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A model is considered in which a spinor field interacts with a pseudoscalar field, the
classical pseudoscalar field being independent of the coordinates. Owing to the proper-
ties of the model the equations for the Green function are considerably simplified, and this
makes it possible to find their exact solution. An investigation of the Green function is

carried out.

IN VIEW OF the great difficulties in principle that
stand in the way of the solution of the equations
of quantum field theory, methodological interest at-
taches to the study of particular models for which
exact solutions of the corresponding equations can
be obtained. A large number of papers'~° have been
devoted to the consideration of various models. The
model of a renormalized field theory proposed by T.
D. Lee? is studied in some papers®%, while
others®6 consider generalizations of this model or
use Lee’s idea to construct a new model?:8. Con-
sideration has been given to a model of a meson
pair theory® and to a number of other theories.

The purpose of the present paper is the investiga-
tion of a new model, in which the equation for the
Green function of the fermion can be solved exactly.

1. STATEMENT OF THE MODEL
We consider an interaction of pseudoscalar (for
simplicity, neutral) bosons with fermions, which is
characterized by the Lagrangian

L =g:F@uTE:e@+Mx, @

where M(x) depends on the operator ¢(x) of the
boson field and can include a “classical source”

G(k|J]) =

term J (x) ¢(x) and also counter-terms for renormali-
zation. The model considered is such that the clas-
sical boson field does not depend on the coordinates.

Abrikosov and Khalatnikov!? have examined the
point interaction

g¥ ()T (x) ¢ (x)

as the limit of the “smeared-out” interaction

g{FOIY W)@ K (x—y x—2)dydz

with limiting momenta A, and Ay satisfying the con-
dition A, > A ;. In terms of this two-limit technique
the model we ﬁave studied corresponds to the case
in which the limiting momentum A of the boson is
equal to zero and the limiting momentum )\¢ of the
fermion has gone to infinity.

To find the Green function of the fermion we
employ the formulas obtained by Bogoliubov 1,
which express the Green function G (x, y|J) in
terms of the Green function G (x, y|¢) of a single
fermion in the classical field ¢. In momentum

space they have the following form!:

(oo exp{— 5 {dpem D2 (012 ) Gertelo)

—_

1

X EXP{ESdﬁSdpqupvs Gelp—a,p|39)e(q) + S M(p)dp}
0
1

{soexp{— 3\ dpemD1(p) o (e}

(2)

X exp {Eo S dg
0

Sdpdqspvs(;cl(p~q,plBso)cp(f/) +§ M(p)dp}
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(M4 1uks) Ger (ks B | 9) — 75\ dq Cer (k —q, k| 9) 0 (q) =5 (k— F), (3)
[m+ 1w ku+ (o1 pue (0) 575 — 27 (dp ¢ (] Gartl9) = 1. @)

Here g = g(27)%, and the matrices y and scalar
products are defined as follows:

=0 k=123, =i

15 = T172 s p’ AB == A4B4 + AB.

.In the model under consideration the limiting mo-
mentum )\¢ of the boson is equal to zero, i.e.,-the
boson is, so to speak, smeared over the entire
x-space, and the limiting mhomentum A, of the fer-
mion has gone to infinity, i.e., the fermion is a
point particle. If we study the behavior of the
Green function of the fermion at momenta satisfy-
ing the condition £* 3> A%, our present model is the
limiting case for A, > 0.,

©o 1
§ dee™ G (k@) exp {Shg’ §43§dpSpvs G (pp; Be) e+ M(e; J)}
0 Q

In this model ¢(x) does not depend on x, so that
we get the required formulas if we replace (p) by
¢3(p), the variational derivative /0y by the ordi-

nary 9/9¢, and the Feynman integral S&pF(C{J) by

the integral over a single variable, S doF (). Here
—00

also the Green function D(p, p') of the free boson

field goes over into d x 8(p)é(p’), where d is a con-

stant. The equation for G (k, x: ¢) now takes the

simple form

(m+Tp.kp,—§T5(?)'Gcl (ky X, ‘?)—_—1 (4)

The unrenormalized Green function G(k; /) is then:
expressed in terms of G.j(%; ¢) in the following
way:

Gk J)="= — : , 5)
§ dee=¥12¢ exp {815' §dB§dpSpys G, (p, p; Be) @ + M (4; J)}
—e 0 Q
where
G, (ki %) = (M—Tu ks 4+ g19) [ (M* + B + g %), ©)

and here &im 8)\ = 8(0), i.e., the S-function of

zero; g' is the priming coupling constant. In Eq.
(5) the integral with respect to p is taken over a

finite four-dimensional region (), prior to carrying
out the renormalization.

On the other hand, the expressions obtained in
our model for the Green function of the fermion can
be regarded as a sort of approximate Green func-
tion of the nucleon of quantum field theory, if we
assume as a first approximation ¢(x) = const. It

G (k) = (2rd)™ |

We use expression (6) and get

was just this approximation that Feynman used to
estimate the role of nucleon-antinucleon pairs.

2. ONE-PARTICLE APPROXIMATION

Let us consider the so-called one-particle ap-
proximation, which, in the language of Feynman di-
agrams, reduces to the neglect of closed fermion
loops. In this approximation the Green function
G(k) is very simply related to the Green function
G.1(k; ¢) of a single fermion in the classical field
¢, namely:

=924 do Gy, (k; o). W)

-]
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m—y, k, @)
m? 4 k2 4 g2 o2 )

G (k) = 2 (2=d)—" S doe—" 124
0

The integral in Eq. (8), convergent in the region £* > 0, can be expressed in terms of the probability
integral

On this basis we write the Green function G(%) in the form

G = Dot Vo (L exp Y [1 o () TR ©)

for g* #0.
Let us find out whether the function G(k) can be represented as a converging series in powers of g°.
For this purpose we write G(k) in a different way, namely

[+5]

-— k —_
" dee—x (m? == k% + 2dg? x)—'h. (10)

GO = Yo
0

Integrating by parts n times we get

m—y, & o2 d o4 g2
G ) = " {l — b + 13 iy T

dn g_zn

e (= D@ —
+(— 1" (2n )(m2+k2)”

+ g2%n+D (2n 4 DY m? + k% dr+t (10"

o0
v S e *dx }
J (m? + k% 4 2d§2 x)(2n+3)l2 )

Let S, be the sum of the first (n + 1) terms of the expansion in power of g?; then

lim o2\ ~—n G k __S =1 9 (2ﬂ+1)” n+1 B_xdx _
zho(g) [G (k) — Sal g.ff:g Ve T d §(m2+k2+2d§2x)(2n+3),2 0

From this it follows that G(%) can be represented by the following asymptotic series

m-—vy, k ® — d n
n=0

This series is of the type summable by Borel’s method!3:1%4, This means that from the coefficients
of the asymptotic expansion one can recover the original function by using the generalized Borel meth-
od. To show this, we represent unity in each term of the series (11) as
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[e-]

2 1 1 e?

= Vi o @ ) ¢ ey,
0

We interchange the order of summation and integration and obtain

2 M=tk ¢ B, @\
G(k)N Vord m? _i_szp Se ¢ Izdd’? Zgn(_ m2—_i_k2—> . (12)
0

n=0

We then write unity in each term of the series (12) in the form

[e0]
1 ——L,S e~*x"dx,
n
0

interchange once more the order of summation and integration, and get the convergent series

2 m—vy, k ’y @ *® (—1)" — 0?2 n
Gk = oz g de*@”?"% emdx 3y an gt (—n:ur—kz)
0 0 n=0

We thus recover the original function (8) from the asymptotic series (11) by using the generalized
Borel method.

It must be remarked that in the case of the symmetric (not the neutral) theory the Green function of the
fermion must be written as follows:

@

G (k) = | dx (m — ) €™ (1 4 2agen) ", (13)

0

3. THE EXACT GREEN FUNCTION OF THE FERMION

For our model it is possible to find the exact Green function of the fermion, neglecting none of the
Feynman diagrams.

First let us consider the nonrenormalized Green function G(k). We substitute into Eq. (5) the function
G.1(k; ) in the form (6) and get

[e2]
m—- k 2 2
S _Lkz—:u exp{ Sdﬁg 0+‘Zip_2 23“+M(cp)~;;d}d<p
o M? g°9* o m°+p g eTp®
Gk = =5 . (14)
{ exp i, { pap | e +M(@)—fﬁ} do
R oy mr Pt + g%e32 2d

Since the model under consideration corresponds ~ But we do not do this, in order to avoid divergences
to a certain degree to the behavior of the nucleon of the type of the infrared catastrophe.
Green function of pseudoscalar meson theory for If we carry out the renormalization
large k?, i.e., very far from the pole k* = m?, the = s 4
mass of the fermion should be set equal to zero. & = grom,
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the Green function G(k) degenerates into
G (k) = (m— 1uky)/(m* + &2),

i.e., into the Green function of the free fermion
field. This occurs because of incorrect perform-
ance of the renormalization. In the carrying out

of the renormalization there are certain peculiar
features, owing to the nature of the model, i.e.,

to the fact that all the virtual mesons transfer only
Associated with this are diver-
gences of the form 8(0). There are also diver-

zero momentum.

gences in those Feynman diagrams that involve
fermion pairs, i.e., in the boson self-energy dia-
grams, the diagrams of boson-boson scattering,
and also the corresponding overlapping diagrams.

Owing to the presence of these two types of di-
vergences we carry out the renormalization in two
stages: first we renormalize the fermion Green
function

G" (k) = (3,m*) G (k)

and corresponding to this we renormalize the
charge, and then, in the second stage, we remove
the ordinary divergences associated with the fer-
mion pairs.

To carry out the renormalization

G" (k) = (0am") G (k)

one must either add to the Lagrangian a counter-
term having the operator structure of the free fer-
mion field, i.e., a term of the form

L' (1) = — /o [Bymt —11: ¥ ()

i (m—iv,0/0x,) ¥ (x) : + compl. conj.

or predetermine the pairing of two fermion opera-
tors in the following way:

(T{E () (1)} = (B m?) L SF (x — x).

In both cases this leads to the charge renormaliza-
tion g" = (5}\m4)"g'.

To carry out the second stage of the renormali-
zation we use the counter-terms B¢* and 4¢?,
where A and B are certain constants that go to in-
finity as the region of integration 1 is extended to
the entire four-dimensional space. The term Beo*
corresponds to the direct interaction of bosons; a
counter-term of this form is necessary in carrying
out the renormalization in pseudoscalar meson the-
ory. In our case it is contained in }'(¢). The
counter-term A¢? is obtained by the predetermina-
tion of the T-product of two boson functions (cf.
Ref. 15) and occurs in the expression for the fer-
mion Green function in the form

exp {—¢*(d™+ A4)/2}.

The presence of these two counter-terms makes it
possible to cancel from the integral

o2 2
Sdp £
5 mPEpitgiets?

the terms proportional to ¢* and ¢*, which diverge
for Q) » o, with the result having the appearance

|

(S

2

E; o3 32 }
(m?* + p?)?

g2 (Pﬂ
e

6

(15)

The divergent part of the coefficients 4 and B is
uniquely determined, but in the determination of the
finite parts there is a certain arbitrariness. As is
well known, for the term Bg* this leads to the ap-
pearance of an additional coupling constant. The
arbitrariness in the determination of the finite part

. 4(96
Sdp — .
(m®+ p?)® (m? + p* + g* ¢* B%)

o]
o]
2

of the coefficient A exists only in our model and is
due to the absence of the condition

lim G (k) (m + Y, k) = 1.

Yp.hp." —m

imposed in field theory. In view of the presence of
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this arbitrariness we can subtract from the expres-
sion (15) some finite function N(¢) = ag? + bet.

As the result of the renormalization, the Green
function G'(k) takes the following form

© 1
—y, R Pr 6 2
S __mi_ﬁ_exp{_‘g_‘i 85d 9%dp _ _N(q))_%i}qu
2, MR tge? m (m?+p*)*(m?+p*+g*9°B?)
G' (k) = = —3 (16)
8° S 5 ¢°dp @?
exp {~ 2o\ B%3 S = —N(9)— 57 do
_&m m? ) (m24-p2)¥(m2—-p2+ g2p2B2) 2d
We evaluate the integral in the exponential function and obtain the final expression
o m—vy, k 4 2 2\ —n2(1+g2¢2m?2)2
—9%2d Yt (e id 22 q’_>‘
Vot e 1 () (5} (8 5
G’ (k) =2 , (17)

O'./}S

where f, and f, are arbitrary constants. The inte-
grals over ¢ converge for £* > 0, and the values of
the constants f, and f, cannot affect the conver-
gence of these integrals.

From these considerations it can be seen that
the renormalization procedure can be carried out
consistently without the use of perturbation theory.

The properties of the propagation functions of
fermions and bosons and of the renormalization
constants have been studied by Lehmann 16, Gell-
Mann and Low!7, and Kallen 8.

Lehmann considered a neutral pseudoscalar field
¢(x) interacting with a spinor field ¥(x). Without
making any special assumptions about the form of
the interaction, but assuming that the theory is
relativistically invariant and that the energy oper-
ator possesses a smallest eigenvalue, which is
normalized to zero, he obtained the conditions that
must be satisfied by the elements of the suitably
written propagation functions and renormalization
constants.

It is of interest to write our fermion Green func-
tion G'(k) in the form given by Lehmann and ex-
amine whether these conditions are satisfied. If
we take into account our notations and the proper-
ties of the model considered (absence of a discrete
level at £* = m?), Lehmann’s formulas can be writ-

: s 2 —; @2\~ (1+getim2)t
e=®'2dg exp {fl (%) +ia (%) } (1+g2 3,;;5\)

ten in the following way: the fermion Green function
has the form

X —Yu kp,) p1 (x?) — p2 (x?
k2% 4 %2

G (k) = S d ()= ) (8

ml

where p,(x?)and p,(x*),defined for positive values
of the argument, must satisfy the inequalities

b1 (2) >0, 209y () > 0,() >0.  (19)

The renormalization constants have the form

zt = { ey (o)

m

=2, | [(m—06) + 52 6314 (), (20)

m?

where Z, must satisfy the inequality

Zy,>0. (21)

In order to get G'(k) in the form (18), we make
in Eq. (17) the change of variable x* = m* +3g%¢?,
valid for Z* # 0; then
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€ dee) =y k) —(c—m) 22\—«%unmn’ o
S, Vir—m? x? + k2 < m? ) ¢
G (k) = — , : (22)
S d(xz) %2 \_r:’(u?]m?)’ ——K','Zg—'d
Vxt—m? ( m? ) ¢
me
here %x= ()" and, for simplicity, f, = f, = 0. Comparing Eqgs. (22) and (18), we get
1 <L2_)—’r’(u’lm'~')' o—*l2g*d
Vi@—mz \ m? o
() = — » P2 (#%) = (¢ —m) py (7). (23)
d(KZ) w2 \—m2(x2/m2)? —-Y.2}2Eﬁ‘d
S V x?2 —m? ( m? ) ¢
ml

It can easily be seen that p,(x*)and p,(x?) satisfy
the conditions (19). Substituting the values (23) for
p: and p, into Eq. (20), we get

(24)

The fulfillment of the conditions (19) and (21)
shows that our model is free from internal contra-
dictions.

It has been shown by Lehmann that if

o]
m2

then at large momenta the exact Green functions ex-
hibit the same behavior as the free Green functions.
In our model this integral is equal to unity, so that

p1 (%) d (+*) (o0,

the fermion Green function G'(%) behaves like 1/yk
at very large momenta.

From the consideration of the fermion Green func-
tion G'(k), taken in the form (17), it can be seen
that G'(k) cannot be represented as a convergent
series in powers of g*>. Moreover, neither in the
numerator nor in the denominator of (17) can the in-

tegrand be expanded in convergent power series in
2
g.

nite number of supplementary integrations over the

It turns out to be impossible to introduce a fi-

parameters in such a way that the integrand could
be represented in the form of a convergent series in
powers of the interaction constant g*. This sug-
gests that the series of perturbation theory cannot
serve as the basis for carrying out any investiga-
tions in pseudoscalar meson theory. '

We proceed further to write G'(k) in the form

Cdpee) m—y, ky @ T 0mY —x2|2gid
S ViZ—mt *x2+ & (EE ¢ ¢
G (k) =2 (25)
o 1 (%2]m2)? ’
_d(e) (w2 )T e o —*?l2g7d
V2 —me\m?
mi

valid for g2 # 0. From this expression it can be
seen that both in the numerator and in the denomi-
nator the integrands can be expanded in series of
inverse powers of the coupling constant. These
series under the sign of integration over »”are con-
vergent, and even if one carries out the integration
term by term each term of the series obtained will
be finite.

It must be remarked that the contribution from the
polarization of the vacuum is included in the first

term of the expansion in inverse powers of the
coupling constant; the vacuum polarization does
not occur in the perturbing term.

If in the case of the one-particle approximation
one expands the integrand in a series of inverse
powers of the coupling constant, then after integra-
tion each term of the series, except the first, will
be infinite. This leads to the conclusion that the
inclusion of the vacuum polarization decidedly
strengthens the coupling. Moreover, it follows from
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a consideration of Egs. (17) and (25) that the strong-
coupling approximation is in better correspondence
with the nature of the interaction of the type y; than
the weak-coupling approximation.

The model we have considered gives an idea of
the behavior of the Green function of the nucleon in
pseudoscalar meson theory in the region &* > m?,
i.e., far from the pole k* = m*. Feynman12 calcu-
lated the polarization of the vacuum in the approxi-
mation ¢(x) = const; on the basis of the study of
our model it can be said that his conclusion about
the large part played by the polarization of the
vacuum relates only to the region £* > m?.

In conclusion I express my deep gratitude to
Academician N. N. Bogoliubov for direction and
help in the work, and also to S. M. Bilen’kii, N. P.
Klepikov, L. I. Lapidus, and N. A. Chernikov for
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The energy of a weakly excited state of a ferromagnetic or antiferromagnetic crystal in
which each site is surrounded by several electrons is calculated by the method of approxi-
mate second quantization, applied to a system consisting of two types of interacting Fermi
particles. It is found that besides the usual excitations of the ferromagnon-antiferromagnon
type, some additional excitations, which depend weakly on the quasi-momentum, appear in
these systems. A physical interpretation of these excitations is proposed.

l THE PICTURE OF a weakly excited state

¢ of a ferromagnetic or antiferromagnetic crystal,
when there is only one magnetically active electron
at each lattice site, is now fairly well understood.
In the approximations of the spin-wave model it is

possible to approximate the energy of a weakly-
excited state of these crystals by the energy of an
ideal gas of separate Bose-type quasi-particles—
ferromagnons1 antiferromagnons 2 % 4 obeying
the dispersion laws



