866

a consideration of Egs. (17) and (25) that the strong-
coupling approximation is in better correspondence
with the nature of the interaction of the type y; than
the weak-coupling approximation.

The model we have considered gives an idea of
the behavior of the Green function of the nucleon in
pseudoscalar meson theory in the region &* > m?,
i.e., far from the pole k* = m*. Feynman12 calcu-
lated the polarization of the vacuum in the approxi-
mation ¢(x) = const; on the basis of the study of
our model it can be said that his conclusion about
the large part played by the polarization of the
vacuum relates only to the region £* > m?.

In conclusion I express my deep gratitude to
Academician N. N. Bogoliubov for direction and
help in the work, and also to S. M. Bilen’kii, N. P.
Klepikov, L. I. Lapidus, and N. A. Chernikov for

interesting discussions.
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The energy of a weakly excited state of a ferromagnetic or antiferromagnetic crystal in
which each site is surrounded by several electrons is calculated by the method of approxi-
mate second quantization, applied to a system consisting of two types of interacting Fermi
particles. It is found that besides the usual excitations of the ferromagnon-antiferromagnon
type, some additional excitations, which depend weakly on the quasi-momentum, appear in
these systems. A physical interpretation of these excitations is proposed.

l THE PICTURE OF a weakly excited state

¢ of a ferromagnetic or antiferromagnetic crystal,
when there is only one magnetically active electron
at each lattice site, is now fairly well understood.
In the approximations of the spin-wave model it is

possible to approximate the energy of a weakly-
excited state of these crystals by the energy of an
ideal gas of separate Bose-type quasi-particles—
ferromagnons1 antiferromagnons 2 % 4 obeying
the dispersion laws
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E,=1scl(an)?, Eu=*cJ(ap) (1)
respectively for ferromagnets and antiferromagnets,
whereupon two independent branches of excitations
are obtained for antiferromagnets. Here p is the
quasi-momentum, J the exchange integral between
nearest neighbors, and ¢ the number of these near-
est neighbors.

According to the model of Bloch !, each of these
quasi-particles corresponds to the motion of an in-
verted electron spin through the ordered array of
the remaining spins. This simplified homeopolar
model leads to qualitative results which agree with
experiment. Real ferromagnetic or antiferromagnetic
crystals, however, have several electrons with un-
compensated spins at each site.

The first attempt to allow for the existence of
several electrons per atom in a ferromagnetic crys-
tal was made in a very approximate form by Msller5,
who considered all the electrons of the atom to be
in a single state. This approach was so crude that
Méller was not able to obtain any new qualitative
results.

Recently Kondorskii and Pakhomov® have car-
ried out a more accurate calculation of the energy
of a ferromagnetic crystal with several electrons
per atom. In this paper we will solve the analogous
problem for antiferromagnetic crystals. Since the
spectra of ferromagnets and antiferromagnets have a
great many regularities in common, it is expedient
to study them together within a single mathemati cal
scheme. For this purpose we will consider a Ham-
iltonian of fairly general type which describes a
system consisting of two types of interacting Fermi
particles, and determine its lowest eigenvalues by
the method of approximate second quantization of
Bogoliubov and Tiablikov”’ 8 which they developed
for a system made up of identical particles.

By considering the electrons of the individual
sublattices in an antiferromagnet as particles of
different kinds, we can imagine the Hamiltonian of
an antiferromagnet to be a special case of our
general Hamiltonian; the Hamiltonian of a ferromag-
net will be contained in it automatically. We will
thus be able to solve the problem for ferromagnets
and antiferromagnets at the same time.

2. We will consider a crystalline system at the
nodes of which there are two different types of Fer-
mi particles, but with only one particle at each
node. In addition to the principal S-state of the iso-
lated atom there will be other states with large de-
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generacy. Let us say that the wave function of
these states will be cpfv(q, s), where v runs through
a finite set of values. We will suppose that the in-
teratomic spacings are sufficiently large to guaran-
tee that there will be little overlapping of the elec-
tronic orbits. In the representation of second quan-
tization the Hamiltonian of such a system is writ-
ten in the form:

1:1=2A(f1v1v)azva

1 ’ ’
+ T 2 B (fl f2 \)1 Y2 Vl V2) a}t“x af_"_:VZ afz"’,afx\”

1

(2

+ 2 C(gin Vl) Cg.v, glv

Z D(gl g2 1 VZV ) gV cgzvz ngzCEx“

+ ZE(flgz\’lvz";

’ £
v T
2) aflvl afLV:

<
cngz gav,’

(each term is summed over all indices), in which

dahay, Z g Co =
v

=1, 3)

Here the indices f and g designate the sites at
which the Fermi particles of respective types are
located: ay, and ¢,y are self-commuting Fermi-
operators.

Following the basic idea of the method of approx-
imate second quantization, we select two system
functions 6,(fv) and ®,(gv) such that

b (%) O (1) = 3 (0 — ),
' (4)
SN, (g9) Doy (g9) = 3 (0 — )

(where w takes the same values as v) and require
that 0,(fv) and ®,(gv) yield a minimum for Eq. (2)
under the condition (3), if the operators in these
expressions are replaced by the usual c-numbers.
We now consider a canonical transformation

apy = D0 (V) a0, Cov = NP (@) o0 (5)

of the Fermi operators af, and cfy to new Fermi
operators ayy, and cow. We determine the functions
0 (fv)and ®,(gv) for w # 0 by requiring that they
obey the equations:
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EA(fl"lV)e (f1'1)+ 2 B(flfzvl\'z"’ly;)et(f?vz)o(f2\‘:2)6co(f1\"1)

fz('f“fx)VzV V
+ 2 E (F182v1vav) v,) B (f1 Vl) D" (g2 v2) @ (g2 ) = ho ([1) (F1v)-

g, (6)
}_,C (€2v27) @ (&2v) + D) D (G182 72 ) P (827) (41 V)
V, gl('#gz)"x\‘, Vl
X O (g1n) + 2 (Fr @21 v2 Y v) 0" (F1v1) 0 (F1v) P (82 %) =ho(2) Po(g2%2),

fl\‘:Vl v,

where A,(fv) and An(gv) are undetermined Lagrangian the weak interactions of the system. It is easy to

multipliers. show that the original Hamiltonian (2) is repre-

These equations make it possible for us to elimi- ~ sented in this approximation by a quadratic form in
nate from the Hamiltonian, expressed in the new the Bose operators b, and d.
Fermi operators, those terms which contain only one The diagenali zation of the quadratic form obtained
non-zero index . Retaining first-order terms (those ~ above can be carried out by the usual methods. ™ ®
with two non-zero indices w) in the Hamiltonian, For the energy of the system which we are studying
we find that we can introduce new operators con- we obtain:

structed from Fermi operators in the following way:

b —ata . d —cte E=Ey+ S\S\Einl, nl=01,2,..., (@
Jo 10 “fo? Tgo 80 "gw’ ) -
bf+ = a7, 05> A = Cou oo

where E7 is determined from the characteristic
As it turns out, the operators (7) satisfy Bose equation of the system of homogeneous linear equa-
commutation relations approximately if we consider  tions:

O~ (fo) c1 () + 2 {q (fows) ¢y (03) 4 p (for,) Cap (005) + £ (forws) csp (022)

©3

+ t (fows) gy (05)} = 0.

0" () 03 () + )P (Fen) e (@) + 4" (Fs) G () £ (o) S ()

w3

+ & (f‘*)wz) Cap (wg)} =0.
O~ (go) cap () 4 2 {k (03 ®) C1p (W3) + T (G000) Cap (005) +  (G00d5) Cgp. (©05)

2

9)

) + p (gowsy) Cap (@2)} = 0.
O (gw) Cqp (w) + Z {t* (g0 ) C1p (@2) + & (8033 ®) Cau (03) + P (g00633) Cp(033)

w2

+ §7 (gows) Cyp (w5)} = 0,

in which the following matrices have been introduced
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q (foy o) = Y eiwti=p
: fo

fz 17
Vivav, v,

r 7

&2 Vivay v,

ana
&2 VivaY v,

3. We now allow for the existence of several elec-

trons per site and look into the two possibilities.
1. Ferromagnetism. According to Bogoliubov?®,
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S B (fFow ) 52, () € () b (12) 0 1)
p (fores) = S einti) }‘_, Bl 40 60 () 0 (Fam) 0 (1) 8 (5.
E(ouw) = SV e S E (gmomiyl) 65, () 0 () O, (gm) @ (227). 1o
{(oyon) = e S E (fgav 7, 4) 0 () bon (1) @0, (227%) © (g2)-
OF (o) = ko () — Do (1) F By
E, = (c/22) (aw)* R,
ij
E} = E + EJ (ap)?, . . . (13)

the Hamiltonian of a ferromagnetic crystal with al-
lowance for the electronic excited states is written
in the form:

ﬁ = l/’o
1
'TZ— 2 J (fl )‘1 fZ }\2) a}t—)\lcl a;;lzqz af27\251 afl;\lcl

il #f2220.02
(11)

together with the conditions of homeopolarity

D=1, (12)
c

according to which there is at the node f only one
electron in the state A; A =1, 2... z, where z is the
number of occupied states (the number of electrons
per site).

For a positive exchange integral J(f,A,f,A;) >0
the solution of the system of equations (6) can be
put in the form

bo (fMV) =08 (v—0), D, (ghy)=0,

y=o0+1/,=0;l.

It is easy to show that inthis case the basic
equations (10) agree with the equations of Kondor-
skii and Pakhomov®,

By applying the method of “perturbations” to the
equations obtained above we can find that for small
values of the quasi-momentum p the solution of the
system has the following structure:

Ei =E2+ EQ (aw)?,

where the last z — 1 quantities are determined by
the mutual relations between the exchange integrals.
If it is assumed that the exchange integrals between
different states are ]ii =7; ]ioj = J° which seems
to be approximately true for real crystals, then the
solutions of (13) are

Ey =1Yyc2] (ap)?, Ep =z(J°+ cJ),

k=23 ...,z (14)

Comparing Egs. (13) and (14) we see that in a ferro-
magnet only one of the z branches of the spectrum
depends quadratically on the quasi-momentum. For
the other z ~ 1 branches the large constant term
overlaps the small one which depends on the quasi-
momentum and which all but disappears if the ex-
change integrals differ little for different states.

2. Antiferromagnetism. We take for the Hamil-
tonian of an antiferromagnet

]:1 = Eo
/.l N
— 3 ?_, J(fihi82hs) a}t;\,gx

a ch. ¢
A0 A20: A20
Fhgahe0:0 f1A102 “gaha02  g2A20;

(15)

with the conditions

AGhetne =1 ek cao=1.
c

(o]
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Now the solution of the system of equations (6) will
be

o (L) =03(v—w), D,(@v)=00+o0—1).

Under these conditions, after approximations
analogous to those made for a ferromagnet, the sec-
ular equation of the system of equations (9) has 2z
positive solutions:

E, =1/,2c] (ap), multiplicity 2

Ei =2(J%4¢J/2), multiplicity 2(z—1).

Thus it is found that when there are z electrons
per atom a ferromagnet has z independent branches
of Bose-type excitations, while an antiferromagnet
has 2z branches.

In addition to the usual excitations of ferromagnon
antiferromagnon type some new excitations arise,
which depend weakly on the quasi-momentum and
vanish for z = 1.

4. In order to explain the physical meaning of

IU. A. IZIUMOV

these special excitations which depend weakly on
the quasi-momentum, we consider still another sub-
sidiary problem: let us find the energy of a weakly
excited state of a ferromagnetic crystal with one
electron per site, in which, in addition to the
S-state, there are other excited states, designated
by the index A, which arbitrarily assume the values
0,1,...(z=1). In all there will be 2z different
electronic states per atom, since for each “orbit”
the electron can have two spin directions. Ifit is
assumed that an electron with a given spin direc-
tion is in its ground state, then all told there will
be 2z — 1 different excited states possible for the
electrons inside each atom.

From Bogoliubov’s general scheme?® it is a sim-
ple matter to obtain an expression for the Hamil-
tonian of this system. If we require that the follow-
ing condition be satisfied:

N s, 1 . ’ 2
H= 2 L (fAfY) a;r;\(, Qe + o 2 F(firTake firife Ay) a}thoz a;;lzcx
Ao

(fA)o02

1 [y

x z

ale,'f’: aflxicl -
(fA)o.0:

Now let us renormalize the quantity o-and assume
that it takes the values 0, 1: this change will not
affect our results. Since v = (Ao), then w = (AY).
If we take the functions

Z a}';\o- aflc =1 , (16)
Ac
then the Hamiltonian takes the form
an

) F (Fyhafada Fo Xy T k) @ o, 0 g O, Qe

Ors (Fro) = 3 (h— A) 8 (c — ),

(DAE (g).c) = O,

as solutions of Eq. (6), it is not difficult to show
that the non-zero coefficients in Eq. (10) will be

Pu (FAOA0) = SV eintrin Re [F (FA,A50F,0) — F (FAT,A,F,00)],

FA=fP
G (FAOA0) = 3 eiwe=N [F (FAF,0f0f,A,) — F (FAF0f,A470)], (18)
S+])
Qo (FAL Agl) = — 3} eUe=D F (fAf,0f,A,f0).
f+f)
For the problem at hand the characteristic equation of the system (9) breaks up into three equations:
det][qu (FAT A1) + @7 (FA 1) 3an,|| -det |l g, (FAT Ay 1) + ®F (fAL) 34, ([ =0,
(19)

gy (FAO0A,0) + @7 (fAO) 354

2

P (FAOA0)
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The first two equations in (19) are each of order z;
the third, of order 2z — 1. It is not difficult to show
that if £, is a root of Eq. (19), then —E , will also
be a root, so that there will be 2z — 1 positive sol-
utions.

In the determinants of the matrices on the left
hand side of Eq. (19) there appear only matrix ele-
ments with 3 = 0 or with 2 = 1; consequently we
conclude that the group of eigenvalues of the Ham-
iltonian (17) can be split up into two independent
subgroups—one with spin excitations, one without.
The equations of order z describe the spin excita
tions of the crystal. For the case z = 2 they are
easily solved and yield two positive solutions:

Ey =810+ 2¢)15 + /1 (oo + J11i— 2J10) € (an)?
E: = Alo + 1/4 (Joo + J11 + 2‘]10) ¢ (a[x)z, (20)

where ]AxAz = F(fA,f,0f,A,f 0) are the exchange in-

tegrals between two electrons A, and A, of neigh-
boring atoms, occupying either the ground state or
excited states. A,, is just the difference between
the levels of the electrons in an atom of the crystal.

We now turn our attention to a deep analogy which
exists between Eqgs. (20) and the equations of Kon-
dorskii and Pakhomov®. The latter describe the
spin excitations which arise out of nearest-neighbor
interactions of atoms, each of which has two elec-
trons fixed in their “orbits.” Equations (20), how-
ever, describe the analogous excitations for a sys-
tem in which each atom has one electron in the
lower state, so that in order to transfer the electron
to the next “orbit” it is necessary to supply it with
an energy A,,. Consequently Eqs. {20) describe the
spin excitations after part of the electrons has al-
ready gone into the excited state. We will not in-
vestigate the excitations without spin here.

We have carried out an analysis of the solution
for z = 2. Great technical difficulties arise for the
other cases. We assume that the exchange integrals
J ;; are identical for different pairs of states ().

In this case the first equation of (19) yields

EL=fAy) +eal, z—1); Ep=A(aw? (21)

where f(A;;) is some function of A;j, the difference
between energy levels, which vanishes when

A;; =0. Equation (20) now becomes identical with
Eq. (14) for a ferromagnet with z electrons per atom.
Thus we come to the conclusion that in a system
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with several electrons per atom, the appearance of
the new excitations which depend weakly on the
quasi-momentum is connected with the possibility
of exchange between electrons separated by energy
gaps.

We still have to explain the significance of the
solutions which depend on the quasi-momentum:

E. =1/,ycz] (aw)?. (22)
In the ground state at each site there are up to z
electrons with their spins directed, say, tothe left.
The total spin at this node will be —z/2. If ata
site there were just one particle with spin s = z/2,
instead of z electrons with spins s = 1/2, the num-
ber of possible orientations of this spin would be
2s + 1 = z + L. Such particles could have z excited
states. The solution of the problem for these par-
ticles would be
El =1,cl(ap)2, j=1,2,...z

If we compare this expression with the first equa-
tion of (1), we come to the conclusion that each
such excitation hasto correspond to a change of
the spin projection by unity. Then a change of the
spin projection by z units has to correspond to the
energy

Ey="?/yzc] (ap)? (23)

whereupon the spin projection becomes equal to
z/2, i.e., the spin flips over. But Eq. (23) agrees
with (22), so that latter ought to correspond to a
change of the spin projection by z units, i.e., the
entire group of spins surrounding the atom flips
over as a whole. We did not find any other excita-
tions of the system which depend on the quasi-
momentum in the same way, so we conclude that in
a ferromagnetic crystal (containing up to z magnetic-
ally active electrons per atom) spin waves are prop-
agated in which a whole group of spins at the site
acts as a unit. This is a natural extension of the
idea of a ferromagnon to the case of z electrons
surrounding the site.

For antiferromagnets the interpretation of the
elementary excitations has to be analogous.

In conclusion I take the opportunity to express
sincere appreciation’to Professor S. V. Vonsovskii
and to G. G. Taluts for valuable discussions.
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Equations with variational derivatives for correlation functions have been derived. A
method is developed for solving these for various systems in statistical equilibrium. A
“superposition” theorem is derived for obtaining the correlation functions when the inter-
action between the particles of the system can be described as the sum of long and short

range forces,

THE BEHAVIOR OF A statistical system of in-
teracting particles is determined by the corre-
sponding distribution functions of these particles
Folx, %5, ... ,%)(s=1,2,3,...). Bogoliubovl
has shown that the functions F5 can be represented
by variational derivatives of the functional intro-
duced by him, and the series of equations for the
determination of these distribution functions were
first obtained by him. As Bogoliubov also pointed
out?, his functional does not have a direct physical
interpretation; he therefore pointed out a method in
Ref. 2 for the construction of other functionals,
based on the idea of the inclusion of the external
field, in a manner similar to that employed in the
Schwinger theory of the Green function.

In the present work, starting out from a function-
al for the free energy of a system of M types of
particles in an external field ¢ (x), closed equa-
tions are found with variational derivatives for the
unitary distribution function for different forms of
the functional argument; with the help of these de-
rivatives, a method of determining the correlation
functions has been deduced for systems of particles
with different interactions: Coulombic ®, (r), an in-

teraction decreasing rapidly with distance, &, (r),
and an interaction of the form @ (r) = @, (r) +®, (r).

1. FREE ENERGY AS A FUNCTIONAL.
DISTRIBUTION FUNCTIONS. EQUATIONS
WITH VARIATIONAL DERIVATIVES

Let us consider a system of ¥ types N, mole-
cules of the ath type. Let this system be located
in an external field ¢(r). The probability density
function of the position of the molecules is deter-
mined by the Gibbs function:

1 1
D = exp{—f@ (UN+ E‘Pa(ri) )}
\ a,t

1
Q:Sexp {—@i) (UN—l—Z ®, (ri))}dﬁc, (1)
Uy = 2 Da, (Erai——r\b,-{), V

where Uy is the potential energy of interaction of
the particles with each other; r,; determines the
position of the ith molecule of the ath type, while:
the summation is taken over all different pairs of



