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The Lagrangian function for the motion of a body of small mass, in the fixed field of n 
other bodies of finite mass, is derived to the second approximation of gravitational theory. 
This function is compared with the Lagrangian function for the motion of a body of finite 
mass in the gravitational field of all n + I bodies. It is found that in the approximation 
under consideration, the Lagrangian function for the motion of a finite mass depends in an 
essential way on the value of that mass. 

IN ACCORDANCE WITH the principle of the geo­
desic line, the motion of a body in a fixed gravi­

tational field* is. determined by the requirement 
that 

(I) 

where 

is the Lagrangian function of the mechanical prob­
lem. Herem is the mass of the body under consid­

eration, xi(t) the Cartesian coordinates of the cen­

ter of mass of m at the instant t and g00 , g0 ;, gik 

the components of the fundamental tensor as deter­

mined by the Einstein equations of gravitation; the 

*The field of a system of bodies is regarded as fixed, 
with respect to a given body, if the motion of each of 
the bodies of the system that produces the field is sup­
posed independent of the motion of the given body. 

Latin indices i, k take the values l, 2, 3 and sum­

mation over a repeated index is understood. A su­
perior dot indi~ates a time derivative. 

In order to find an approximate expression for the 
Lagrangian function.£! for the motion of a small 
mass in the fixed field of n otHer finite (not small) 
masses, we shall use an approximate solution of 
the Einstein equations of gravitation, obtained by 

Fock 1• 
We consider spherically symmetric, nonrotating 

bodies, whose linear dimensions are much smaller 
than the distances between them; and we retain 
only quantities of order v2/c2, where v2 is the square 
of the velocity of translational motion of one of the 
bodies. We then obtain the following expressions 
for the components of the fundamental tensor: 

g00 = c2 - 2U + (2U2 - 2S") / c2 , g0 i = 4{) i j c2 , 

(3) 
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Here 

U- ~ yma {1 + _1_ 2 (a) } 
- "'-l ! r _a 1 2c" (va - U (a)) 

a 

u(u) (r) = L}' '(!nb 
U,· = 

jr-b' ' 
b ' 

(b+a) 

S" 
2 

ymava - _:!... ~ 
ir-al 2 ~ 
I 1 a,b a 

(a ..,~b) 

In these formulas, the radius vectors of the centers 
of mass of m, ma, tnb, ••• at the instant tare de­
noted respectively by r (x1, x2 , x3 ), a(a1, ~. a3 ), 

b(b10 b2 , b3 ), ••• ; v~ is the square of the velocity 
of mass ma; a prime on a summation is a reminder 
that the summation index takes all values except 
one from I to n. 

Upon substituting the expressions (3) for the 
components of the fundamental tensor in the La­
grangian function .C, we find that, in our approxima­
tion 

m r2 m r4 mU 2 

:;e = -2- + 8c" + mU - 2c2 

or by use o£<4), 

yma { 1 • • 3 • · 2 + m L} l r- a I 1 - C2 (r. a) + 2c2 (r- a) 
. a 

(5) 

m ()2 + 2c2 at2 ~ rma Ir-a i· 
a 

The dependence of the Lagrangian function (5) on 
the accelerations of the finite masses ma is not an 
essential feature of the problem; it can easily be 
removed, thanks to the fact that the variables ai 

(and likewise di and iii) are independent of the var­
iables Xi· 

Remembering that 

a ~~ 
71TL}Tmalr-al=-~ !r-aJ (a·(r-a)), 

a a 

we get 

a2 ~ , I d a ~ 
iJt2 "'-l rma I r - a = dt ----at "'-l rma I r -a I 

a a 

+L} 
yma 

(r·a) 
jr-aj 
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-L} 
yma 

(r· (r-a))(a·(r-a)). 
1r-aj 

a 

Consequently 

{ 
1 • • 

1-2c2 (r·a) 
a 

__ 1_ (r (r- a))(~ (i· -a))+ _3_ (. _ ·)2 
2c2 I r - a 12 2c2 r a 

1 ymb 1 ' ymb } 
- 2c" L} I r- b 1 - c2 ~ I a- b 1 

b b 

(6) 

yma f (t, x1, x2, x3) = - 2mc2 ~ (a· (r- a)). "'-l Jr-aj 
a 

An expression of the form df/dt, wheref(t, X 1,.x2 , x3 ) 

is an arbitrary differentiable function of its argu­
ments, reduces Lagrange's equations to identities; 
therefore we may drop the last tenn in the Lagran­
gian function (6). 

Before writing the final expression for the La­
grangian function of the mechanical problem under 
consideration, we shall change to a slightly differ­
ent notation. Denoting the radius vectors of the 
centers of mass of m and mk (k = I, 2, .•. n) by 

r(x, y, z) and l'J.(Xk> Yk• zk) respectively, and the 

Lagrangian function without the term df/ dt by L *, 

we have 
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The equations of motion corresponding to the La­
grangian function£ (or equivalently L*) actually 
do not contain the value of the mass m; they indi­
cate nondependence of the motion of a body (of 
small mass), in a fixed gravitational field, upon the 
value of its mass. 

In the case of motion of a body of finite mass, it 
is not permissible to treat the field as fixed with 
respect to this body. A finite mass, ev~n in the 
first (Newtonian) approximation, affects the motion 
of the other masses, changing it; and this change 
in turn has an influence on the motion of the mass 
under consideration. However, the dependence of 
the motion of a body upon its mass, in the first ap­
proximation, still does not affect the form of the 
Lagrangian function. 

The situation changes in an essential way when 
we go on to a consideration of the motion of finite 
masses in a higher approximation than the first (the 
Newtonian). In this case, in the derivation of the 
equations of motion it is necessary to start directly 
from the Einstein equations of gravitation. The 
equations of motion that emerge from them, for a 
system of finite masses, can also be expressed in 
Lagrangian form; but the Lagrangian function of this 
more general problem* has the forrn 2 

3 . • 2 1 ,, yml ) + 2c~ (ri-rk) --, ~I tf' 
c- l ri- rl 

It follows that when we examine the motion of the 
ith mass in the gravitational field of all the bodies 
(in the present case the number of bodies is sup­
posed equal ton+ l), the Lagrangian function of 
the appropriate mechanical problem can be reduced 
to the following form: 

*We consider only translat.ional motion of the bodies, 
and we take no account of the dependence of this motion 
on their shape and on other parameters. 

-£72 
l 

(kh, l,ci) 

In order to compare the functions Li of (9) and 

L* of (7), we set 

(9) 

*I • L m=m· r=r· = Li, ,, ' (10) 

then 

Consequently, the Lagrangian function Li differs 

from Li" by an expression proportional to the square 
of the mass mi (whereas Li* is proportional to the 
first power of mJ. Only when the mass mi is small 
does the function Li in fact agree with Li*· 

Thus in a treatment of the motion of a body of fi­
nite mass, with quantities of order v2 / c2 taken into 
account, the dependence of this motion on the value 
of the mass expresses itself in an essential way, in 
the actual form of the Lagrangian function. 

Note added in proof (April 12, 1957). In a recent­
ly published article 3, Shirokov and Brodovskii at­
tempt to prove that "the center of inertia of any 
body (not necessarily of small mass-I. F.) of the 
system moves along a geodesic line in the gravi­
tational field of the other bodies," and that the 
equations of motion derived by the principle of the 
geodesic line agree with the equations of motion of 
a system of bodies obtained by Petrova4 by Fock' s 
method. 

From relation (ll) of the present article, it fol­
lows that both these assertions made are incorrect 
(for more details on this, cf. Ref. 5, p. 34). 

1 V. A. Fock, J, Exptl. Theoret. Phys. (U.S.S.R.) 9, 
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The problem of magnetohydrodynamic waves in relativistic hydrodynamics is discussed. 
Equations are derived for the velocity of these waves in the presence of a magnetic field 
making an arbitrary angle with the direction of propagation of the waves in a medium with 
an arbitrary equation of state. The properties of purely magnetic tangential discontinuities 
in relativistic hydrodynamics are also discussed. 

,tN INVESTIGATION by Hoffman and Teller1 was 
ft devoted to problems of relativistic magnetohy­
drodynamics. In the present note we consider in 

more detail the problem of magnetohydrodynamic 
waves in relativistic hydrodynamics. In contrast to 
Ref. l where the absence of a magnetic field along 
the direction of wave propagation was supposed, 

we shall assume the presence of a magnetic field 
whose direction makes an arbitrary angle with the 
direction of wave propagation. Furthermore, we 
shall not assume, as was done in Ref. l, that the 
ultrarelativistic equation of state 8 = 3 p applies. 
We shall conduct the entire investigation for an ar­
bitrary equation of state. Also, we shall consider 
the question of purely magnetic tangential discon­
tinuities in relativistic hydrodynamics where the 
thermodynamic quantities remain continuous. 

MAGNETOHYDRODYNAMIC WAVES IN 
RELATIVISTIC HYDRODYNAMICS 

The energy momentum tensor in rel ati vis tic hy­
drodynamics has the following form 

Here w is the heat function referred to one particle, 
n the density of the number of particles, p the pres-

sure, Ui the 4-velocity component (u; = -1). The 
speed of light is c = l. 

We next denote the energy momentum tensor of 
the electromagnetic field by 

r:~= LJ- Ha.Hr,- EY.Erj + -~- ~(Xrj (W + El)}' 

em i 
TM = 4n: [EH]:<; 

(2) 
T~m= - -1- (EZ + W). 

8n: 

We consider a medium with an infinite conductivity u. 
For such a medium there follows from Ohm's law 

j =a (E + [vH]) 

a relationship between the electric and magnetic 
fields 

E = -[vH]. 

(3) 

(4) 

For one-dimensional motion, all quantities are 
functions of one spatial coordinate (x1 ) and of the 
time (x4 = it). 

The conditions at the discontinuity for such a 
motion may be written in the form of continuity of 
the corresponding components of the total energy-


