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The effect of the state of individual nucleons on the shape of the nucleus prior to fis-
sion is studied. It is shown that the presence of excess nucleons with large values of
the angular momentum projection on the symmetry axis of the nucleus may lead to loss of
stability of the nucleus with respect to asymmetric deformations in the saddle point.

This facilitates the explanation of some of the experimental facts.

OUR PRESENT IDE AS about the fission of heavy
nuclei at low excitation, based on the liquid
drop model’, are connected with the fact that, for a
sufficient elongation of an incompressible drop, the
sum of the Coulomb and of the surface energies at-
tains a maximum equal to the fission threshold,
further elongation of the drop being energetically
favorable. It was shown by various authors? that, at
the critical elongation, the nucleus retains its sta-
bility with respect to asymmetric deformations. The
energy of the nucleus expressed in terms of the de-
formation parameters possesses therefore a saddle
point at the critical elongation, the loss of stability
depending only on the one deformation parameters
that characterizes the elongation. The shape of the
nucleus in the saddle point remains symmetric.

The quantitative comparison of calculations based
on the liquid drop model with experimental data en-

counters a number of difficulties. The theoretically
predicted strong dependence of the fission threshold
U~(1—-x)* on the parameter x~Z?2/A4 has not been
confirmed experimentally®*+*. In fact, the threshold
was found to be almost identical for a number of
elements. Difficulties are also encountered in at-
tempts to explain the observed asymmetry in the
mass distribution of fission fragments. It has been
shown in recent works °*® that it possible to explain
this asymmetry on the basis of the liquid drop mod-
el. The authors indicate that upon further elonga-
tion of the nucleus, after the saddle point has been
passed, the stability with respect to asymmetric
deformations is lost and there may be a fast in-
crease in the asymmetry of the nucleus. It seems
very probable that their estimate of the mean ratio
of the masses of the fission fragments is correct.
The calculations pertaining to the dynamics of
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such systems, however, have not been done as yet
and the correctness of the above explanations can-
not, therefore, be regarded as sufficiently estab-
lished.

It is easier to explain many of the singularities of
the fission process by assuming that the loss of
stability with respect to asymmetric deformations
during elongation of the nucleus occurs before the
energy maximum of the symmetric shape has been
passed. In fact, instead of a single saddle point we
have in this case two saddle points with an asym-
metric configuration of the nucleus. The inequality
of masses of the fission fragments is therefore
basically explained. If the saddle points of the
different nuclei correspond to elongations of the
same order, the value of the fission threshold
should be proportional to (1—x) and, therefore, the
dependence on 4 and Z should be much weaker than
the one predicted by the Bohr-Wheeler theory. Still
another experimental fact can be explained more
easily by assuming that the shape of the nucleus is
asymmetric at the saddle point. Fraser and Milton”’
measured the ratio of secondary neutrons emitted
in the direction of motion of the light and of the
heavy fission fragments respectively. It was found
that this ratio differs considerably from unity and,
which is of special interest, does not approach
unity (remains of the order of 3) even when the frag-
ments have almost equal masses, namely
my/m; = 1.1. This fact indicates that the fission
of the nucleus into fragments of similar mass is not
really a symmetric event and the excitation energies
of the two fragments differ considerably. Were the
symmetric shape of nucleus to correspond to the
saddle point, the fission into two equal fragments
would correspond to the not very probable case of
the nuclear shape changing by a sequence of com-
pletely symmetric deformations and there would not
be any serious reason for the occurrence of such a
case. On the other hand, for an asymmetric saddle
point the inequality of the light and heavy fragments
is inherent from the very beginning and there is no
reason to expect all the parameters characterizing
the fragments (charge, excitation energy) to be equal
in case of a change equality of masses.

The above considerations add interest to the
study of possible conditions for the occurrence of
asymmetric saddle points, despite the fact that such
a notion does not lie within the classical framework
of the liquid drop model. The explanation of this
effect, given below, is based upon the study of the
states of individual nucleons in the deformed nu-
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cleus in the spirit of the collective model, and is of
a qualitative character.

We shall consider only such states of deformation
of the nucleus for which the nucleus possesses ro-
tational symmetry with respect to the OZ axis. Such
states are most favorable energetically for a given
elongation of the nucleus and there are all reasons
to suppose that they lead more easily to fission.
For such a symmetry of the nucleus the wave func-
tions of free nucleons can be classified in terms of
the quantum number = lz +s,, equal to the projec-
tion of the total angular momentum of the nucleon
on the nuclear axis of symmetry®. The quantum num-
bers () represent the approximate integrals of motion
and are adiabatically invariant with respect to slow
changes in the shape of the nucleus. Out of the
variables r, z, g and s_ which determine the posi-
tion and spin of a nucleon in the cylindrical system
of coordinates, the latter two can be separated by
introducing the functions exp {i(Q +))¢}. The order
variables, as arule, cannot be separated. For a
symmetric deformation of the nucleus we have to
account also for the classification of the wave func-
tions of individual nucleons with respect to their
parity, which is not conserved for asymmetric defor-
mations. Evidently, for excitation energies of the
order of 5—6 Mev, corresponding to fission resulting
from slow neutron capture, the quantum number will
not represent the integrals of motion so accurately
as in the case when the nucleus is in the ground
state. Strongly elongated states that are prone to
fission should, however, approach the unexcited
state since the greater part of the energy surplus
has been already used up for the elongation. The
nucleus in this state has so to speak cooled down,
which renders transitions between various states of
individual nucleons more difficult in view of the
Pauli principle. Besides, departures from rotational
symmetry which would facilitate the mixing of states
with different Q, are reduced, owing to the lack of a
sufficient amount of energy for the excitation of the
corresponding degrees of freedom of the nucleus.

With the progress of the elongation of the nucleus
the states with high Q become energetically unfa-
vorable because of the centrifugal energy %? I /2mr?,
the mean value of which rises sharply with dimin-
ishing radial dimensions of the nucleus. At the
same time, the number of energetically favorable
states with small values of Q increases with in-
creasing length of the nucleus. Consequently, a
reorganization of the filling of nucleonic levels oc-
curs during the elongation of the nucleus. As men-
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tioned above, for the largest energetically permis-
sible elongations such reorganization is difficult
and there is every reason to believe that the nucleus
in such a state will posses an excess of nucleons
with large values of the angular momentum projec-
tion £, while there will be a deficiency in the
filling of levels with low Q.

In the asymptotic approximation of a large number
of particles, the energy of the degenerated Fermi
gas depends only on the volume and not on the
shape of the container. This, however, is true first
for the case of the nucleus only for a very large
number of nucleons, and secondly for the equilibrium
distribution of levels with different values of angu-
lar momentum. As it is well known®, it is indeed the
deviations of the state distribution of nuclei from
the asymptotic laws that lead to a marked elonga-
tion of nuclei with unfilled shells in the ground
state. An analogous influence of the nucleon dis-
tribution on the shape of the nucleus should take
place in fission as well.

It is easy to show that the presence of excess
nucleons with high values of Q in a strongly elon-
gated nucleus should sharply diminish its stability
with respect to asymmetric deformations and should
slightly increase the stability with respect to sym-
metric deformations. This effect can be approxima-
tely estimated in the following way: let the elon-
gated nucleus be of the shape of an axially sym-
metric body with a-symmetric generator

ry (2) =r, (= z), the maximum r, (2) _ = b being at-
tained for z = 0. We shall consider a small asym-
metric deformation of the nucleus Ar= Bn(z) =
=—fn(—2). The maximum of the cross-section of
the nucleus will be shifted in the direction of posi-
tive Ar and will be equal

Fimax = b+ 12 B2 (dn ] d2)io | dPr, | d2 7.

The energy of a nucleon with the largest value of
angular momentum ) can be estimated from the max-
imum cross-section of the nucleus T

W~h® 2/2mr? .
For an asymmetric deformation the energy increases
by the amount
AW ~ — B2 (k2[5 ] 2mb?) (dn/d2)i=o | d?ry | d2?

-1
2==0»
the sign of which indicates the decrease in stability
with respect to the deformation Bn(z). We shall
note that, even for d* r,/dz* > 0 the sign of the ef-
fect is invariant, although the change of the maxi-
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mum radius cannot be estimated in such a simple
way. For the shape of the nucleus approximating

an ellipsoid of revolution with semiaxes a, and
by = Val—e?:

r=Va—e)yl—yup
a=aq,[l +BP3 (W1,

z=ay,
we obtain
d?r[dz* =b[a* Ar=3az}/2b,
AW ~ — 94213 a%B2 / 8mbs.

The sum of these values for the excess nucleons
with the largest ) has to be equated to the defor-
mation parameter distribution of the Coulomb and of
the surface energies, separating the terms propor-
tional to 3* which determine the shape stability
with respect to asymmetric deformations. For a
spherical nucleus this term equals

AE =5 (5— 7 ) B,
where 3 is the coefficient of the third-order Leg-
endre polynomial, E_ is the surface energy of the
nucleus and x is the fission parameter. For the
case of elongated nuclei with the axis ratio equal to
1.5—2 this value, according to the estimates of
Ref. 5 and 6, is reduced by a factor of % at least.
Assuming for our estimate x = 0.7 and ES =500 Mev,
we obtain, for the case of elongated nuclei

AE=£*-100 Mev.

Assuming for the case of the uranium nucleus
ab® = (1.3x107*)® 4 and b = 0.5 a, we shall estimate
the effect of one excess nucleon with orbital angu-
lar momentum lz =5:

AW = — 82-350 Mev.

For the case of a strongly elongated nucleus,
therefore, the effect of a single additional nucleon
with a large value of angular momentum is very large
and the shape stability with respect to asymmetric
deformations is, evidexitly, lost much sooner. It is
possible that this occurs at elongations only slight-
ly larger than the initial elongation of the nucleus
in the ground state.

It should be noted that the loss of stability with
respect to small asymmetric deformations, due to
such a mechanism, should not cause an unlimited
increase of asymmetry. When a pear-like shape is
attained by the nucleus, any further dilatation of
the wider end should stop as soon as the maximum
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radius attains such a value that the energy of nu-
cleons with the largest value of angular momentum
equals the Fermi limit. This makes it possible to
explain qualitatively the experimentally observed
fact that the mass of the larger fission fragment is
is equal for different elements. As it is well known,
the mass of the lighter fragment varies within much
wider limits. Evidently, for all studied fissile nu-
clei, the maximum values of the nucleonic angular
momentum coincide prior to fission. Most probably,
all of them then posses a pair of neutrons with an
angular momentum of the order of 5-6. The angular
momentum of these nucleons determines the cross-
section of the wider end of the nucleus which sub-
sequently forms the heavier fission fragment. It
follows from this approximate quantization of the
size of the heavy fragment that the variations in

its mass are smaller than is the case for the lighter
fragment.
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The problem of singling out the collective degrees of freedom of a system consisting of
N interacting particles is considered. It is shown that for some special states of internal
motion, the energy of the system in the center of mass system can be represented as the
sum of the energy of internal motion and the rotational energy. The concept of the moment
of inertia of a system of N interacting particles is introduced.

INTRODUCTION

T PRESENT it has been established that the
lowest excited states of nuclei in the mass

number range 150 < 4 < 190 and 4 > 225 are rota-
tional states. Such states arise in Coulombic exci-
tation of the nuclei, in processes of radioactive de-
cay, and also in inelastic collisions of particles
with the nucleus.

An explanation of rotational states of the nucleus
in the quasi-molecular model of the nucleus pro-
posed by A. Rohr! is related to the motion of a

wave around the nucleus. The nuclear matter is re-
garded as anincompressible, irrotational fluid (the
hydrodynamical model). The part of the nuclear
matter which participates in the rotation, according
to the hydrodynamical model, is proportional to the
square of the deviation of the form of the nucleus
from a sphere. If we assume that the nucleus has
the form of an ellipsoid of rotation with semiaxes

c and a, then the moment of inertia of the nucleus
is given by

J=1/,mA (¢ — a??/ (c? + a?),



