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radius attains such a value that the energy of nu-
cleons with the largest value of angular momentum
equals the Fermi limit. This makes it possible to
explain qualitatively the experimentally observed
fact that the mass of the larger fission fragment is
is equal for different elements. As it is well known,
the mass of the lighter fragment varies within much
wider limits. Evidently, for all studied fissile nu-
clei, the maximum values of the nucleonic angular
momentum coincide prior to fission. Most probably,
all of them then posses a pair of neutrons with an
angular momentum of the order of 5-6. The angular
momentum of these nucleons determines the cross-
section of the wider end of the nucleus which sub-
sequently forms the heavier fission fragment. It
follows from this approximate quantization of the
size of the heavy fragment that the variations in

its mass are smaller than is the case for the lighter
fragment.
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The problem of singling out the collective degrees of freedom of a system consisting of
N interacting particles is considered. It is shown that for some special states of internal
motion, the energy of the system in the center of mass system can be represented as the
sum of the energy of internal motion and the rotational energy. The concept of the moment
of inertia of a system of N interacting particles is introduced.

INTRODUCTION

T PRESENT it has been established that the
lowest excited states of nuclei in the mass

number range 150 < 4 < 190 and 4 > 225 are rota-
tional states. Such states arise in Coulombic exci-
tation of the nuclei, in processes of radioactive de-
cay, and also in inelastic collisions of particles
with the nucleus.

An explanation of rotational states of the nucleus
in the quasi-molecular model of the nucleus pro-
posed by A. Rohr! is related to the motion of a

wave around the nucleus. The nuclear matter is re-
garded as anincompressible, irrotational fluid (the
hydrodynamical model). The part of the nuclear
matter which participates in the rotation, according
to the hydrodynamical model, is proportional to the
square of the deviation of the form of the nucleus
from a sphere. If we assume that the nucleus has
the form of an ellipsoid of rotation with semiaxes

c and a, then the moment of inertia of the nucleus
is given by

J=1/,mA (¢ — a??/ (c? + a?),
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where m is the mass of the nucleon, and 4 is the
mass number of the nucleus. For small deviations
from spherical form J=2/;mARX(AR / R,)?, where R,
is the radius of the sphere with volume equal to
that of the nucleus, and AR is the difference be-
tween the larger and the smaller semiaxis. If it is
assumed that the nuclear charge is uniformly dis-
tributed, then the quantity AR/R, will correspond
to the quadrupole moment Q, = */; ZR2AR / R,. in
a coordinate system fixed with respect to the nu-
cleus. Determining AR/R, from experimental val-
ues of the quadrupole moments, we find values of
the moments of inertia (for R = 1.2 4% 107" cm.)
which are 3—5 times less than the experimental val-
values2, In addition, it is found that the experi-
mentally determined moments of inertia of nuclei
with odd 4 are (up to 40 percent) larger than the
moments of inertia of even-even nuclei with approx-
imately the same deviation from spherical form3.
Both of these facts indicate the inadequacy of the
hydrodynamical model of the nucleus2. 3. In this
connection, a number of papers have appeared re-
cently concerning the separation of collective and
one-particle degrees of freedom in nuclei. In the
paper by Inglis4 the kinetic energy of rotation was
obtained by studying the motion of the nucleons in
the rotating self-consistent field of a three-
dimensional harmonic oscillator, which deviates
slightly from spherical symmetry. Similar calcula-
tions are carried out by A. Bohr and Mottelson3
who take into account deviation from the self-
consistent field due to the sum of pair interactions.
In both of these papers over-determined coordinate
systems are used, i.e., coordinates describing the
orientation of the self-consistent field and coordi-
nates of the center of mass are introduced as addi-
tional superfluous variables. As is well known, a

similar difficulty conceming the center of mass co-
ordinates occurs in the shell models. It is usually
assumed that for a large number of nucleons the su-
perfluous coordinates change only slightly the re-
sults of investigations of intemal nuclear motions.
However, in investigations of the collective mo-
tions of the nucleons in the nucleus, it is neces-
sary to study the change of just these superfluous
variables, so that a special investigation of the
possibility of such investigations is needed. In the
papers of Tolhoek5 and Coester6, which are devoted
to a study of collective motions in nuclei on the
basis of the N-body problem, the possibility of

separating collective and internal motion is as-
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sumed; however, the choice of the coordinates de-
scribing the internal degrees of freedom remains
unspecified.

In the present paper we examine the question of
distinguishing collective motions in a system con-
sisting of NV interacting particles. In the first sec-
tion, using the example of a system consisting of
three interacting spinless particles, we carry out
an explicit separation of the collective degrees of
freedom associated with the translational motion of
the center of mass of the system and the rotation of
the system. We give an expression for the square
of the angular momentum of the whole system in
terms of collective angular variables, and condi-
tions are indicated under which the energy of the
system can be represented as a sum of an internal
energy and a rotational energy, determined by a
moment of inertia which depends on the intemal
motion. The results obtained in the second section
are applied to the case of a system consisting of
one light and two heavy particles (hydrogen mole-
cule ion). A system consisting of N particles is
studied in the third section.

1. SYSTEM CONSISTING OF THREE
PARTICLES OF EQUAL MASS

We consider three spinless particles of equal
mass m, interacting with central forces of an arbi-
trary type. Letr,, r,, r; be the radius vectors loca-
ting the position of these particles in space. We
go into the center of mass system (c.m.s.) xyz by
introducing new coordinates according to:

Ys(ey+ro+13) =R, —r; 4, (r; +13) =,

—r+rs=p=2q/V3. (1.1)
In the c.m.s. the kinetic energy operator
T=T;+T: Tg=—(k/2u)A, (1.2)

T’ = (hz/QV‘) Ar

is the sum of the kinetic energy operators of two
equivalent particles of mass p = 2n/3, which com-
pletely describe the behavior of the system of three
particles in the xyz coordinate system. Instead of
the vectors q, r we introduce polar coordinates.

Then
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o= — g o7 (37) — L3}
T, Jfr {gr— (:,z 37) L%}’
Ly=—ilqVl, Ly=—ilrV],
Lt = = fimw, o, (9 35,) + s o)
{Li}z= _‘73%;” I=rq

We introduce a new, moving coordinate system
(&, {) related to our particles in such a way that
the {~axis coincides with the direction of the vec-
tor q, and the & {-plane coincides with the plane
of the vectors r, q. In Fig. 1

‘(

the direction of the z axis and the vectors q and r
are indicated by the points z, g, r on the surface
of a unit sphere. The broken line represents the in-
tersection of this surface with the xz plane. The
polar angles ¢, and 8, of the vector q, and the
angle @ between the planes going through the axes
z, { and {, &, completely determine the position of
the system. In addition, let § be the angle between
the vectors q and r. The angles ¢ 9, &, 6 are de-
termined by the angles ¢4, 94%,, 9, with the help
of the relations

P=Pp ¥ = 8q’
+cosd cos¥ , sinbsind =sind, sin(e,—9,)

sin 6 cos ¢

= cos & sind, cos (¢, — ¢ ) — oS 9, sin 9.

‘ r
The potential energy of the system as a function of
the distances between the particles will depend
only on the coordinates g, r, 6., which we shall call
the internal coordinates

V=V({Vr4q/3+ 2rcost]V3,
Vet +q2/3—2gr cos 6 /V3).

29/V'3,
(1.3)

cosl = sind, sind, cos (e, —3,)
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We shall call the angles ¢3¢ determining the orien-
tation of the system £7 { the external or collective
coordinates.

The operator corresponding to the total angular
momentum of the entire system has the form

iL=—ii{qxVr+rx V] (1.4)

In the new variables we have for the operator cor-
responding to the square of the angular momentum

(1.4).
B2 = — 32 {Sl:s aaa (sm y )

+slni& ( it 2C0830q)0¢ + aqﬂ)}’ (1.5)

#L, = — ihd | Op. (1.6)

In going over to the variablesr, ¢, 0, ¥, ¢, ¢, the
H =T +V of the entire system is expressed by the
equation

H o= 4V +#L2)2uq —r,
R 8 [, 0\

# =— g5 (P 5)
2 02
& o

(1.7)

rd ()

1 1 1 9 02
+(F+' ) Sin0 96 (sme ae)"‘ smze a¢2]
(1.8)
#2 ([sing @ 0 . d)] a9
T o= W{[ém—s&;—cosqb 55 + cotssm<p3¢;]7ﬁ
7} . d coséd 0] 9
~+ cot [cot ¥ cos ¢ a—b—-l- sing o =+ EET)B‘EJ%‘}’
(1.9)

the other operators involved in (1.7) were defined
earlier.

It is easy to see that the operator corresponding
to the square of the angular momentum (1.5) and its
projection (1.6) commute with the complete Hamil-
tonian of the system (1.7). Consequently, the quan-
tities corresponding to them will be integrals of
motion. The square of the total angular momentum

" operator and its projection have eigenvalues and

eigenfunctions given by the equations

£2D%x =L (L + 1) D, (1.10)
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L. D = MDjx,

M,K=0,+1+4... &L,

D}wK = eiMq: dku( (%) eiKRO

(1D

VI +MIL—

ML+ KL —K)

dik (9) = X (— 1)*

K—w)!(L+M—x)!x! x+M—K)!

% Cos2L+M—K—2x (_g_‘\) sinzx M-« [ ;;’_) ]
/ \ 2]

The functions DﬁK are the irreducible representa-

tions of the three-dimensional rotation group, first

introduced by Wigner?. They form a unitary matrix
and satisfy theorthogonality relations

k1l 21 21

8n?

gsin '9d38d<? S d(t)Dan D:,f](l = 7L—+T aLl aMm 3](1(/.

0 0 0

For M =0 or K =0, the functions D,L';K reduce to

the spherical functions

Dito = l/zL F1
L __ 4
Doc =y i1 Yix (9, 9).

The stationary states of the system of three parti-
cles are determined by the Schroedinger equation

Yim (e 9),

(1.12)

(H—E)d=0. (1.13)

Let us consider the states with definite values of
the integrals of motion L and M. The wave func-
tions of such a state can be represented in the

form
PEVEIESY 3 Dlsc (2, 9 $)ec(r, 0, 0
(1.14)

In particular ¢ = ¢ (r, ¢, 6) for L =0, i.e., the
properties of the system in the s-state do not de-
pend on its spatial orientation and are determined
only by the internal coordinates r, g, 6. The wave
function ¢, (r, g, 0) satisfies the equation

Ry 1 9 [, 0N\, 1 3/,
= 72‘?(’ o)+ (@ aq)
1 1 1 2 . 0
+ <F +5 e Cin03)] (115

+V-—E}<,oo(r, g, 6) =0.

We substitute (1.14) into (1.13), multiply the result

by \/(ZL + 1)/80% D;n[z' and integrate over the ex-

ternal variables. Then we obtain the system of
equations

{gmgs [L L+ D) — K (K + 1)1 +2 (K) —E]

X = DK 17| K') og (1.16)
KI
(K|=|K) =221 SDMK,T:D;WLKdQ (1.17)
201 9 (, 0
L) =— 5w (" 5)
1 9/, 9 1 1 (1.18)
+ g () + G+ )

X o o (sin0 2) — oo | - KUy,

The operator of internal motion (1.18) depends only
on the absolute value of K. The diagonal elements
of the matrix (1.17) are equal to zero.

If we omit the right side of (1.16), we get the

system of independent equations
{(a%/2uq") L (L + 1) — K(K + 1)]

+£(K)— By (r, g, ) =0. (119
The system of equations (1.19) will be a good ap-
proximation to (1.16) if two conditions are met:

a) the system of three particles has axial symmetry
in the coordinate system fixed with respect to these
particles, and b) the { axis of this coordinate sys-
tem coincides with the axis of symmetry*.

We shall assume that both these conditions are
fulfilled. In this approximation the number K is a
good quantum number; its value determines the pro-
jection of the angular momentum on the { axis. For
K =L, equation (1.19) goes over into the equation

* The multiple-valued nature of the choice of the sys-
tem £, n, { is important for the symmetry properties of the
wave function, and will be considered in a subsequent pa-
per, where systems of particles with spin will be studied.
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(£ (K)— =12 (r, 4, 0) = 0. (1.20
Solving equation (1.20) we obtain a series of energy
levels. We number these levels in order of increas-
ing index a, which takes on the values 0, 1, 2, ...,
and designate the corresponding wave functions by
¢ oK. In particular, the wave function ¢og corre-
sponds to the lowest energy.

We introduce the concept of the moment of iner-
tia of the system in the state ok with the help of
the relation

10 . 1 -1
JOK == [T S {?OK -(-]? (‘DOK dT ] . (1. 21)
If the inequality
B2 [ 2J e <2~ Sk (1.22)

is fulfilled, then, according to (1.19), for a given
value of K, the energy of the system corresponding
to the state of lowest energy of internal motion can
be represented approximately in the form of a sum

of the internal energy €0k and the rotational energy
with L > K.

EOKL
- (1.23)
=g+ (/2] ){L (L + 1) — K (K + 1)}.

If inequality (1.22) is not satisfied, a division of
the energy into internal and rotational energy is im-
possible. The representation of the energy in the
form (1.23) is approximate. If we take further ap-
proximations into consideration, we can find a rela-
tion between the internal motion of the system of
particles and the rotation of the system as a whole.

Thus, in states of a system of particles which
exhibit an axis of symmetry coinciding with the {
axis, the problem of determining the energy levels
of the system of particles can be divided into two
parts: first the energy levels of the system of par-
ticles are determined by solving Eq. (1.20) for a
given value of K, and then the motions of the en-
tire system (rotation) are studied for a given state
¢ ax and different values of the total angular mo-
mentum L > K of the system. The rotational angu-
lar momentum is R = L. ~ K. Since only values of
L 2 K are possible in (1.23), the projection of the
angular momentum on the axis of symmetry ¢ must
always be zero. In other words, a system of parti-
cles with axial symmetry in a state of internal mo-
tion described by the function ¢, can rotate as a

A. 5. DAVYDOV AND G. F. FILIPPOV

whole only about an axis perpendicular to the axis
of symmetry of the system.

2. SYSTEM CONSISTING OF THREE PARTICLES
OF DIFFERENT MASS

The example just considered of a system of three
particles of equal mass has only methodological
interest, since in this case the states with the low-
est internal energy do not have a sharply distin-
guished axial symmetry. In order to deal with a
system of three particles which satisfy the above-
mentioned conditions for the possibility of distin-
guishing rotational energy, we study a system con-
sisting of two particles of identical mass
(my = my = m) and a third particle of considerably
smaller mass m, = am, where a ~1073.

If the position of the particles is described by
vectorsr,, r,, 3, then the transition to the center
of mass system is effected by the coordinate trans-
formation

ry—r, =p=2‘/ﬁ_a_q’ _r1+rzj2¥—l‘3=r,
rg4rodar;
'qzﬁ— - R' (2.1)
In the c.m.s. the kinetic energy has the form
T=—(2/2) (A, +A), (22
w=2am/(2 + a). (2.3)

Thus, all the results of the preceding section
can be retained, if by ¢and p we understand the
quantities defined by (2.1) and (2.3). Since we are
considering the case a < 1, we have approximately

w=am, p=q} 2 (2.4)
Since both particles lie in the direction of the vec-
tor q, this direction will coincide with the direction

of the axis of symmetry of the system (for a < 1).
For the case K =0, Eq. (1.20) has the form

RN N )
{— Zanz{'?yﬁr (r 6r>+-92 dp e 69)

22 1 1 a . d
+ (5 + ) s aw (Sin )]
+V— eo} oy (r, py 6) =0, (2.5)
V=V(@) +VVrE+(*/4) + rpcosb)
+V (V1 + (*/4) — rpcosb). (2.6)
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in terms of the variables r, p, 0.

Since the small coefficient a appears in the de-
rivatives with respect to p, the solution of (2.6)
can be accomplished in two steps. First we define
the lowest energy of the system for fixed values of
p (the adiabatic approximation), i.e., we solve the
equation

RS ) (B ates
(2.
—(sintg5)] —V—E@}fo(r,0) =0. 0

Solving (2.7) we obtain the energy as a function of
the parameter p. Then setting

o (rs 0, 0) = fo (r,6) u(p) /p, (2.8)
and using (2.7), we obtain from (2.5) an equation
which determines the function u(p).

[— (k%) m) d®u [ dp® + E, (p) — €] u (p) = 0. (2.9)
If we designate by p, the value of p for which
E,(p) has a minimum, then, expanding E(p) in pow-
ers of the difference (p — p,) we obtain

Eo (@) = Ey + 2 (6 — )%,

mw? 1 (0°E
=7 (o).

to within an accuracy of terms of the second order.

Equation (2.9) reduces to the equation of a one-

dimensional harmonic oscillator. Therefore we can
immediately write for the energy and eigenfunctions

(2.10)

ea = Ey + ko (2 + 1),
Ua (p) = (mo/28) ™" H, (x),
% = (p — po) (me / 2)™.

We are interested in the case a = 0, where

Ug (p) = (mo> [ 2k) g2, (211)
Setting (2.8) in (1.20), and taking into considera-
tion (2.4), we obtain

me?

Joo = [%g us (p) p dp]_l ~

i.e., we obtain the usual expression for the moment
of inertia of two bodies of mass m, a distance Po

681

apart, with respect to the axis which is the perpen-
dicular bisector of the line joining them.

3. SYSTEM OF N INTERACTING PARTICLES

We consider a system of N identical particles of
equal mass, interacting with central forces. Let
Iy, T, ... , Ty be the radius vectors of these parti-
cles. We go into the c.m.s. by introducing Jacobi
coordinates

%(rl—}—rz—}—...—}—r]v):R
_r1+1v petrt-n)=p g
—f+ 5 2(r3—|—r4—]— Ty =py ...,
_rN—1+"N=PN_1-

The kinetic energy operator in the c.m.s. is

(N+1—z><N—1)
2 =3 Ao, (3.2)
i=1
w=(N—1)ym/N. (3.3)

For convenience we modify the length of the radius
vectors in accordance with the following relations

G=pINV(N—=0)/(N+1 —i)(N —1)", (3.4)

Then the kinetic energy operator is

N_
T=—45- Z A;,

i=1

We go over from the vectors q;, q, ... , qy_1 to po-

lar coordinates g, 34, @, veey Gy_1» Sy _1» Py-1

with respect to a center of mass coordinate system

with a fixed direction of the polar axis. In these

coordinates (3.5) has the form

P Y )+ 1) 0o

where the operator corresponding to the square of
the angular momentum of the i’th particle is defined
by the equation

A=Ay, (3.5)

L2 = {— ik [q,V]}?

————hg{ ! 9 (sm%

ao;)+ T )
sin 9, 9%, “ 09, Sin®9;  go? :

(3.7
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We introduce a new coordinate system & 7, ¢
associated with the system of particles in such a
way that the plane {7 coincides with the plane of
the vectors q,, q,, and the { axis lies along the
vector q,. The position of this coordinate system
is determined by the polar angles o, , 9, of the vec-
tor q, and the angle ¢, between the planes Z{ and
CE. 1 g,,9,, ¢, are given, then the position of
the vector q, is completely specified by the angle
0, between the vectors q, and ¢,. The position of
the remaining vectors q;, q,, ... qy_ in the &nd
system is determined by the angles a; = ¢; — ¢,
fori > 3. In Fig. 2 the intersection of this plane
with the plane xz is represented on the surface of
a unit sphere by the dotted line. The points z, q,,

G5, q; characterize the pOSItlon of the z axis and of
the radius vectors q,, q,, q; drawn from the center

of the sphere. The arcs §,, 9,, 9, correspond to
the polar angles of these vectors with respect to
the z axis.

FI1G. 2

We go from the angles ¢,, 9, ¢,, ... y_ to the
angles ¢, 8, ¢,, 6, ... 0y _, with the help of the

relations

¥ =43, ¢ =0, coslj=sind, sind; cos(o; — o))

+ cos ¥, cos 9;,

sin ; sin ¢; = sin &; sin (¢, — @),

. (3.9
sin 6; cos ¢; = cos 9, sin 9; cos (v; — @;)

—sind;cos ¥ j=2,3,..N—1.

The operator corresponding to the total angular mo-
mentum of the entire system has the form
N—1
il = — it D [q; v,]-
i=1
In the new variables (3.8) the projections of the to-

(3.9)
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tal angular momentum (3.9) on the axes x, y, z have
the form

. a F)
LA.-=——t\smq:»as+cotScosﬁgé-
cos @N—l (7]
+sm8/->-1 a¢ }
-3
(3.10)
9 .9
'I:y= —z{co>p g — oot ¥sine £y
. N-1
_sne 5oy, 0
ing g La=—is-
sin Purd ¢l dp °
We introduce the new notation ¢ = ¢, and
aj=¢;—¢,, if j> 3, then
d a .
' >_oa a¢, T (>3,

>3

and the components L, L, of the total angular mo-
mentum simplify to

-

. 0
Ly=—i {51n:959— + oot 3costp»a%—+ %‘:—:—g—%}
[ = { a 7] sinp 0
y—-'-'-l COS?‘as"—‘COtaslnw*aqs———s—i—n—-g-%'}.
(3.11)

The operator corresponding to the square of the to-
tal angular momentum depends only on the external
(collective) angles ¢, &, ¢

— —p2 4
w22 h? \sm FrS (sm& 03)

(3.12)
1

ST 5+ 2089 5 6¢ + W]}
and, of course, has the same form as the total angu-

lar momentum operator (1.5) of the system of three
particles.

“+

The potential energy of a system of N particles
interacting with central forces depends only on the
absolute values of the vectors q; and the cosines
of the angles between them. The cosines of the
angles between q, and all the other vectors q,, ...
qy..1 are cos(qlq )= cos 0;, j> 2, respectively.
The cosines of the angles between the other pairs
of vectors are

A
cos (q;q;) = sin 0;sin 6;cos (¢p; — ¢;)
-+ coscos b;, i,j > 2.
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Consequently, the potential energy depends on the
3N — 6 internal variables {rj{=q,, q,, ... qy—1.

0, «o.On_1, a3 ... ay_1, and does not depend on the
collective variables ¢, &, ¢. Therefore the opera-
tor corresponding to the square of the total angular

- { smie’ 962 (S"‘ b

1 ) N"Q_ﬂ
ea0,) + 5 (35— Do) )

momentum of the system (3.12) and its projections
on the Z axis commute with the total Hamiltonian
of the system.

In the new variables the kinetic energy operator
of the system has the form

R;=——{;—a—(sin01i)+ ! —q-},i>3,

sin@, d6 a6 sin®; da2
Pi=—2— a¢z + 22{(:05(«, a:,)aea0 + [cot B; oot 6;cos (a; — ;) —1]
l+l>/2
3 _ 3 o (3.13)
Xa—m—a? +200t(.‘,sul(a, a,) 06 6a}+2 Eacosatae 3 0y
+C0t0‘-oot92COSoL1 0¢ a() Eaa)
. a (@ & o
{ RN —
+C0t)251na‘06i\6¢ ‘Zaal)],
i=3
re R
o
T = it i%{mt&[cotﬂ,COb (a,+¢) +sm «; +¢)ae] %
1 0 K . a
+Sm9[sm(a,+¢ 3¢+ ot cos(oc,+¢ +[cot 9i51n(1z+¢)0a
N—1
cos¢ 0 [0 0
—cos ( m’+¢)60] {ootﬂ [sms Je (*6_1%6@_)
. 0? . 0?2 sing a a . g1 ad
~+ cot & cos ¢ 5 62 +- sxn¢m]+ [m 0% —cos¢-ﬁ+ cot & sin ¢ 571’]552—’
The stationar f iN i- L
y states o the system o parti { T K (K + 1)}
cles are determined by the Schroedinger equation 9,
(1.13). The wave function of the state with defi- (3.15)

nite values of the integrals of motion L and ¥ can
now be written in the form

gk = I/ZL+12D (9 9)ox ({ri})- (3.14)

Substituting (3.14) in (1.13), we obtain the system

of equations

+ Ex (K) — E} ox = 3 (K| 5| K") o5,
<

where

K= |K) =g~ | Dik,

8n?

<DL, dQ
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is a matrix with vanishing non-diagonal elements;

&y (K) = —12 (2L + 1) (16p=2)2 | DL, {Z%[L(" A
qi

N—1

is the Hamiltonian operator of the “internal” motion.

For systems such that K is a good quantum number,
the right side of (3.15) can also be omitted here,
and we obtain a system of independent equations
for each value of K. For L = K equation (3.15) re-
duces to

{Zn(K) —eax } 9ax =0, (3.16)
which determines the “internal” state of the system
N interacting particles. Furthermore, we can carry
out the same considerations as in Sec. 1, and ob-
tain the moment of inertia of the system of N inter-
acting particles, corresponding to the internal state
of motion ¢ x:

Jox= [LS Ok 4129k d T]_l-

m (3.17)

The index a characterizes the quantum numbers
which, together with K, determine the internal state
of the system of N particles. If inequality (1.22) is
satisfied, we can represent the eénergy approximate-
ly in the form of a sum of the internal energy and
the energy of rotation

Ekr =coxk + R [L(L+1)— KK+ 1)]/2Jok.
(3.18)

The normalized wave function describing the rota-
tion of the system has the form

L. (99¢) = /%D%K (©9¢). (3.19)

For K =0, according to (1.12), this function reduces
to the usual spherical function

Dl (09 ¢) = Yim (¢9).

The complete wave function of a system with ener-
gy (3.18) is the product of the function (3.19) of
the collective degrees of freedom and the wave
function (3.19) of the collective degrees of free-
dom and the wave function ¢ ok ({r;}) describing the
internal motion in the system

WL, = PL (29 ¢) ok ({7})- (3.20)

N—1

i=1

+ 22 K%ﬂ“ ;—f)RmL é‘Pijl}kadQﬁ- FK(K+1)

2uq}

The separation of the total energy of the system
into rotational energy and internal energy, and the
representation of the wave function in the form of a
product of functions of internal and collective co-
ordinates is possible only in systems with marked
axial symmetry and where the inequality (1.22) is
satisfied, i.e., in the case where the rotation takes
place slowly enough so that it does not substan-
tially change the internal structure of the system
of N particles. As the frequency of rotation
w=kloxkVL(L + 1)=K(K + 1) increases, the par-
ticles will not be able to follow adiabatically the
change of orientation of the mean field. Centrifugal
and Coriolis forces will arise in the system, lead-

ing to an interaction between the rotational motion
and the internal motion of the particles. If the fre-
quencies of rotation are small with respect to the
frequency |aaK - €q41, K /%, corresponding to
transitions to excited states near Ka, then accord-
ing to (3.17) each state of internal motion has its
own moment of inertia. This conclusion does not
agree with the remark by Coester® that the moment
of inertia does not depend on the internal wave
function. In systems which deviate slightly from
spherical symmetry, which were studied in the pa-
pers of Inglis* and Coester®, the projection of the
total angular momentum on the axis of symmetry is
not conserved, and the representation of the wave
function in the form of the simple product (3.21) is
not justified.
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