection at the anode (x = a) leads to the condition
f(a,0< 0) = Ra(mv*/2) f (a,0>>0). (4)

The boundary conditions for the Poisson equation are determined by giving the potentials of the cathode
and the anode,

u(0)y=0, u(a)=ua (5)

For a given density of the electron gas (that is, for a given distribution function) Eq. (2) together
with the boundary conditions (5) determines the distribution of the potential inside the diode; therefore,
additional data of the field on one of the electrodes is not only unnecessary, but even, in general, incom-
patible with equation (5).

Our problem reduces thus to solving the differential-functional equations (1) and (2) with the boundary
conditions (4) and (5).

The solution of Eq. (1) is a function of the electron energy.

f(x,0) =f(s), e=m0v?2 4 u(x). (6)

It would appear at first glance that f (¢) is an even function of the velocity and thus leads to zero current
and is useless for our problem. To prove the opposite, let us consider the lines of constant energy in the
(x, v) plane, along which f (¢) stays constant (see figure). The form of the function u(x) corresponds to
a large emission current which leads to a potential barrier of height u, near the cathode.

The lines € = constant go for € = uy, continuously from regions of positive to regions of negative ve-
locities. Since the function f (x, v) = f (¢) stays constant along these lines, it is indeed an even function
of the velocity. However, for ¢ >u,, each line comprises two unconnected parts, one of which lies in the
region of positive, and the other in the region of negative velocities. On each part f (¢) stays constant,
but the values are not the same, meaning that f (¢) is, generally speaking, not an even function of the
velocity for € >up.

The distribution function can thus be written in the following form,

f+ (), v >0
ft(s), o< 0f &7 Hme ("

u
F1 (), < X
z ﬂnw=““%x>hl

4 Uy
Zy l

}E\<“m»020; f(x,v):{

=

These functions are simply determined by the boundary conditions. Substi-

|
| Uy . . . .
| ” tution of f; into (3) and of f, into (4) gives
| 3 . fole)
v = — < m
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| f2(e) =0 X > Xm,

(77

Substituting f, and f_ into (3) and (4) yields a set of linear equations with

7 \: a solution of the form
! | fe(e) -
) fe &) Ry (s —uy) ol T
fo)= T—R_@OR,c—uy ' °

Equations (8) and (9) give us the complete solution of the problem of finding the distribution function
of an electron gas, moving in a given field u(x) with boundary conditions (3) and (4). We emphasize that

*To get an estimate we use the formula R () = [V1 + ¢/W — V'e/W4 (see Ref. 2), which does not take
into account the influence of the field at the surface of the metal on the reflection; W is here the total
work needed to get the electron out of the metal.
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the distribution functions (8) and (9) which we have found show a discontinuity on the line € = u,. If we
neglect reflection, Eqs. (8) and (9) go over into the solution given by Vainshtein! for the case when there
is no emission from the anode *

We can construct the function fe for the electrons emitted by the cathode by assuming for the electrons
inside the metal a Fermi distribution and by taking into account their reflection from the metal-vacuum
boundary with the same coefficient Rg

- (mor\ _ {Ae—m'ﬂeu — Ro(mv*/2)], 0>0, (10)
e(T) o, v<0,
A = (m®0 [ 2=%k3) e—vl6,
From Egs. (8) to (10) we obtain the following expression for the current density in the diode, ¥
. PA?O el HNeA@ _im ’
j= Féme ® Dy () de =~ ——e © [D; (um) 4 OD; (tm) + - - -1, (11)

Dl (5) = [1 —Rc(s)][l _Ra(a'_'ua)]/[l —Rc(e)Ra(s_’ua)]-

Here and henceforth we expand the integrals in a power series of the parameter y;& = ©/m; the terms
written out are sufficient for the case yp, > 1.

The distribution functions (7) to (9) are expressed in terms of the potential energy u(x) which must be
found from Eq. (2). An evaluation of the density of the electron gas from Eqgs. (2) and (9) to (11) gives

n@=AYV2:0/me"m® (") +n,(n), =<zm; (M n(x)=n,(n)

—_ L ’
— 8 —ulo( — . r=ty e A 2r0 - 1, D, (up,)
=4) e ée Dyltm + 6 G—m) & Mdi= L/ 2R D 00 y'"[l_q’("l'H@DZ(um) (12)
/T 1 \ 1, U, — u(x) [1—R ([ — R, (e—u,)]
X[V %e "’+(§___y‘/)(1~_(1)(7[’))]}, T 2> Tms “q(x): Q ; D2(€): 1 —R, () R, (e—u,)

where & is the probability integral.

Substituting this expression for the density into Eq. (2) and integrating we find the dependence x(7,
Ym) of the coordinate on the potential. This dependence differs from Langmuir’s results? through correc-
tion terms, connected with reflection. We calculate also the distance a between the electrodes from
Yo = — ua/9 and y,, (instead of y,, we can introduce as parameter the field on one, of the electrodes).

In this way we obtain a relation between y, and y,, from which we can find their interdependence yy,(ya).
Substituting this into Egs. (7) to (9), (11), and (12) we can express f (X, v), n(x), u(x) and j in terms of
two parameters, u, and @, i.e., we have obtained a complete solution of the diode problem.

The dependence of y,,, on y, is approximately of the form

o — *la 3 s 1) — 1, 2
Ym=Ina— Z —In %% ;= (9/2"z)em "0 a?h ™ = 6,93-101 0 (eV) a (cm). (13)

This formula enables us to calculate the barrier height at the cathode for given cathode temperature and
anode potential; for instance, for a tungsten cathode, @= 2320° K, a = 1 cm, uy, decreases from 1.8 to
0.5 ev if the anode potential increases from 1 to 160 v.

The diode characteristic is obtained by substituting expression {13) into (11),

3Vr

1 — R,y —u) VTO " ],
a(u u) V2o (ya+ynr)ll:l+ 8 (yn+ym) | : (14)

I'=1 + R, (U, — ) 9rm'l: g2

The expression within the square brackets on the right hand side is the series expansion of the function
Dy and D, up to terms of the order (y, + yy,) -1,

Equation (14) takes the reflection of the electrons from the anode into account only through the factor
(1—R,)/(1+ Ry), and thus differs from the «3/2-law.”4 For Uy, — U, <W, this factor is nearly equal to
unity which means that reflection is unimportant. However, for u,, —u, >W, reflection appreciably

*However, the value given in Ref. 1 for the distribution function on the line of discontinuity is wrong.
1If € —uy >Wj, the functions Dy(€) and Dy(e) will be the transmission coefficients of the cathode.



ON THE KINETIC THEORY OF AN ELECTRON GAS 197

decreases the current; this in the above example of an anode potential of 1 v the current is less than the
value for the “3/2-law” by 20%.

Equations (13) and (14) enable us to calculate the diode characteristic directly, and not in parametric
form as is usually done.”

As we have shown above, the present method of integrating the kinetic equation for charged particles
makes it possible to construct a distribution function satisfying boundary conditions of emission and re-
flection on two boundaries and to find the self-consistent field.

The author expresses his thanks to G. Ia. Liubarskii and Ia. B. Fainberg for a discussion of the results
of the present paper.
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The angular correlation between the electron and the circularly polarized y -quantum emitted
in a cascade B -transition is considered in the case when parity is not conserved. The effect
of the nuclear coulomb field is neglected.

AS it has been shown by Lee and Yang! (see also the review by Shapiroz), parity nonconservation in 8 -
decay implies an angular correlation between the circularly polarized y-quantum and the electron. We
calculated of this effect for allowed transitions, without taking into account the influence of the nuclear
Coulomb field. If the p-decay is followed by a y-transition, the probability for the y-quantum to be
emitted at an angle 6 with respect to the direction of emission of the electron is equal to:

w (8) =1 — (nxv/c) cosH, (1)
where p = + 1 corresponds to right-hand or left-hand polarization of the y-quantum, v is the election

velocity, and « a coefficient depending on the interaction constants, on the momenta of the nuclei, and on
the multipole order of the y-quantum:

"= 23Vf2(f2+1)8,-21‘+D[2+fz(fz+1)—f1(f1+1)] e+ +LiLi+D—js(s+ 1)
- 2V i Gt (A S, . +C) 2L (Li+ DV (e + 1) (2)

12 /1

Here jj, j and j3 are the total angular momenta of the initial nucleus and of the excited and of the
ground-state of the final nucleus, while L, is the multipole order of the y-quantum. The coefficient «
does not depend on the type of radiation (electric or magnetic), but only on its multipole order. The



