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Level shifts in mesonic atoms due to vacuum polarization produced by the nuclear elec-
tric field are computed. The recursion relations between the meson wave functions are
used to derive equations in closed form for the first six level shifts. The shifts for the first
three levels of heavy mesonic atoms are computed with allowance for the finite volume of

the nucleus.

1. INTRODUCTION

O STUDY THE PROPERTIES of mesonic atoms

it is important to know the position of the en-
ergy levels of the meson. In light mesonic atoms
(up to Z ~ 20), the energy level is determined prin-
cipally by nonrelativistic formulas of the Keppler
problem of hydrogen-like atoms, in which the elec-
tron mass is replaced by a reduced meson mass.!
The most significant corrections for these formulas
are the relativistic corrections, the level shifts due
to the vacuum polarization by the electric field of
the nucleus,? the shift due to the distribution of the
positive charge over the volume of the nucleus, and
in 7-mesoatoms also the shift due to nuclear inter-
action between the meson and the nucleons of the
nucleus.® In heavy mesonic atoms the effect of the
finite volume of the nucleus on the position of the
levels is so considerable that it can no longer be
considered a small perturbation. For example,
when the volume of the nucleus is taken into ac-
count, the energy of the 15 muon in p-meso-lead
turns out to have half the value given by the equa-
tion for point-like nuclei.! In the case of heavy
mesonic atoms it therefore becomes necessary to
solve from the very beginning for the motion of the
meson in the electric field of a nucleus occupying
a finite volume. As to the remaining significant
corrections to the energy levels of heavy mesonic
atoms, to which one must add also the influence of
the quadrupole electric moment of the nucleus®3
and the polarization (deformation) of the nucleus by

the meson, ®'7 these do not exceed 1 —2% of the
level energy.

While in the hydrogen atom the Lamb shift of the
electron energy levels is due fundamentally to the
correction for the field electromagnetic mass, and
approximately 1/25th of the shift is caused by
vacuum polarization, the situation in mesonic atoms
is different. The vacuum polarization of electrons
and positrons changes the electrostatic potential of
the nucleus at a distance on the order of the Comp-
ton wavelength of the electron (~ 107! cm), regard-
less of what particle, electron or meson, moves
around the nucleus. Since the Bohr radius of the
orbit is inversely proportional to the mass of the
particle, the radii of the meson orbits are 200 — 300
times smaller than the radii of the electron orbits
and their dimensions are on the order of 107! —1072
cm. As aresult, the meson spends a greater part of
its time in a region where the electrostatic poten-
tial of the nucleus is changed by the influence of
the vacuum polarization, which leads to a consider-
able level shift. At the same time, the correction
for the electromagnetic intrinsic mass, which is in-
versely proportional to the square of the mass of
the moving particle, will be considerably smaller
in mesonic atoms than the Lamb shift for electrons,
as a consequence of the greater mass of the meson.

The energy level shift due to vacuum polariza-
tion is a substantial correction for all mesonic
atoms (~ 0.1-2% of the energy of the level). The
influence of vacuum polarization is noticeable at
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small Z also for levels with greater orbital mo- polarization is approximately 10 kev, and that due
menta [/, where the effect of the volume of the nu- to the finite volume of the nucleus is only approxi-
cleus is relatively small. For example, the shift mately 5 kev. This is clearly seen in Fig. 1 for
of the 3Ds; level of y-meso-uranium due to vacuum mesonic atoms with small Z.
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FIG. 1. Dependence of the splitting of the second level in light p-mesonic atoms on
Z, caused by various effects: 1—relativistic splitting without allowance for the volume
of the nucleus and vacuum polarization, 2- with allowance for the volume of the nu-
cleus, 3 —with additional allowance for vacuum polarization. The zero level represents
the nonrelativistic level energy without allowance for the volume of the nucleus.

It is the purpose of this work to calculate the meson level shift due to vacuum polarization in the mes-
onic atom. For the first six levels, equations were derived for the shift in closed form. The effect of the
nuclear volume is accounted for in the calculation of the level shift in heavy mesonic atoms.

2. CALCULATION OF THE LEVEL SHIFTS

To calculate the level shift due to vacuum polarization in mesonic atoms, let us take the Feynman form
‘of the Fourier component of the effective polarization potential induced by an external electric field with
a Fourier component of potential ¢ (k) (see, for example, Ref. 8).

o [ ar2 — 2k Vi 4k .k 1
‘?(k) :'[ 03k2 ( - |§| sinh Iz—k(‘;) +'9— o (k)" (1

T

where k, = mc/% (m is the electron mass), « = e?/%ic is the fine-structure constant. For a concentrated
point nucleus with a Coulomb potential

Viry=eZ|r (2)
the Fourier component of the potential will be
o, (k) = eZ [ 2m® k2, (3)

In the coordinate representation we have for the polarization potential

ha o | 4k — 2k Var2 & k2
?(r):TSl: 03/32 <1-'" .

] sinh"%) +%] o (k) k sin kr dk. (4)

The energy level shift will be determined by perturbation theory, averaging the polarization potential over
the meson wave functions.
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MEn = —e\[bu(r, 9,9) 25 (1) ds = —e\ RU () (r) r2dr =

0

o [ a2 ViE e 5)
4k2 — 2h? 4RE - k2 & 1
—— 4aeg L (B) 20 (B) | —55— (1 — 7 Arsh ﬂ;) + TJ k2 dk,
0
I (k) = % S r Ry (r) sin kr dr. (6)
0
Using the notation
X = kf2ky, < = nkoa/Z = nmjanZ, y = kr @

(a = 7?/pe* is the Bohr radius of the meson orbit, ;1 the reduced meson mass, and m the principal quantum
number) expressions (5) and (6) become

o

AEq = — %“e (2ky)? S Lt (2X) 90 (2koX) [(1 —2x2) (x— VT + x%sinkx)+ %S]d_; , (8)
0
1 ¢ ,
Lo (ex) = k:TS R (2—2? y) ysin ydy. 9)
0

For a point concentrated nucleus, using the relation sinh™ x = In(x ++/1 + 4*) and Eq. (3), we can rewrite
expression (8) for the level shift as

AEn = — & me*ZKu (o), (10)
Kut(©) = 2\ T (@) {1 = 20) b=V T2 In (c + VIFA) + 5} 5 an

0

Taking for R, ;(r) the expression for the radial portions of the wave functions of the Keppler problem of
hydrogen-like atoms (see, for example, Ref. 9), we obtain, using the notation of (7)

b=y (@4 () el 2
| Riv= o (2 (& exel= & -
Ri= () [0 =72 &+ 48 (&) —12(&] + (&) | exe{ - &}
Rh= g (i) [16 - 8+ (&) ](& e =&
Rh= () (&) exo{— )

Noting that exp {— y/ex} = 2 (sx/k)*Ri,, (13)
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we obtain an expression for the squares of the wave functions of the higher state in terms of the square of
the wave function of the 1S state and of its derivatives with respect to the parameter ¢:

2 2 10
Ry = 0—{—.————}——23 de2

2 dR% 1 _d*R%
2 =Rl + BT +ES“ dez

2 2 2 2
RlO 4 2d2R10 1 o 4*R, 1,@ 4*Riy

—+ <3 a4 10
Rso = R10+2v + 5 € det 37 e 36 ° det ?
2 2 2 2 (14)
16 dR 19 _d2R 2 d3R 1 d*R
g2 10y~ 37 M0, 7 4 TM10
R = Ru + 9 de Yet 18~ de? 9 7 ded 727 det
deo 1 R} 1 d3R? 1 ad*R}
= —+ 2104 3 10, - 4”10
Ry =Rio + & T TS T @
If we now introduce into (11) the integrals (9), into  respect to x and ¥ and the differentiation with re-
which, in turn, we substitute expressions (14), and spect to €, we arrive, in the final analysis, to an
if we then interchange the order of integration with expression for K, ;(€) in terms of K,,(¢) and the de-

rivatives of K, (&) with respect to . Furthermore,

the coefficients of the derivatives will coincide
with the coefficients of the corresponding deriva-
Li/e tives in (14). Thus, having determined the depend-
ence of the shift of the 1S level on &, we can ob-
P y tain the shift of the remaining level by differentiat-
ing with respect to €, thus facilitating the computa-
> tions considerably.
f 3 According to (9), we have for the 1S state
-
FIG. 2. Iy (ex) = [1 + (ex)?]2. (15)
Then
4 ¢ dx
Kio(e) = ‘;S {(1 —28) [x=V 1+ In(x+ V1 + )]+ }m (16)
0
To calculate this integral let us consider the integral
(1—222)[z— V 1+ 2Z2In(z+V 1 F 2] + 1/ (z+80) 4 17)

K (8,¢)= p—ry E (24 30} (2 + ife)? (7 — i/e)? >

taken in the complex plane along the contour C, shown in Fig. 2, and so chosen that the branch point z = ¢
of the intergrand is located outside the contour. Let us assume that & <1, and then the intergrand has a
second-order pole inside the contour at the point z = i/e. Choosing the single-valued branch of the inter-
grand, we obtain with the aid of the residue theorem

(1 —2x3) [x —VIF2ZIn (x VT - D] -+ Va8 ST lig (1— 222V T 22
AmK () =2 we4g () et e P T80 (F e
0
— lim 9ni {i_ (1 —222)[z— VT 22In (z--V T+ 25)] + Vy(z +5i)3 } (18)
== 1M 27l T€S | (z 303 (z  i/e)2 (z— ije)? z=ie

30
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It was taken into account here that the integral along an arc of radius R tends to 0 as R -» . The first in-
tegral equals 2K,,(e). The integration path L of the second integral consists of the negative part of the
real axis from ~o to 0 and the segment of the imaginary axis from 0 to i. This integral is calculated in a
straightforward, although cumbersome, manner. As a result we obtain

@A) mp it 2N M, et YT
2Kuo () = (3 + 4e¥) = 4 T ““s[ S — A (m - +2)]. 1)
Hence
1 "o, 3 o 2—e—4et L 1LV ¢
Kiole)= ¢ | =5 — et 4 (G o+ 20) mp 2o 220t g L2 |- (20)

If we now use Eq. (14), in which we substitute Kn1 and the derivatives K,, in place of R?, and the deriva-
tives R}, with respect to €, we obtain

Ku(6)= 5{—F — 14 4= (Fe47) + 5 (1 =) 2 (1—e)

+ [% + 42— [4et — % (1—52)_2] © (5)}‘ )

Ky, ()= —1{-—%— 106 + n(%a + 553) oy (=) 21—y
+ [14—1 + 26— 10st — (1 — 21— 2 (1 — 32)-2])c1> (e)} ,

1 73 92 3 46 ‘ - 77 -
K30(E)=—?{—-§-——-§82+E(7S —]——3~s3)+2(1 — )1 +E(1 — )72

- 5 - 16 37 92 ) -
A=y Za—e [P T a2 e

— G (=2 F (== (-] 0 ),

65
6

Kn@ ==y —getr(get =)+ 0o
t o (=) U= =g [ Fa P

_ -2 | 2y-3 __ 39 2)-4
— g (=) — (= T (= — L —eyi] 0 @),

K@ = {= 5 = T +n(et T o)+ gl -
- 23 19
+i—g*(1)(1 —e)%2 4 %(1 —-52)—3_}_%(1 —e2)™e [_6_ + ‘—3"52
— et g (= = (L= — g (= — (1] 0 1) (21)

where

1 1n1+V€1—52

@ (s) V1—¢

(e < 1). (22)

These equations can be continued analytically to include the case when & > 1. In this case (22) it becomes
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@(s):V—EZ—i:tan" VEa—1 (23)

We finally determine the vacuum polarization shift of the first six energy levels of the meson in mesonic
atoms with Egs. (10) and (20) —(23). One need merely take into account that according to (7) & has differ-
ent values for states with different principal quantum numbers n. Figs. 3 and 4 show the Z-dependence of
the level shifts for 7 and u mesonic atoms, calculated with the aid of these equations.
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FIG. 3. Dependence of the value of the level shift of FIG. 4. Dependence of the value of the level shift of
m-mesonic atoms on Z, caused by vacuum polarization. p-mesonic atoms on Z, resulting from vacuum polariza-
The mass of the pion is 272.5 m,. tion: 1—without allowance for the volume of the nucleus,

2 -~ with allowance for the volume of the nucleus.

3. ALLOWANCE FOR THE VOLUME OF THE NUCLEUS

Taking account of the volume distribution of the charge of the nucleus reduces considerably the effect
of vacuum polarization in high-Z mesonic atoms (see Refs. 10 and 11). The fact that the nucleus is not
concentrated in a point leads, on one hand, to a change in the potential of the electrostatic field of the nu-
cleus, and on the other hand to a change in the meson wave functions. If we take the cause of vacuum po-
larization to be a nucleus with a charge uniformly distributed within a sphere of radius R,, there will be an
oscillator potential inside the nucleus and a Coulomb potential on the outside

vin=%lz—z(z)] <,

(24)
V(y=eZ/r (r > R,).

The Fourier component of such a potential will be

YA 3 [/sinkR
%0 (8) = s o (R © — COSRRo ) (25)
1)
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To account for the change in the meson wave functions, caused by the finite nuclear dimensions, let us
turn to the variational method. Let us take for the states 1S, 2S, and 2P respectively orthonormalized
trial wave functions

Ruo(r) =2(q = "exp {—q-=-1},
AL (26)
ORISR S T T

Ry (r) = ﬁ(t %)shrexp{—-t —aZ— r} |

with variational parameters g, s, and ¢t. With the aid of the radial portion of the Schroedinger equation with
potential (24)

2 dR 2u 3Z Z
dr2 + r dr +<Wﬁ§E+aRo —aRo ) R=0 (f<R0)’
2 dR 2 2z
e R G ) =0 (r>Ro) 27)

we obtain the following expression for the energy

24 aR3 “a

F_ _JL_{_ S [(‘i_g) P (1) Rz] dr + §(§’1§0 S r2) Reridr + §°22 2rdr}. (28)
0 0 R

Substituting the trial functions (26) into (28) leads to expressions for the energy in terms of the variational

parameters
W2/ Z\2 3 6 3
B ZN [ _ 3 6 _9
Ev=—g (LT a[—a+ 2 — i + (o + 5ar + 5o exp {(— 204}]
—P(ZNV[3 sy s [ g 384 15¢
E2"~—2u<a>{p 3 + 2 —sq I g [ 2s? T 2pSsE (29)
P 12 3 15¢9% 4~ 3s2 1 3s2
+ (ps? + 2ps*q + psq® — s* + 4sq + 52 + BT "p'l;zs qu;fa = Jexp {—2gs3 ]},
w2 f Z\2 3 15
Ey =— ﬂk‘;/} t [—t—f‘ ol T +( t+ 0+ —- + p2t- + 2p323)eXp {— QPt}J

Here p = R,Z/a. The values of the parameters ¢, s and ¢ are found, as usual, from the minimum-energy
condition. The transcendental equations thus obtained can be solved numerically. The table gives val-
ues for the variational parameters and for the energy levels of several y-mesonic atoms (it was assumed
in the calculation that the mass of a p-meson is 270 m, and the nuclear radius R, = 1.2 x 10™* 4% em).

Using the functions (26) we obtain by means of formula (9) expressions for I,; with allowance for the
volume of the nucleus

Iio = 1/[1 4 (24x))2,

P 1 s g 3= | (s1qr 1=
0 = Tt @ {IF e B e TS (e

Toy = [1 — (sx)?] [T 4 (2ex)2]3,

(30)
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where

gy = koa/qZ,

gs = koa [ SZ,

1241

gy = kOa/ tZ

Variational parameters Energy, Mev

2 Point nucleus Variational method

g g N t

s" Ey, Esgr Eoy E, Egy Eyn
Si% 0.9642 | 0.4918 | 0.5000 | 0.550 | 0.137 | 0.536 | 0.136 | 0.137
Zn$ 0.8376 | 0.4558 | 0.4994 | 2.530 | 0.632 | 2.202 | 0.590 | 0.632
Sbia! 0.6685 | 0.3938 | 0.4926 | 7.317 | 1.829 | 5.183 | 1,525 | 1,817
PbZ® | 0.5003 | 0.3197 | 0.5480 | 18.923 | 4.731 | 9.986 | 3.316 | 4,511

The expressions for the level shifts are then ob- /f,’;oo)ﬂz

tained by inserting (25) and (30) into (18). The
values of the level shifts, obtained therefrom by
numerical integration with allowance for the volume
of the nucleus, are shown dotted in Fig. 4. By way
of an example let us indicate that for y-meso-lead
the shift in the 1S level, due to polarization of vac-
uum, is 217 kev without allowance for the volume
of the nucleus, and nearly 53 kev with allowance
for the volume of the nucleus; for the 25 and 2P
levels the shifts are 37 and 33 kev respectively
without allowance for the volume of the nucleus,
and 17 and 28 kev with allowance for the nucleus.

To check how good the approximate solution ob-
tained by the variational method is, we obtained for
Eq. (27), by numerical integration by the Runge-
Kutta method, the eigenvalue of the energy and the
wave function of the 1S5 state of p-meso-lead, for
the same values of the meson mass and nuclear ra-
dius. The eigenvalue of the energy of the 1S level
was found to be 10.412 Mev, i.e., approximately 4%
greater than the value obtained by the variational
method. Fig. 5 shows that the variational wave
function is a better approximation than the wave
function of the Keppler problem.

It must be noted that in all the above calcula-
tions of the mesonic atom level shifts due to vac-
uum polarization, we took into consideration only
terms of the order aZ. As shown in Ref. 12, ac-
counting for terms of higher orders gives for a point
nucleus, even in the case of y-meso-uranium, a
shift which amounts to less than 0.02% of the en-
ergy level. It is evident that allowance for the vol-
ume of the nucleus can only reduce this figure.

17
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FIG. 5. Radial probability density of finding a meson
in p-meso-lead in state 1S, determined by various meth-
ods: 1—without accounting for the volume of the nu-
cleus [wave function of the Keppler problem R(p) = 2e-p],
2 —with allowance for the volume of the nucleus [varia-

tional wave function R(p) = 2q!/z e_qp, g= 0.5003l, 3 —
with allowance for the volume of the nucleus (numerical
solution); p =rZ/a.

The influence of vacuum polarization on the posi-
tion of the energy levels in mesonic atoms was ac-
tually discovered experimentally. In many works on
the determination of the masses of #- and p-mesons
using spectra of mesonic atoms it became neces-
sary, to obtain mass values that are in agreement
with data of other experiments to compare theory
with experiment, to take into account the vacuum
polarization level shift in the mesonic atoms!3—14
Vacuum polarization is also accounted for in inves-
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tigations of the interaction between the 7-meson in
the mesonic atom with the nucleons of the nucleus?

In conclusion, the author expresses his gratitude
to Professor D. D. Ivanenko for reviewing the manu-
script.
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The internal structure of the front of strong shock waves is investigated, taking account
of radiation. Approximate solutions of the equations of the mode are found. Profiles of
the hydrodynamic quantities, density and radiation flux, are constructed.

ONE OF THE METHODS of study of shock waves
in gases (in particular, in air) is photometric
measurement of the brightness of the wave front. In
a certain amplitude interval, the shock wave front
radiates like a black body. Consequently, it is
possible to determine the temperature behind the
wave front directly, by photometry. Combined with
the measurement of another parameter of the wave,
for example, its velocity, this allows us to make
some suppositions concerning the thermodynamic
functions of the gas being studied. The question
arises, up to what amplitudes does the visible tem-
perature coincide with the temperature behind the
shock wave, and what is its dependence on the
actual temperature behind the front when the latter
reaches tens and hundreds of thousands of degrees,
since at the present time such powerful shock waves
are becoming the subject of experimental investiga-

tion.! This question leads, first of all, to the prob-
lem of the internal structure of a shock wave front,
taking account of radiation.

This problem was investigated by Prokof’ev,? who
obtained correct integrals of the approximate equa-
tions in the separate regions in which the variables
are continuous. However, as a result of an errone-
ous analysis of the equations, he joined these solu-
tions in an incorrect way, which led to the continu-
ity of the hydrodynamic variables in the wave. Pro-
kof’ev’s error was pointed out by Zel’dovich,® who
gave a correct qualitative analysis of the approxi-
mate equations of the mode, and proved that there
is a discontinuity of the hydrodynamic variables in
the shock wave.

In the present article, approximate solutions are
found of the equations of the mode, encompassing a
broad interval of shock wave amplitudes, as well as



