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The problem of magnetohydrodynamic waves in relativistic hydrodynamics is discussed.
Equations are derived for the velocity of these waves in the presence of a magnetic field
making an arbitrary angle with the direction of propagation of the waves in a medium with
an arbitrary equation of state. The properties of purely magnetic tangential discontinuities
in relativistic hydrodynamics are also discussed.

AN INVESTIGATION by Hoffman and Teller! was
devoted to problems of relativistic magnetohy-
drodynamics. In the present note we consider in
more detail the problem of magnetohydrodynamic
waves in relativistic hydrodynamics. In contrast to
Ref. 1 where the absence of a magnetic field along
the direction of wave propagation was supposed,
we shall assume the presence of a magnetic field
whose direction makes an arbitrary angle with the
direction of wave propagation. Furthermore, we
shall not assume, as was done in Ref. 1, that the
ultrarelativistic equation of state e = 3 p applies.
We shall conduct the entire investigation for an ar-
bitrary equation of state. Also, we shall consider
the question of purely magnetic tangential discon-
tinuities in relativistic hydrodynamics where the
thermodynamic quantities remain continuous.

MAGNETOHYDRODYNAMIC WAVES IN
RELATIVISTIC HYDRODYNAMICS

The energy momentum tensor in relativistic hy-
drodynamics has the following form

T = wnuu, + Phik. (D

Here w is the heat function referred to one particle,
n the density of the number of particles, p the pres-
sure, u; the 4-velocity component (u} = ~1). The
speed of lightis c = L.

We next denote the energy momentum tensor of
the electromagnetic field by
Tem 1

=

T chH’j - EzE": —}‘ ";l'" aoc’; (H2 + E))l ’
v i 2 i ]

em i 1 (2)
TP = L EHL T — (B4 ),

We consider a medium with an infinite conductivity o.
For such a medium there follows from Ohm’s law

j = (E < [VH]) (3)

a relationship between the electric and magnetic

fields
E — — [vH]. 4)

For one-dimensional motion, all quantities are
functions of one spatial coordinate (x,) and of the
time (x, = it).

The conditions at the discontinuity for such a
motion may be written in the form of continuity of
the corresponding components of the total energy-
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momentum tensor, which constitutes the sum of the

tensors T% and T:% [Egs. (1) and (2)]:
To=Th+Th. (5)

All components of the total tensor having the sub-
script 1 must remain continuous. This follows di-
rectly from the condition

OTik/dxk = 0. (6)

We thus have the following conditions at the dis-
continuity (we shall designate the difference be-
tween the values of a given quantity on the discon-
tinuity by braces)

{wnd + p -+ 4= (HE— H} + B2 — )} =0, (D)

{wnuu. — = (HHL EE)} =0, ®)
{wnu1u4 + # (H3Es — H2E3)} = 0. (9)

Here we denote a vector in the 2 — 3 plane by the

subscript T (ut has the components u, and u,, etc.)
Let us also take account of the first pair of Max-

well’s equations [the second pair is contained in

Eq. (6)].

curl E=—0H/0d¢, divH=0. (10)
These equations lead to the two conditions

{E} =0, ay

{H=0. (12)

Finally, we also must write the condition for the
particle density

{nu,} =0, (13)
resulting from the equation of continuity
onuy / 0x, = 0. (14)

The conditions (7) — (9) can be somewhat simpli-
fied, using (11), (12), and (4), to read

{wnu§+ p+ %(Hf—-Ef)} =0, (15)

1 1
{wnu,u} = 47]—11 {H:} + T E-{E\}, (16)

I. M. KHALATNIKOV

iHy

g (17)

{wninu, + - oH2} = 74 (v.H.
Taking (4) into account, we may write the condition

(11) in the form

{ve} Hy = {o,Ha}. (18)
The relationships (12), (13), and (15) — (18) consti-
tute the complete system of conditions on the dis-
continuity.

Making use of these conditions, we shall consid-
er the problem of magnetohydrodynamic waves in
relativistic hydrodynamics. Magnetohydrodynamic
waves can be regarded as the limiting case of dis-
continuities of very small intensity. The compo-
nents v, and v, in the hydrodynamic wave may be
regarded as small. Asto v,, however, that quantity
cannot be regarded as small since under relativistic
conditions the wave can move along the axis [ at a
speed approaching the speed of light.

In a magnetohydrodynamic wave all quantities
are functions of one parameter. Moreover, in view
of the infinitesimal smallness of the jumps, the ra-
tio of the jumps may be replaced by derivatives. We
choose the velocity v, as the independent variable.
Derivatives with respect to this variable will be de-
noted by primes. Thus we have, for instance

p'={p}/{v.}=W'op/oW. (19)
Below, we shall denote the derivative dp/dW by a*.
With theaid of theknown relationship between the
thermodynamic quantities

W=e+p, W=uwn (20)
we find the connection between the quantity o* and
the speed of sound

c?=0p /0. (21)
By simple differentiation we obtain
2=a*/(1—a?. (22)
We introduce also the symbol
W=w/(1—0). (23)

Considering all this, we can, after eliminating VT,
reduce, without difficulty, the system of conditions
(15) — (18) to the following form
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W (1—a?) 20, + [+ a (1l — o})] W' + H.H. /4= =0 (24)
W 4 0,W’ 4 0,H.H. /4= = 0, (25)

WHovl (Hl/ 4z — i H3/ 4= —va) Hz“f-fo H3H3/4' (26)
WHyu, = (H? 4= — v} Hy | 4= — Wo?) Hy + v2H,H,H, | 4= 27

Let us multiply Eq. (26) by H, and Eq. (27) by H,
and add the products. We obtain, as a result, the
quantity H H% entering into Egs. (24) and (25).

H.-H. = Wo,H2/ (H} — 4=Wo)). (28)

We next substitute the expression obtained into
(24) and (25) and eliminate the derivative W' from
these equations. In this way we obtain

H

2 a® v 2
[Ul_‘l—([?] -_}— H i ? (1——01)20’(29)

which determines the velocity of the magnetohydro-
dynamic waves.

Taking (22) and (23) into account, we rewrite
(29) as

2
T
— 4

H2 2
Ul) 4 W

2
v2

(©1 “C)(l_ 1_1‘@ - 421214/)_(

(30)

Here W is the heat function per unit volume in a
reference system in which the given volume ele-
ment is at rest, and H,, H¢ are components of a
field in a reference system that moves together with

the wave front. The index zero denotes the field
components in the reference system that is at rest
together with the fluid. We then have

=H.,/ V1=

Having expressed in (30) the field H by H,, we ob-

tain

2 2 o] HY, 22 (32)
(U]_—C)(T—;?—W —UHTG/4’:T‘W. 3
"1

Hy = H,yy; (3D

Hoffman and Teller! considered the special case
where an ultrarelativistic equation of state applies
and H,, = 0. In this case

=3p, 2=0p/0e =1/, =4e/3, (33)

and Eq. (32) leads to the result of Hoffman and
Teller

(vf —1/s) /(1 —v3) = 3HZ, /16m=. (34)

In the general case, however, the velocity of propa-
gation v, of the front of a magnetohydrodynamic
wave is determined by the biquadratic equation (32),
the roots of which are equal to

(1 42+ £V [ (U k) — P2+ o2,

2
Ul=

2= H2/4zW,

In the general case, two waves can thus propagate
at different speeds; the sum of their velocities is

’

2(1 412 (35)
rio=Hi/4=W, 1% =HZ: /4zW.
oo M [(1 4 o) (37)
1T W 4V

equal to

(36)
(@) + (o)

= [2(1 +rip) +ral /(1 -+ 73).

In the case where the external field is longitudi-
nal, H. =0, and Eq. (32) breaks up into two. The
first root v = ¢* comresponds to hydrodynamic waves
not connected with a magnetic fleld, i.e., to ordi-
nary sound. The second root

determines the velocity of the magnetohydrodynamic
wave.

For an arbitrary direction of the field H there fol-
lows from Eqgs. (19) and (27) that the existence of
special purely magnetic waves is possible. The ve-
locities of these waves are found in the following

manner. We multiply Eq. (26) by H,, Eq. (27) by H,
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and subtract the results; in this way we obtain

(H — 0} H? — 4=Wo) (Hy Hy — Hy H,) = 0. (38)
Hence follows an equation for the wave velocity v,:

HI—0?H? — 4=W 0} = 0. (39)

Solving this equation with respect to v} and using
(25) and (31), we find

vl = Hio/ (Hi + 4=W). (40)
So far we used the equation of continuity for the
density of the particles. In the ultrarelativistic
case, at high temperatures, processes of particle
formation are possible. In this case the law of par-
ticle conservation no longer holds. However, in all
cases the entropy is continuous simply as the re-
sult of Eq. (6). As has been shown in our report on
relativistic hydrodynamics? results for the ultra-
relativistic case are obtained from the above equa-
tions by substituting the temperature T for the heat
function W.

ON TANGENTIAL DISCONTINUITIES

The properties of purely magnetic tangential dis-
continuities may be easily obtained from the condi-
tions (13) and (15) — (18). We shall now consider
such tangential discontinuities in which the thermo-
dynamic quantities are continuous. We then have

from (13)

(= {0,/ V1= =0, (41)
and since {v,} =0,
il=0. (42
Next, we introduce the symbol
nu, =j, (43)

take {v} from (18), and substitute it into the condi-
tion (16); thus we obtain

4xjt (@ / n){H:} = H3 {H.} + H,E- {E,}. (44)

We express the jump {E,} = {~v,H, + v,H,}, with the
aid of (18), in terms of the jump {H;}:

I. M. KHALATNIKOV .

{L.} =—E.{H.}/H,. (45)
Substituting this expression into (44), we obtain an
equation

4z (w/ n) {H:} = H;i {H.} — E-(E. {H.}). (46)

which is homogeneous with respect to {H}. The
condition of compatability of the two components of
Eq. (46) leads to the following equation for the ve-
locity j of the tangential discontinuities under con-
sideration:

{asp S — i — ED{amp S — (1= ED |

= E3E;. (47)
This equation has two solutions
. H?
jr= ot { . . (48)
W Hi . Eg

The quantity j* is connected with the velocity of
the discontinuity v} by the obvious relationship

Bl =05/ (1 5. (49)
Let us dwell briefly on the relationships between
the jumps of the fields in the tangential disconti-
nuities. According to (15), we have
= (523 (50)
It may easily be shown that each of these jumps

is equal to zero.
In fact, according to (17) and (18)

oy (2} = H, (H-0.), (51)

{v-H, —v,H:} =0. (52)
The square of the quantity in braces in (52) is also
continuous, asis the quantity itself

{02 H? + o {H3} —20,H, {v-H-} =0. (53)
Eliminating the quantity {vH} from (51) and (53)

and taking (42) and (50) into consideration, we ob-
tain

(2 = (B} = (10 (0% = 0. (59
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It follows from (47) and (54) that in tangential dis-
continuities of the type considered the absolute
values of the velocity and magnitude of the mag-
netic field do not change on the discontinuity. All
that occurs on the discontinuity is the rotation of
those vectors, without a change in their length. We
choose axis 2 in such a manner that the component
M, is not changed by rotation of the vector Hr. Then

{H,} =0 and {v,} = 0, {v,} =—;% {H,}. It can be seen

J
”’
y
INIDY
> 7
b g
H
/ e

905

from the figure that thereby the components v, and
H, on the discontinuity change their sign. From the
expression for E, = —v,H; + vy, it follows that as
aresult £, also changes its sign on the discontinu-

ity.

H:}———)——lf;;., El'ﬁ'—“El-

Uy —> — Us,
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The phenomena of diffusion and thermal conductivity are investigated for dilute solutions of
He? in helium II, on the basis of the theory of superfluidity proposed by Landau for helium II.
A solution is found for the system of kinetic equations for the elementary excitations in the
case of non-zero temperature and concentration gradients within the solution. The temperature
dependence of the effective thermal ‘conductivity for the solution is determined. A comparison

with experiment is made.

1. INTRODUCTION

HE PROBLEM of the kinetic coefficients for

solutions of foreign particles in helium II has
been investigated by one of the authors!. From
phenomenological considerations it was demon-
strated that in addition to the single coefficient of
first viscosity 7, the three coefficients of second
viscosity, {,, {,, {,, and the coefficient of thermal
conductivity » existing in pure helium II? two fur-
ther kinetic coefficients appear in the case of solu-
tions: the diffusion coefficient D and the thermal
diffusion coefficient Dk, where kg is the thermal
diffusion ratio. The diffusion of an admixture of

the isotope He® has been investigated experimen-
tally by Beenakker, et al®, who determined the
temperature dependence of the diffusion coefficient
in the temperature range from 1.2°K to the A-point
for a concentration ¢ ~ 10™. In the present paper
we consider the phenomena of diffusion, thermal dif-
fusion, and thermal conductivity for dilute solutions
of He® in helium II.

According to Landau’s theory"', liquid helium in
the temperature region below the A-point (helium II)
is to be regarded as a weakly-excited quantum sys-
tem. This implies that thermal energy of helium II
may be represented as a gas of elementary excita-



