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It is shown that the taking into account of magnetic interaction, within the framework of
perturbation theory for an ideal electron gas, does not lead to anomalous diamagnetism.

IN THE PRESENT WORK the diamagnetism of
electrons in a metal is studied with the magnetic
interaction of the electrons taken into account.
Some considerations regarding the importance of
magnetic interaction of electrons for superconduc-
tivity were presented by Welker 1. However, in view
of the complete absence there of quantitative cal-
culations, the question remained open.

It is possible to point out more convincing argu-
ments than those in Ref. 1 in favor of the possible
importance of magnetic interaction for anomalous
diamagnetism. It is not difficult to see that the en-
ergy of a system in a magnetic field, for arbitrary
specification of the vector potential A, must have
the following form:

E = Z [(Aq, A—q) —q72(q, Ag) (4, A_g)] ¢ (¢°)
q

A= S e — @A (r) dr.

(1
Relation (1) follows from the equation of continuity;
one can easily check this by using the expression
for the current density jo = — ¢ 8E/8A. In the case
of a slowly changing field, ¢ can be expanded in a
series,

¢ (%) =%+ 910* + - ..

Anomalous diamagnetism is possible only when
the term of zero order, ¢,, differs from zero. In fact,
in this case we get for the current London’s equa-
tion

Ja= —c20(Aq — ¢ (4, Ag) q),

i.e., curl j = — co,H.

Thus in order that London’s equation may be ob-
tained (for div A # 0), there must be a pole of type
g*? in the expression for E or jg. Schafroth has

shown that interaction of electrons with the lattice

vibrations, within the framework of perturbation
theory, gives no poles of this typeZ. But Coulomb
interaction of the electrons, at first glance, might
give such a pole. In fact, the correction to the en-
ergy in the third approximation of perturbation theory
(the second with respect to the interaction of elec-
trons with a magnetic field, is

— (e/2mc) 2 [P:A;: + Api]

and the first with respect to the Coulomb interaction
is 4% Eez/rij) has the form (the factor ¢ is charac-
teristic of an interaction of the type 1/r):

()

D1, P

(pl + Q/Zs Aq) (pE "— q/zv A_.q) 4T{,'h2€2
(Ey— E1) (Eo— Es) g*V

q = p,—P:1==p.—P,. (2)

However, as was shown by Schafroth, Coulomb in-
teraction in perturbation theory does not lead to
anomalous diamagnetism, because the summation
over p, and p,, which enters to the first power in the
numerator, gives zero. In the case of magnetic
interaction, there is an additional factor '

(p,p; — % p.q + %p,9 in the numerator, thanks

to which expression (2) will not reduce to zero. But
in this case the Hamiltonian contains other terms
that are likewise capable of giving an energy cor-
rection quadratic in A. It will be shown below that
magnetic interaction of the electrons similarly does
not lead to anomalous diamagnetism, within the
framework of perturbation theory.

In the nonrelativistic approximation, the Hamil-
tonian contains a rather large number of terms that
depend on A; it therefore proves more convenient to
use the relativistic Hamiltonian for electrons inter-
acting with a quantized electromagnetic field. In
this formulation the interaction of the electrons,
either Coulomb or magnetic, is not introduced ex-
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plicitly but is a consequence of the exchange of the electron paths. The contributions to the energy
virtual photons (longitudinal and transverse). Then  from two diagrams that differ only in the directions
the first nonvanishing energy correction quadratic of the electron paths are exactly equal; it is there-
in A is obtained in the fourth approximation of per-  fore possible to consider only the four diagrams
turbation theory, viz., in the second with respect to shown in the figure, by doubling the energy correc-
the external potential and in the second with respect tion that corresponds to these diagrams.
to the radiation field. To this correction correspond We write the matrix elements for the first and
eight diagrams: the four shown in the figure and four second diagrams (the notation is the same as in
obtained from them by reversal of the directions of  Ref. 4):
et i(ps+q) — ! i(p—9—
Sy = 2nr &u(Po) «vm a(—q)u(p ) w(py) 7 (—f“;‘m": (q) u (p:) d*q;

l(p,—z})——m . 1 1(/;1——(?)—171 A
S, = (Z.,)4 S“ (p2) a(—q) (o —qp Fm2 ¥ (P2 )"? w (py) i (i — g+ s a(q)u(py)dy.

It is evident that in the case of the third and fourth diagrams, the factor ¢ is replaced by (p, — p, + ¢)-2.
Because of the absence of a pole of type ¢, these diagrams cannot give anomalous diamagnetism; we
shall therefore not consider them.

We calculate S; and S, according to the general rules:

__ et 4/m? _
51= S P T O Cea T 2 (e @) pe— (pa @),

— (qa () prv + (P19) @ (@)1 [2 (p2a (—q)) Pav + (P2 (—9)) gv +
-+ (ga (—q)) P2y — (P29) @, (—q)] d*q; (3)
iet 4/m?
Zny S F(—2(ma) + & T T 12 (Pe 9) P —
— (;a(q)) 9. — (qa (q)) prv + (P19) av ()] [2 (p2@ (—q)) P2y — (P22 (—9)) Gv
— (9a (—q)) p>v + (p29) av (—q)1 d%q. (4)

S, =

Henceforth we shall suppose that a, = 0 and that A is independent of time. Then
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a(g) = SA (r) e—iax) diy = Aqgem.x. dx,.

Since all the terms in (3) and (4) contain a(q) a(—g),

it is appropriate to replace a,,(9) a,(~g) everywhere
by the product

Ap (@) Ay (—Qq) 273 (q4) At

(At is a normalizing interval). As is well known,
the energy correction A ¢ is connected with the
matrix element by the relation4 S = — iAt Ae.

Ao = 5;(S: +

Thus for Ae, and Ae, we get the same expres-
sions (3) and (4), except that the integration must
be carried out only over the three-dimensional vol-
ume dq, not over d*q, and the four-dimensional vec-
tors ¢ and a(g) in all the terms must be replaced by
the three-dimensional vectors q and A,.

Upon adding S, and S, and taking account of the
fact that (p,p,) = p,p, — €,¢,, we get (p, has been
replaced by —p, in S,):

1

2) (Zﬂ)a ngqz (— P19 + §%2) (— p2q + ¢%/2) [4 (pla) (pZa—-) (plpz)

— 2(p12) (P2a_) (P1q) — 2 (p12) (qa_) (p1P2) + 2 (p12) (P=9q) (P22_)
— 2(p1a) (p22a_) (P2q) + 2 (p1q) (P2a_) (p.a) — 2 (qa) (p.a_) (P1P2) (5)
+ (p1a) (p2a_) ¢* + (qa) (qa_) (p1P2) — (qa) (p=9) (P12_)
— (p19) (qa_) (p-2) + (p,q) (P=9)(aa_)]dq;

Aq.

To get the correction AE to the energy of the
whole system, Ae must be summed over p, and p,.
We integrate first over angles in p,;- and p,-space,
i.e., we find

here a=Ag, a_ =

Ae’ = SA sin 9, d9, sin 9, d9, drs, d2,.
- S A dQ, dQ,.

We point the z axis for p, and p, along q. The in-
tegration of all the twelve terms that enter in (5)
reduces to the calculation of the following three
integrals, whigh are to be understood as principal
values:

1
% sin & d9 1 % du
—pqcosd+q%/ 2 pqg Yutq/2p
-1
1+q/2p‘ (
=_1 ~ (1 =
pq 1—q/2p p* +12p+

Jo— cos & sin 9 d9 __fza
27 ) —pgcosd+¢* /2~ pg
0
I NE,,?L(l__i )
1 20 7 pg 4pf+""
(6)
ki3
Jom cos? & sin 9 d9 _____1_»
3’"0 —pgcos®+gq*/2 p?
9\ ~__1_< _ ¢ .
+(gs ) hm— (1= + )
here p* = p*.

To clarify the problem of anomalous diamagnet-
ism, it is'sufficient to consider merely the term of
zero order, @,, in the expression (1). In this case
only terms quadratic in ¢ need to be retained in the
expansions of J,, J,, and J,.

Ve calculate the first term Ae’, in the expression

Ae’:

[cos ¥ cos 0 4 sin 9y sin 0 cos (p; — D)]

Ael = 4bg S(p)a_) pap

— P19 €08 91 + ¢* / 2) (— paq cOs Hp + g%/ 2)

X

X [cos ¥y cos &, 4+ sin 9, sin &, cos (v, — w,)] sin &, d9; de, dQ, =

4b (2=) p2ap, (p,, a_) S

S [cos2? &jcos O cos & + 1/, sin? By sin O sin 9, cos (cpo — )]

x sin 91 d9, 0, ~ 8=bpzaa_{

-0

(— p1q cos B, + g*

2)(— pagcos 83 4-q2/ 2)

2
q—2> cos 0 cos &, 4
4p;

PN in 9, d9, do,

-+ (1 . 2) sin 6 sin &, cos (9, — (D)] [cos 95 cos B + sin 9 sin 0 cos (ge

12p3

(— p2q cos 85+ g%/ 2)

q‘l\

— 4b (2n)2g ‘;‘; [(aa‘) (1— i

——
12p7

(aq) (a_q) ER
(ol

12p2) s
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b= —2¢*/(27)* m?

In the same way we calculate the remaining terms:
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a=1{a, 0,0} a_={u_b_, O}

1 , 2 2 ) ,
4br? Aezz S(aQ) (a_ Q) (1 — qu-f _ﬁ%ﬁ) ; A83 =~ Aez;
LA dqf/y @ (aq) (aq) ¢ ¢\
Ae’ = 44 _ (aq)(aq) (o  ¢* -
o 2= 4] (- ) (ea) ¢ (2 32 >] (! 4p§> ’
o o~ 1 o~ dq /
A;5~AV 4bm? A"6~_4S;2 [(1— 12[]2 ,(aa)_‘

__(aq) (g_q) (2
—

As' ~ As' ~ — As"

s, =41

4b1r2
Adding, we find

12
Ae’ = D} A< =0.
1

ie=

Thus the magnetic interaction (likewise the
Coulomb interaction, since we have also taken ac-
count of exchange via longitudinal photons) gives
no anomalous diamagnetism. The neglected terms of
higher order in ¢* give a correction to the ordinary
diamagnetism. There is no point in considering
higher approximations of perturbation theory in the
case of magnetic interaction, i.e., the sixth (of
fourth order in the radiation field), etc., since the
fourth approximation, already considered, would
give for the London constant in the case of anoma-
lous diamagnetism an extra factor of order 1/137,
the sixth would give one of order (1/137)* and so on.

We point out that the application of perturbation
theory to magnetic interaction is apparently justi-
fied. In fact, the mean interaction energy of a single
pair of electron is

U, =~ e/me)pt [ 1, = (e /mc)? p3 /&,

—sglll

) A =~ As)

4p1

Ae = As’ =~ Ae;

(1= )
4} 4pj

Po is the maximum momentum.
The mean kinetic energy of the electrons is

T av = p3/ms
Upe/ Tay = (€2 hC) po/ mc = py/ 13T me << 1.

In conclusion, I express my gratitude to I. M.
Polievktov-Nikoladze for an interesting discussion.

APPENDIX

In the appendix we present a simple proof of the
absence of anomalous diamagnetism in the case of
a system of free electrons within the framework of
perturbation theory 2,

The Hamiltonian of a single free electron in a
magnetic field has the form

2

H=Hy+H;Hy=-"L—;.

am

H = [Ap + pA] + 2m62 Az

ch

The correction to the energy of the electron, quad-
ratic in A4, in the second approximation of perturba-
tion theory, is evidently equal to

e o2
Ae = A 4 A A = 2 A — s %(AqA-q);
Lo (e ey (PTa/2,A) (PFHa/2 A,) o2 1 (A.1)
Ae —-(mc) ; [p2—(p + q)%]/2m T ome? qu_*_qz/z[(pAq) (PA—q)

1 (0A) @A) + 3 (PA_0) (@A) + 1 (aA) (4Ag)|= S act,

i=1
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In the summation over all electrons, i.e., over p,
we first carry out the integration over angles in
p-space. In this step the calculation of
Ae’ = [ AedQ reduces again to the calculation of
the integrals /,, /,, and /,, in which we limit our-
selves to terms quadratic in ¢. According to (6),

Al = — (e / me?) 2= D) [(Aq Amd)
— 2072 (Agq) (A—q@)1;

Al = A" = — (e2/mc?) 25 D) (Aqq) (A—qq) / %,
q

and Aefz)‘ , it is easily seen, has the form
~ E(qu) (qA_ ), i.e., in general gives no anoma-
lous diamagnetism.

Thus the sum becomes

Z é‘ A = Z As® =
)

p i=1

N 2
5 D (AdAd),
q

i.e., it is equal to the sum SAe'?) with the sign re-
versed. Consequently, anomalous diamagnetism is
absent. This proof relates to an arbitrary system
of free electrons with an isotropic distribution in
p-space and with momenta p different from zero,
i.e., to a Fermi gas and to a Bose gas not in a
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state of condensation. In the case of a charged
Bose gas in a state of condensation, this result re-
tains its validity for electrons with momenta p # 0.
For electrons with p = 0 (let their number be N,),
the energy in a magnetic field may be found directly
from formula (A.1) by setting p = 0. Then

Ne? o
AE=m {2 AdA_q — 2 (Aqa) (A-qq) / ¢}
! ! (A.2)
We see that (A.2) agrees with expression (1) for
Yo = Ns€?/2mc?; that is, a Bose gas in a state of

condensation possesses anomalous diamagnetism®’
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